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Preface

It has been roughly one hundred years since physicists began to realize
that classical mechanics is fundamentally wrong in the atomic realm
and hence cannot be a correct description of nature. The subsequent
transition to quantum mechanics was rather rapid; despite some false
starts, and the truly alien quality of the new theory, by the late 1920s
its basic framework was complete.

Since that time there has been a parallel development in mathematics
which has played out much more gradually.1 It began around 1930. Not
long after John von Neumann published the de�nitive mathematical
treatment of quantum mechanics [52], he and Garrett Birkho� pointed
out that the logical structure of quantum systems was di�erent from that
of classical systems [7]. Their description of the former is now known
as quantum logic. This was the �rst example of a quantum version of a
classical mathematical subject.

Over the next several years von Neumann, together with Francis Mur-
ray, initiated the study of what are now called von Neumann algebras
[49, 50, 53, 51], and quantum measure theory was born. But although
Murray and von Neumann knew that their algebras were a noncommu-
tative generalization of classical L1 spaces, it was only several decades
later that this point of view was openly embraced in the popular expres-
sion \noncommutative measure theory."

As other types of quantum structures arose | quantum topological
spaces, quantum groups, quantum Banach spaces, etc. | it became
increasingly clear that they were all instances of a single basic phe-
nomenon. Also, examples such as quantum computation and quantum
logic showed that the central property they all shared was not noncom-
mutativity, which only appears explicitly in algebraic structures, but

1See [22] for a similar historical take.
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vi

rather their common relation to Hilbert space. We have now reached
a point where it is possible to give a simple, uni�ed approach to the
general concept of quantization in mathematics. That is the aim of this
book.

The fundamental idea of mathematical quantization is that sets are re-

placed by Hilbert spaces. Thus, we regard lattice operations (join, meet,
orthocomplement) on subspaces of a Hilbert space as corresponding to
set-theoretic operations (union, intersection, complement) on subsets of
a set. This already allows one to determine quantum analogs of some
simple structures. But the real breakthrough is the fact that the quan-
tum version of a complex-valued function on a set is an operator on a
Hilbert space. The reason for this is not obvious, but it has dramatic
consequences: since topologies and measure classes on a set can be de-
�ned in terms of scalar-valued functions, we are then able to transfer
these constructions into the quantum realm.

With more work the analogy can be pushed even further. At each
step one must formulate the given classical notion in just the right way
to obtain a viable quantum version. This sometimes requires signi�cant
creativity. However, as it is done in case after case, general quantization
principles emerge.

In this book I discuss the following correspondences.

classical theory quantum analog

computation quantum computation
propositional logic quantum logic
entire functions Bargmann-Segal multipliers

topological spaces C*-algebras
measure spaces von Neumann algebras
Banach spaces operator spaces

Hilbert bundles Hilbert modules
metric spaces Lipschitz algebras
Riemannian geometry noncommutative geometry
topological groups quantum groups

I use the quantum plane and tori, which are arguably the most funda-
mental noncommutative examples, to illustrate several of these topics.

My identi�cation of the set/Hilbert space analogy as a basic principle
may surprise some C*-algebraists who view noncommutativity as the
de�ning property of their subject. I hope they will appreciate the econ-
omy of my approach and the strength of its unifying power. Having said
that, I should point out that no part of this approach is original. In
fact, the basic analogy between sets and Hilbert spaces was brought out
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quite clearly in Birkho� and von Neumann's original paper [7]. How-
ever, that paper gave rise to a line of research which developed in the
direction of general lattice-theoretic issues which have little relevance
to the main quantization program, and perhaps for this reason it has
not received the attention it deserves. The next major observation, that
real-valued functions correspond to self-adjoint operators, was made by
George Mackey [45], but in this case the axiomatic formalism in which
he cast his idea seems to have obscured its signi�cance. Once the func-
tion/operator correspondence is granted, I think my interpretation of
C*-algebras and their relatives is fairly standard.
My goal has been to write a sort of broad introductory survey, includ-

ing some deep results but keeping the whole account as nontechnical
as possible. I did not discuss several prominent related topics (non-
selfadjoint operator algebras, subfactors, K-theory) because I could not
�t them directly into my thematic framework, and I omitted quantum
probability because there was not enough space. Likewise, with the ex-
ception of Chapter 7 on quantum �eld theory, I also avoided presenting
much in the way of applications. But I want to emphasize that there
are many other applications to physics; indeed, many of the ideas in
this book were originally developed in connection with mathematical
physics. Some references on this aspect are [2], [6], [10], [17], [24], [33],
and [69]. The most signi�cant applications within mathematics but out-
side analysis proper are probably in knot theory [38] and index theory
for foliations [12].
The essential prerequisite is a good �rst-year graduate course in anal-

ysis along the lines of [28]. Readers need to be familiar with measure
theory and functional analysis on at least the level of the Hahn-Banach,
Stone-Weierstrass, and Riesz representation theorems. Graduate level
topics outside functional analysis are touched on here and there, but I
generally try to give enough background so that an unfamiliar reader
can follow the development at some level. There are also occasional
instances where a complete proof of some fact would have required a
prohibitively long excursion. In these cases the reader will �nd refer-
ences to full treatments in the notes given at the end of the chapter.
This work was partially supported by NSF grant DMS-0070634.
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Chapter 1

Quantum Mechanics

1.1 Classical physics

No background in physics is really needed to understand the concept of
mathematical quantization, which may be taken as nothing more than
a formal analogy between sets and Hilbert spaces. However, knowledge
of some physics adds a layer of meaning to the mathematics which can
be quite illuminating. It can also help when one is unsure of the best
way to translate some set theoretic construction into the Hilbert space
setting.
The basic ideas of quantum mechanics are really quite simple, and in

the setting of �nite state systems the mathematical apparatus is elemen-
tary. It involves �nite dimensional Hilbert spaces, which are concretely
just the vector spaces Cn equipped with the euclidean inner product

hv; wi =
nX
i=1

ai�bi;

where v = (a1; : : : ; an) and w = (b1; : : : ; bn). The key properties of the
inner product are (1) hv; vi � 0 for all v 2 Cn, and hv; vi = 0 only if
v = 0; (2) hav1+bv2; wi = ahv1; wi+bhv2; wi for a; b 2 C and v; w 2 Cn;
and (3) hv; wi = hw; vi for all v; w 2 Cn.
In�nite dimensional Hilbert spaces are a bit deeper, but we can ig-

nore them for now because the most fundamental principles of quantum
mechanics are illustrated perfectly well in �nite dimensions. Our goal
in this chapter is just to give an informal introduction to the physical
concepts that underlie the math which follows. We do this here at a
very basic mathematical level, and in the following two chapters we will
develop the essential mathematical tools used in the in�nite dimensional
case. Thus, all of the math in this chapter will appear again in a more
general form later. When this is done the reader should easily be able to
infer its physical interpretation by analogy with the �nite dimensional
case.

1
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2 Chapter 1: Quantum Mechanics

The following concepts appear in classical physics:

� phase space
� states
� events
� observables
� transformations

These are best explained in the context of a speci�c example. Consider
a one-dimensional particle, that is, a particle constrained to move in one
dimension. In this example the state of the particle is characterized by
the pair of real numbers (q; p) where q is the position of the particle and
p is its momentum. The particle's position alone is not enough, because
a complete description of its state has to include how fast and in which
direction it is moving.

The phase space of a physical system is the set of all possible states
of the system. In our example the phase space can be identi�ed with
R2, as q and p can take on any real values independently of each other.

An event is a subset of phase space, and this corresponds to a single bit
of information about the system. For instance, in the above example the
right half-plane f(q; p) : q > 0g describes the event that the particle lies
to the right of the origin. Events are always true-or-false propositions.
Any state either belongs to (\satis�es") a given event or it does not.

An observable is a real-valued function on phase space. This kind of
structure has the e�ect of isolating some particular quality of a given
state. For example, in the case of a one-dimensional particle, the coor-
dinate functions (q; p) 7! q and (q; p) 7! p tell us, for a given state of the
system, the particle's position and momentum in that state. If the parti-
cle has massm and is free (meaning that there are no forces present, and
hence no potential energy) then the function (q; p) 7! p2=2m describes
its energy.

Finally, transformations are permutations of phase space. In general,
a transformation describes the result of some action which can be taken
on the system. This action could be simply letting the system evolve
undisturbed for a certain length of time, or it could involve interaction
with some external in
uence. In any case, it must be reversible if the
corresponding map on phase space is to be a bijection.

1.2 States and events

Now we describe the corresponding concepts in quantum mechanics.
The characteristic property of quantum systems is the possibility of su-
perposition: distinct states can be superimposed. This is because the
phase space of a quantum system is modelled by a vector space, in fact
a Hilbert space. States are described by unit vectors.

© 2001 by Chapman & Hall/CRC



3

In this chapter we will deal with �nite state systems, systems whose
corresponding Hilbert spaces are �nite dimensional and hence of the
form Cn. The term \�nite state" refers to the fact that every state is a
linear combination of a �nite set of states (i.e., a basis). Note that we
take the scalar �eld to be complex; except in a handful of cases, we will
continue to do so throughout the book, usually without comment.
For example, the polarization of a photon is represented by a two-

dimensional complex Hilbert space C2. The vector (1; 0) represents a
horizontally polarized photon and the vector (0; 1) represents a vertically
polarized photon.
Events in �nite state systems are modelled by subspaces of Cn. In

the photon example, the subspaces

E1 = f(a; a) : a 2 Cg
E2 = f(a; 0) : a 2 Cg
E3 = f(0; a) : a 2 Cg

indicate the events that the photon is diagonally, horizontally, or verti-
cally polarized, respectively.
Before we explain how events are physically interpreted in relation to

states, we need to introduce the operations that can be performed on
them and establish the basic properties of these operations.

DEFINITION 1.2.1 Let E, E1, and E2 be subspaces of Cn. Then
the orthocomplement of E is the subspace

E? = fv 2 Cn : hv; wi = 0 for all w 2 Eg;
the join of E1 and E2 is the subspace

E1 _ E2 = E1 +E2 = fv + w : v 2 E1 and w 2 E2g;
and the meet of E1 and E2 is the subspace

E1 ^E2 = E1 \E2:

We say that E1 and E2 are orthogonal if hv; wi = 0 for all v 2 E1 and
w 2 E2.

LEMMA 1.2.2

Let E be a subspace of Cn and let v 2 Cn. Then v = v1 + v2 for some
v1 2 E and v2 2 E?.

PROOF Consider the function f : E ! R de�ned by f(w) =
kv�wk. This function is continuous (by the triangle inequality), and it

© 2001 by Chapman & Hall/CRC



4 Chapter 1: Quantum Mechanics

satis�es f(0) = kvk and f(w) > kvk whenever kwk > 2kvk. Therefore
it attains a global minimum at some (perhaps not unique) vector w0 in
the compact set fw 2 E : kwk � 2kvkg.
We claim that v0 = v�w0 belongs to E

?. To see this, choose a nonzero
vector w 2 E. Then kv0 � awk � kv0k for all a 2 C, by minimality of
f at w0. In particular, taking a = hv0; wi=kwk2 and performing a short
computation, we get

kv0k2 � jhv0; wij2
kwk2 =





v0 � hv0; wi
kwk2 w






2

� kv0k2:

Thus hv0; wi = 0, as desired. We conclude that v0 2 E?, and so v1 = w0

and v2 = v0 verify the conclusion of the lemma.

PROPOSITION 1.2.3

Let E be a subspace of Cn. Then E _ E? = Cn and E ^ E? = f0g.
Every v 2 Cn can be expressed uniquely in the form v = v1 + v2 with
v1 2 E and v2 2 E?. We have kvk2 = kv1k2 + kv2k2.

PROOF The �rst assertion follows immediately from the lemma.
Also, if v 2 E ^ E? then hv; vi = 0, so v = 0, and thus E ^E? = f0g.
To prove uniqueness, let v 2 Cn and suppose v = v1 + v2 = v01 + v02

with v1; v
0
1 2 E and v2; v

0
2 2 E?. Then v1�v01 = v02�v2. But v1�v01 2 E

and v02 � v2 2 E?, and we know that E ^E? = f0g, so both sides must
be zero. Thus v1 = v01 and v2 = v02. This proves that the decomposition
v = v1 + v2 is unique. Finally, since hv1; v2i = 0 it follows that

hv; vi = hv1 + v2; v1 + v2i = hv1; v1i+ hv2; v2i;
so that kvk2 = kv1k2 + kv2k2.

We can now explain the naive probabilistic interpretation of states
and events. Let v 2 Cn be a unit vector and E � Cn a subspace.
If v 2 E then we regard the state as de�nitely satisfying this event,
but in general it satis�es the event only with probability kv1k2, where
v = v1 + v2 with v1 2 E, v2 2 E?. Since kv1k2 + kv2k2 = kvk2 = 1,
the probability of satisfying any event and the probability of satisfying
its orthocomplement add up to one. For instance, a photon in the state
(a; b) (with jaj2 + jbj2 = 1) will pass through a horizontally polarized
�lter with probability jaj2, and through a vertically polarized �lter with
probability jbj2.
In this naive interpretation, after one measures whether a state satis-

�es an event, the state actually becomes either v1=kv1k or v2=kv2k, with
probability kv1k2 or kv2k2. One says that the state has \collapsed" onto

© 2001 by Chapman & Hall/CRC



5

E or E? as a result of the measurement. The problem with this idea is
that it is diÆcult to identify which kinds of physical interactions should
be classi�ed as measurements and to justify why they should have such
an e�ect. We will discuss this issue further in Section 1.5.

The sense of this interpretation is seen in the classroom demonstration
that a horizontal �lter followed immediately by a vertical �lter passes
no light, while a sequence of horizontal, diagonal, then vertical �lters
does allow some light through. If a photon in the state (a; b) passes
through a horizontally polarized �lter (which it does with probability
jaj2), then afterwards it is in the state (1; 0) and cannot pass through
a vertically polarized �lter. But it still has a 50% chance of passing
through a diagonally polarized �lter, after which it would be in the state
(1=

p
2; 1=

p
2) and have a 50% chance of passing through a vertically

polarized �lter.
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Figure 1.1 Passage of light through polarized �lters

Orthocomplementation, join, and meet of subspaces correspond to
complemention, union, and intersection of classical events (i.e., subsets
of a set), and they can be interpreted physically in much the same way:
the states in E? are precisely those states which have zero probability of
satisfying the event E, and the states in E1^E2 are precisely those which
satisfy both E1 and E2 with full probability. A physical interpretation
of E1 _ E2 is not immediate but can be obtained by reducing to the
previous two operations via the following proposition.

PROPOSITION 1.2.4

Let E, E1, and E2 be subspaces of Cn. Then

(a) E?? = E;

(b) (E1 _ E2)
? = E?

1 ^ E?
2 ; and

(c) (E1 ^ E2)
? = E?

1 _ E?
2 .
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6 Chapter 1: Quantum Mechanics

PROOF

(a) Let v 2 E. Then hv; wi = 0 for all w 2 E?, so v 2 E??.
This shows that E � E??. Conversely, any v 2 E?? can be written
v = v1 + v2 with v1 2 E and v2 2 E?; since hv2; v2i = hv; v2i = 0 we
have v2 = 0, and hence v = v1 2 E. So E?? � E.
(b) Suppose v 2 (E1 _ E2)

?. Then v 2 E?
1 and v 2 E?

2 , so that
v 2 E?

1 ^ E?
2 . This shows one containment.

Conversely, suppose v 2 E?
1 ^E?

2 . Then for any w1 2 E1 and w2 2 E2

we have

hv; w1 + w2i = hv; w1i+ hv; w2i = 0;

so v 2 (E1 _E2)
?. This veri�es the reverse containment.

(c) By (a) and (b),

E?
1 _ E?

2 = (E?
1 _ E?

2 )
?? = (E??

1 ^ E??
2 )? = (E1 ^ E2)

?;

as desired.

It follows from this proposition that E1 _ E2 = (E?
1 ^ E?

2 )
? for any

subspaces E1 and E2.

1.3 Observables

The quantum mechanical version of an observable is a self-adjoint ma-
trix.

DEFINITION 1.3.1 The Hermitian transpose or adjoint of an n�n
complex matrix A = [aij ] is the matrix A� = [�aji]. A is self-adjoint if
A = A�.

A straightforward computation shows that hAv;wi = hv;A�wi for all
v; w 2 Cn. Conversely, applying this equality to the canonical basis
vectors of Cn recovers the fact that A� = [�aji]. In particular, it follows
that A is self-adjoint if and only if hAv;wi = hv;Awi for all v and w.
Now one might expect that since classical observables are real-valued

functions on classical phase space, a quantum mechanical observable
should be some kind of real-valued function on Cn, perhaps a linear
functional. Understanding why it is instead self-adjoint matrices which
play this role requires the spectral theorem (Theorem 1.3.3). First we
need the following lemma.
Let I = In be the n� n matrix whose diagonal entries are all 1 and

whose non-diagonal entries are all 0. We take it as known that the
determinant of a matrix is a polynomial in the entries of the matrix and
that det(AB) = det(A)det(B).
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LEMMA 1.3.2

Every n� n complex matrix has at least one nonzero eigenvector.

PROOF Let A be an n � n matrix. The expression det(A � �I)
is a polynomial in �, so it has at least one complex root. For such a
root � the matrix A � �I has null determinant. Fix such a � and set
B = A� �I . We claim that ker(B) is nonzero. Suppose not. Then B is
invertible and we have

det(B)det(B�1) = det(BB�1) = det(I) = 1:

Thus det(B) 6= 0, a contradiction. Therefore there is a nonzero vector v
such that (A� �I)v = Bv = 0, i.e., Av = �v.

THEOREM 1.3.3

Let A be a self-adjoint n� n complex matrix. Then

(a) every eigenvalue of A is real;
(b) distinct eigenspaces are orthogonal; and
(c) the eigenspaces of A span Cn.

Conversely, if �1; : : : ; �k are distinct real numbers and E1; : : : ; Ek are
orthogonal subspaces which collectively span Cn, then there is a unique
self-adjoint n�n complex matrix with these eigenvalues and eigenspaces.

PROOF

(a) Let v 2 Cn be an eigenvector with eigenvalue �. Then

�hv; vi = hAv; vi = hv;Avi = ��hv; vi;
so � = �� and hence � must be real.

(b) Let v; w 2 Cn be eigenvectors belonging to distinct eigenvalues �
and �. Then

�hv; wi = hAv;wi = hv;Awi = ��hv; wi:
Since � and � are real and distinct, this implies hv; wi = 0.

(c) Suppose the eigenspaces do not span Cn, and let E � Cn be
the orthocomplement of their span. Observe that A(E) � E because if
v 2 E and w is an eigenvector with eigenvalue �, we have hv; wi = 0,
and hence

hAv;wi = hv;Awi = �hv; wi = 0;

so hAv;wi = 0 also, and this shows that Av 2 E. Thus AjE is a linear
operator on the complex vector space E, and so AjE must have a nonzero
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8 Chapter 1: Quantum Mechanics

eigenvector by the lemma, which means that A has a nonzero eigenvector
in E. This is a contradiction and we conclude that the eigenspaces of A
must span Cn.
To prove the converse assertion, let �1; : : : ; �k be distinct real numbers

and let E1; : : : ; Ek be orthogonal subspaces which together span Cn.
De�ne a linear operator A by setting Av = �iv for v 2 Ei and extending
linearly. Then for any v; w 2 Ei we have hAv;wi = �ihv; wi = hv;Awi,
and for any v 2 Ei and w 2 Ej , i 6= j, we have hAv;wi = 0 = hv;Awi.
Since the Ei span C

n, this implies that hAv;wi = hv;Awi for all v; w 2
Cn, so A is self-adjoint.

We claim that the characterization of self-adjoint matrices given in
the preceding theorem is the exact quantum mechanical analog of a
real-valued function on a �nite set. Why is this?
Let X be a �nite set and f : X ! R a real-valued function. De�ne

an equivalence relation on X by setting x � y if f(x) = f(y). Then the
blocks of this equivalence relation partition X into disjoint subsets, and
f labels each subset with a distinct real number �i. This is the structure
that a real-valued function imparts to X .
The quantum mechanical analog of a partition into disjoint subsets

is a decomposition into orthogonal subspaces. Therefore, the analog of
a real-valued function should decompose Cn into orthogonal subspaces
and label each subspace with a real number. By Theorem 1.3.3, this is
precisely what self-adjoint matrices do.

�1
�2

�k

. . .

�1
.
.
.

�k

Figure 1.2 Functions versus matrices

Of course, there are other ways of looking at real-valued functions, and
it may be possible to �nd another structure on Cn which is analogous
to them in some di�erent way. But the above analogy is the one which
is physically correct.
In detail, here is the physical interpretation of a self-adjoint matrix

as an observable. Let A be a self-adjoint matrix and let E1; : : : ; Ek

be its eigenspaces with corresponding eigenvalues �1; : : : ; �k. Then the
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observable corresponding to A will take the value �i on any state v 2 Ei,
with certainty. In general, for any v 2 Cn we can write v = v1+ � � �+vk
with vi 2 Ei, and the observable will then take the value �i on vi with
probability kvik2.
We de�ne the expectation value ofA for v to be

Pk
i=1 �ikvik2. That is,

it is the average of all possible observations weighted by their likelihood.
The following gives an alternative formula.

PROPOSITION 1.3.4

Let v be a state and A an observable. Then the expectation value of A
for v equals hAv; vi.

PROOF Let E1; : : : ; Ek be the eigenspaces of A, with corresponding
eigenvectors �i, and write v = v1 + � � �+ vk with vi 2 Ei. Then

hAv; vi = 
A(v1 + � � �+ vk); (v1 + � � �+ vk)
�

= h�1v1 + � � �+ �kvk; v1 + � � �+ vki
= �1kv1k2 + � � �+ �kkvkk2;

as desired.

1.4 Dynamics

The dynamics of a quantum system are described using unitary matrices.

DEFINITION 1.4.1 An n�n complex matrix U is unitary if U�U =
UU� = I .

In other words, U is invertible and U� = U�1.
Unitary matrices are isometries because

kUvk2 = hUv; Uvi = hU�Uv; vi = hv; vi = kvk2

for all v 2 Cn. Thus, they are the natural analog for Cn of permutations
of a set, and for this reason they are used to model transformations in
quantum mechanics. In particular, they are used to model time evolu-
tion.
A complete description of the dynamics of a quantum system involves

a family of unitaries fUt : t 2 Rg, where the operator Ut takes a state
vector v to the state Utv that it will evolve into after t units of time.
Obviously, we must have U0 = I , and it is also natural to require that
Us+t = UsUt for all s; t 2 R, on the grounds that allowing a system to
evolve for successively t and then s units of time is equivalent to allowing
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10 Chapter 1: Quantum Mechanics

it to evolve for s+ t units of time all at once. There is also a continuity
requirement.

DEFINITION 1.4.2 A continuous one-parameter unitary group on
Cn is a family of unitary n� n matrices fUt : t 2 Rg such that U0 = I ,
UsUt = Us+t for all s; t 2 R, and Us ! Ut as s! t.

Here convergence of matrices is taken in the only reasonable sense,
namely, pointwise convergence of each entry. Note that the above con-
ditions imply U�

t = U�1
t = U�t for all t 2 R.

Example 1.4.3

Let A be a self-adjoint matrix and let E1; : : : ; Ek and �1; : : : ; �k be
its eigenspaces and eigenvalues. For t 2 R de�ne Ut by setting Utv =
eit�jv for all v 2 Ej (1 � j � k) and extending linearly. Then fUtg
is a continuous one-parameter unitary group. We write Ut = eitA.

The notation Ut = eitA in the preceding example is well-taken in light
of the following fact.

PROPOSITION 1.4.4

Let A be a self-adjoint n � n complex matrix. Then the in�nite sumP1
k=0(itA)

k=k! converges to the unitary operator eitA.

PROOF Let v be an eigenvector for A with eigenvalue �. Then
Akv = �kv, and so 

mX
k=1

(itA)k

k!

!
v =

 
mX
k=1

(it�)k

k!

!
v ! eit�v = eitAv

as m!1. Since the eigenvectors of A span Cn, we can conclude that
(
P
(itA)k=k!)v ! eitAv for all v 2 Cn, which is enough.

Remarkably, Example 1.4.3 is completely general. This result requires
the following generalization of the spectral theorem.

LEMMA 1.4.5

Let A1; : : : ; Am be self-adjoint n� n complex matrices which commute
in pairs. Then there is a sequence of orthogonal subspaces E1; : : : ; Ek

which span Cn, such that each Ei is an intersection of eigenspaces of
the Aj .
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PROOF This is true for m = 1 by Theorem 1.3.3. To pass from m
to m+1, suppose E � Cn is an intersection of eigenspaces of the Aj for
1 � j � m. That is, there exist �1; : : : ; �m 2 R such that v 2 E if and
only if Ajv = �jv for 1 � j � m.
It follows that for any v 2 E and any 1 � j � m we have

AjAm+1v = Am+1Ajv = �jAm+1v;

so that Am+1v 2 E as well. Applying Theorem 1.3.3 to Am+1jE , we may
therefore decompose E into orthogonal eigenspaces of Am+1jE . Each of
these is then the intersection of E with an eigenspace of Am+1. Since
the subspaces at the mth step spanned Cn, it follows that the subspaces
at the (m+ 1)st step also span Cn.

LEMMA 1.4.6

Let fUtg be a continuous one-parameter unitary group on Cn. Then
there is a sequence of orthogonal subspaces E1; : : : ; Ek which span Cn,
such that for every t each Ei is contained in an eigenspace of Ut.

PROOF Note �rst that UsUt = Us+t = UtUs for all s; t 2 R,
so all of the unitaries commute. Writing ReUt = 1

2 (Ut + U�t) and
ImUt = 1

2i (Ut � U�t), we have Ut = ReUt + iImUt, and ReUt and
ImUt are self-adjoint. The matrices ReUt and ImUt commute pairwise.
By Lemma 1.4.5, for any t1; : : : ; tm 2 R there is a sequence of or-

thogonal subspaces E1; : : : ; Ek which span Cn, such that each Ei is an
intersection of eigenspaces of the ReUtj and ImUtj . Since k must be
less than or equal to n, there is a maximum value of k which can be
achieved in this way. For this k the subspaces E1; : : : ; Ek must each be
contained in an eigenspace of ReUt and ImUt, for all t. It follows that
each Ei is contained in an eigenspace of every Ut.

THEOREM 1.4.7

Let fUtg be a continuous one-parameter unitary group on Cn. Then
there is a self-adjoint n� n complex matrix A such that Ut = eitA.

PROOF Let E1; : : : ; Ek be as in Lemma 1.4.6, and for each 1 � j � k
let �j(t) be the eigenvalue of Ut to which Ej belongs. Observe that
j�j(t)j = 1 for all t (since Ut is unitary) and �j(0) = 1. By continuity,
there exists Æ > 0 such that �j(t) 6= �1 for t 2 [0; Æ]. Then for 0 � t � Æ,
de�ne fj(t) = �i ln(�j(t)), taking the branch of the logarithm which
yields �� < fj(t) < �. Since �j(s + t) = �j(s)�j(t) for all s and t, it
follows that fj(s + t) = fj(s) + fj(t), provided s; t � 0 and s + t � Æ.
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12 Chapter 1: Quantum Mechanics

This weak form of linearity implies that if t = rÆ where r is a rational
number between 0 and 1, then fj(t) = rfj(Æ) = ajt where aj = fj(Æ)=Æ;
by continuity fj(t) = ajt for all t between 0 and Æ. Thus, for 0 � t � Æ
and v 2 Ej we have �j(t) = eiajt and Utv = eiajtv. Doing this for each j,
it follows that for suÆciently small Æ0 we have Ut = eitA for all t 2 [0; Æ0],
where A is the self-adjoint operator such that Av = ajv for v 2 Ej . By
the group property of fUtg we conclude that the same formula holds for
all t.

The matrix iA is called the generator of the unitary group fUtg. Since
any initial state v = v(0) evolves in time according to v(t) = Utv = eitAv,
we have

d

dt
v(t) = iAv(t):

This is an abstract form of Schr�odinger's equation. It is a di�erential
version of the fact that the dynamics of a quantum system are described
by a continuous one-parameter unitary group.
There is an alternative approach to dynamics, path integration, which

is popular in the physics literature. The basic idea is this. Let (ei) be the
standard basis of Cn; we want to determine the inner product hUsei; eji
for given i and j. These \transition amplitudes" are the matrix entries
of the operator Us of evolution by s units of time.
For any v; w 2 Cn, we have hv; wi =Pk hv; ekihek; wi. Therefore

hUsei; eji = hUs=2ei; U
�
s=2eji

=
X
k

hUs=2ei; ekihek; U�
s=2eji

=
X
k

hUs=2ei; ekihUs=2ek; eji:

A similar computation shows that

hUsei; eji =
X
k;k0

hUs=3ei; ekihUs=3ek; ek0ihUs=3ek0 ; eji;

and so on. In general we may break up the total time interval [0; s]
into m short subintervals and sum over all \paths" from ei to ej , i.e.
all sequences of basis vectors of length m+1 whose �rst entry is ei and
whose last entry is ej . The corresponding term in the sum is called the
amplitude of that path.
The computational value in doing this lies in the fact that over short

times Ut = eiAt is approximated by I + iAt. Thus one could hope to
take a limit as m!1 and work with the matrix A in place of Ut. One
might also identify Cn with the complex-valued functions on a set of n
points in R3, say, and then take n!1, allowing the points to become
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dense in R3. Then the \paths" might really be thought of as physical
paths in space.

t = 0

t = s
2

t = s

Figure 1.3 Summing over paths

The problem with this idea is that the sum which is used to evaluate
hUsei; eji tends to become a badly divergent integral in the limit. It is
said to be \oscillatory" because the product

h(I + iAt)ei; ekih(I + iAt)ek; ek0i � � � h(I + iAt)ek(m) ; eji

is interpreted in the limit as an exponential factor, and the oscillation
of this factor is responsible for the divergence of the path integral.

It is still possible to develop workable versions of the path integral
approach in various rather circumscribed situations. However, it seems
unlikely that there will ever be a truly general theory, in spite of the
evident heuristic value of the idea. With this pessimistic observation we
abandon path integrals.

1.5 Composite systems

Composite systems which are made up of interacting subsystems can be
modelled using tensor products: if the Hilbert spaces Cm and Cn model
two separate quantum systems then their tensor product Cm 
 Cn �=
Cmn models the two systems together.

The basic properties of the tensor product are these. Corresponding
to any states v 2 Cm and w 2 Cn there is an elementary tensor product
state v
w 2 Cmn whose coordinate entries are aibj , if v = (a1; : : : ; am)
and w = (b1; : : : ; bn). This state is regarded as modelling the situation
where the �rst subsystem is in the state v and the second is in the state
w. For any unit vector w 2 Cn, the map v 7! v 
w is an isometric em-
bedding of Cm in Cmn, so the states of the composite system for which
the second system is in the state w are in one-to-one correspondence
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14 Chapter 1: Quantum Mechanics

with the states of the �rst system.

A general element of a tensor product can be expressed as a linear
combination of elementary tensor product states. Thus, one usually
cannot say what the state of one subsystem is independently of the
state of the other subsystem.

Composite systems of identical particles require a minor variation on
the preceding construction. For a system of k identical particles, each
modelled on Cn, rather than the full tensor power Cn 
 � � � 
 Cn �=
Cnk we use either the symmetric tensor power Cn 
s � � � 
s C

n or the
antisymmetric tensor power Cn 
a � � � 
a C

n. These consist of those
vectors in the full tensor product whose components satisfy, respectively,
ai1:::ik = a�(i1):::�(ik) or ai1:::ik = (�1)j�ja�(i1):::�(ik) for any permutation
� of the index setf1; : : : ; kg, where j�j is the parity of �. The appropriate
choice varies; particles are called Bosons or Fermions depending on which
tensor product is used to model their multiple-particle systems.

Using the notion of a composite system, we can now clarify the naive
interpretation of the quantum mechanical formalism given in Section 1.2.
What makes a diagonally polarized photon abruptly become horizontally
or vertically polarized when measured, and how does it choose which to
become? The answer to these questions involves the fact that we, the
observers of the system, are ourselves quantum systems. Thus, when
measurement issues such as these arise, we must consider the composite
Hilbert space Cm 
Cn where Cm is the Hilbert space of the observed
system and Cn is the Hilbert space of the observer (assumed here, with
apologies, to be �nite dimensional). For example, say that C2 models
the polarization of a photon, and let fe1; e2g be the canonical basis of
C2. Then any state of the composite Hilbert space C2 
 Cn can be
expressed in the form a1(e1 
 v1) + a2(e2 
 v2) for some unit vectors
v1; v2 2 Cn and complex coeÆcients a1; a2.

Now suppose we are given an initial elementary tensor product state
(a1e1+ a2e2)
 v, where the two subsystems are each in well-de�ned in-
dividual states. Here the observer is oblivious to the state of the photon.
As long as there is no physical interaction between the two subsystems,
time evolution will preserve the property that the composite system is
in an elementary state. However, if the subsystems do interact then
after some passage of time the composite system will be in a general
state of the form b1(e1 
 v1) + b2(e2 
 v2). This overall state is now
\entangled" in the sense that it is not possible to determine the state of
one subsystem independently of the state of the other subsystem. The
remarkable fact at this point is that the total state is a composite of the
states e1 
 v1 and e2 
 v2, which are orthogonal and will remain so at

all future times due to the unitarity of time evolution. Thus the system
can be decomposed into two orthogonal states in which the state of the
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observer is respectively correlated with the two di�erent possible polar-
izations of the photon. In each of the two states the observer apparently
has the subjective experience of being in a universe in which the photon
has the corresponding polarization.
This analysis suggests the surprising possibility that there is in some

sense more than one copy of the observer after the measurement has
been made. In general, after any measurement of a �nite state system
we can decompose the state of the composite system into an orthogonal
sum of states in each of which the observer sees the measured system in
a particular eigenstate. Now in most elementary treatments of quantum
mechanics it is assumed that one of the terms in this sum is \real" and
the rest are not; this transition of the state of the system to a single
term in the sum is the \collapse" referred to in Section 1.2. One then
has to deal with the problem of what mechanism causes the system to
collapse and how such a mechanism might be triggered. Moreover, the
in�nite dimensional case, in which there generally is no decomposition
of the Hilbert space into a discrete family of eigenspaces, presents the
separate problem of what the end result of the collapse should even be.
Alternatively, it has been suggested that no collapse takes place and an
image of parallel universes has been put forward in its place.
Thus, one is supposedly faced with the problem of deciding whether

every one of a family of possible universes really exists, or if not how and
when the process of selecting the real one occurs. Arguments on either
side of this question can be given in terms of the parsimony either of
not requiring a collapse or of not invoking the existence of unobservable
universes.
However, it is possible that the whole issue is really what some philoso-

phers might call a meaningless pseudo-problem. One could argue that
any assertion that a given universe does or does not exist, or that other
terms of the sum are or are not \really there", is in principle unveri-
�able, and hence metaphysical in the most literal sense. For example,
suppose it was asserted after some particular measurement that only
the even terms of the decomposition had given rise to existing universes,
and that the odd terms had vanished. What actual content would such
an assertion have?
Ordinary assertions about the existence of ordinary objects can be

understood as indicating the appearance of the objects in the speaker's

universe. In principle, they can always be veri�ed or falsi�ed. But this
is exactly what one cannot do with statements about the existence of
other universes. It may be that one is simply tricked into thinking that
the latter sort of assertion is meaningful by a false analogy with the
former sort.
For reasons like these, one may want to question whether statements

about when and how a \collapse" takes place have any genuine content
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16 Chapter 1: Quantum Mechanics

at all.

1.6 Quantum computation

In theory, the fact that quantum states can be superimposed should
enable us to perform some computations faster than is classically pos-
sible. (Actually building a \quantum computer" which could do this
presents serious engineering obstacles, but it seems likely that these will
be overcome in time.) One can simulate any quantum computation on a
classical computer, and vice versa, so there is no absolute problem which
can be solved on one but not the other; the issue is solely one of speed.

To illustrate the way superposition can be used to speed up a com-
putation, we will describe an algorithm that searches n data points in
O(
p
n) time. The problem is formulated as follows. Let Cn, n � 3,

model the phase space of some quantum system; its physical constitu-
tion is irrelevant. Let V be a unitary n�n matrix which is diagonal with
respect to the standard basis fe1; : : : ; eng, so V ei = �iei, and assume
there exists i0 such that �i = 1 for i 6= i0 and �i0 = �1. Suppose also
that the transformation v 7! V v on Cn is physically realizable, so that
in the course of our computation we can apply V to the state of the
system at will.

We wish to �nd the eigenvector ei0 whose eigenvalue is �1. Classi-
cally, there is no way to �nd this �1 eigenvector with certainty in fewer
than n steps, and weakening the problem to ask only that we �nd the
eigenvector with probability p shortens the computation to pn steps,
which is still O(n). In contrast, the quantum mechanical algorithm that
we are about to present �nds the �1 eigenvector with probability p in
O(
p
n) steps, for any p < 1. (Finding it with certainty still cannot be

done in fewer than n steps.)

The computation also requires that we be able to apply the matrix
U = [uij ] to the system, where uij = 2n�1 for i 6= j and uii = �1+2n�1.
Note that this matrix is also unitary. The algorithm is then to prepare
the system in the state v = (n�1=2; : : : ; n�1=2) and apply the operators
U and V alternately k times, that is, apply the operator (UV )k. The
claim is that after this process the system will be in the �1 eigenstate
with probability p such that p increases with k.

To see this, let w = (1; : : : ; 1) � ei0 and write the initial state of the
system as v = n�1=2w+ n�1=2ei0 . It is easy to check that a state of the
form aw + bei0 is taken into another state of this form by the operator
UV . So say (UV )kv = akw + bkei0 . Then a0 = b0 = n�1=2 and we
have the recursion relations ak+1 = 2ck�ak and bk+1 = 2ck+ bk, where
ck =

n�1
n ak � 1

nbk.

Since (n � 1)a2k + b2k = 1, if bk lies between n�1=2 and 2�1=2 then ak
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lies between(2n�2)�1=2 and n�1=2 . In this case ck is bounded below by
2�1=2((n�1)1=2�1)n�1. This shows that as long as n�1=2 � bk � 2�1=2

holds, bk will increase at each step by at least 21=2((n� 1)1=2� 1)n�1 �
21=2n�1=2. So for large n, on the order of n1=2 steps are needed to ensure
bk � 2�1=2. At this point a measurement of the system will place in it
the state ei0 with probability at least 1=2. Running the same procedure
m times yields a probability of at least 1� 2�m of reaching the state ei0
in at least one trial, and for any �xed value of m this still takes O(

p
n)

steps. This shows that the algorithm has the property that was claimed.
One is sometimes told that the reason quantum algorithms can be

faster than classical algorithms is because they are able to carry out
multiple computations simultaneously, due to superposition. However,
examination of the above algorithm reveals no precise sense in which
simultaneous computations are being performed. Perhaps it is clearer
to say that the reason quantum algorithms can be faster than classical
algorithms lies in the phemomenon of superposition together with the
possibility of applying arbitrary unitary matrices. Using only permu-
tation matrices is equivalent to computing with a classical �nite state
machine.

1.7 Notes

The classic introductions to quantum mechanics are [18] and [52]. A
modern approach is given in [8].
Our explanation of the correspondence between real-valued functions

and self-adjoint operators given in Section 1.3 is due in a slightly di�erent
form to Mackey [45]. We will discuss this further in Chapter 3.
For more on path integrals see [27].
The so-called \many-worlds" interpretation discussed in Section 1.5 is

expounded in detail in [25]. In particular, a derivation of the probability
interpretation of Section 1.2 is given there. Our suggestion that it is
meaningless to ask whether parallel universes really exist is based on
philosophical grounds articulated in [5].
The quantum search algorithm given in Section 1.6 is due to Grover

[31]. There is also a quantum algorithm for factorization which is pre-
sumably (provided P 6= NP ) exponentially faster than any classical
algorithm; it is due to Shor [65].
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Chapter 2

Hilbert Spaces

2.1 De�nitions and examples

In the last chapter we considered only �nite dimensional Hilbert spaces.
We now present the in�nite dimensional theory, paying particular at-
tention to the analogies between Hilbert spaces and sets. As we saw in
Chapter 1, this analogy is grounded in physical reality, and it will be
the basis of all of our subsequent work.

We begin with the formal de�nition of Hilbert spaces. (It should be
made clear, however, that readers who are not already familiar with
other functional analysis topics at a comparable level, which we do not
review, will �nd later chapters diÆcult to follow.) We adopt the math-
ematical convention of making inner products antilinear in the second
variable; in the physics literature they are usually linear in the second
and antilinear in the �rst.

DEFINITION 2.1.1 Let H be a complex vector space. A pseudo
inner product on H is a map h�; �i : H�H ! C satisfying

(a) hav1 + bv2; wi = ahv1; wi+ bhv2; wi;
(b) hv; wi = hw; vi; and
(c) hv; vi � 0

for all a; b 2 C and v1; v2; v; w 2 H. We write kvk = hv; vi1=2. If kvk = 0
implies v = 0 then h�; �i is an inner product.

A Hilbert space is a complex vector space equipped with an inner
product whose corresponding norm k � k is complete.

This de�nition of Hilbert spaces is contingent on us verifying that k �k
really is a norm, which we do immediately below, in Corollary 2.1.3.
First we need the Cauchy-Schwarz inequality.

19
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20 Chapter 2: Hilbert Spaces

PROPOSITION 2.1.2

Let H be a complex vector space, let h�; �i be a pseudo inner product on
H, and let v; w 2 H. Then jhv; wij � kvkkwk.

PROOF If kvk = kwk = 0 then

0 � hv � hv; wiw; v � hv; wiwi = �2jhv; wij2;
hence hv; wi = 0. Otherwise, without loss of generality kwk 6= 0; then

0 �
�
kwkv � hv; wi

kwk w; kwkv � hv; wi
kwk w

�
= kwk2kvk2 � jhv; wij2;

so again jhv; wij � kvkkwk.

COROLLARY 2.1.3

If h�; �i is a pseudo inner product then k � k is a pseudonorm, and if h�; �i
is an inner product then k � k is a norm.

PROOF Suppose h�; �i is a pseudo inner product. It is immediate
from the de�nition of k � k that kvk � 0 for all v. Next, we have

kavk = hav; avi1=2 = (jaj2hv; vi)1=2 = jajkvk
for all a 2 C. Finally, by the Cauchy-Schwarz inequality we have
Rehv; wi � jhv; wij � kvkkwk, and hence

kv + wk2 = hv + w; v + wi
= kvk2 + 2Rehv; wi + kwk2
� kvk2 + 2kvkkwk+ kwk2
= (kvk+ kwk)2;

yielding the triangle inequality.
If h�; �i is an inner product then v 6= 0 implies kvk2 = hv; vi 6= 0, so

k � k is a norm.

Our de�nition of Hilbert spaces is now logically sound.
Pseudo inner products can be converted into inner products using the

following technique. We call this construction factoring out null vectors.

PROPOSITION 2.1.4

Let h�; �i be a pseudo inner product on a complex vector space H. Then
the set H0 = fv 2 H : hv; vi = 0g is a linear subspace of H, and h�; �i
descends to an inner product on H=H0.
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PROOF The fact that H0 = fv : kvk = 0g is a linear subspace
follows from the fact that k � k is a pseudonorm (Corollary 2.1.3). In
particular, v; w 2 H0 implies v + w 2 H0 by the triangle inequality.
To show that h�; �i descends to H=H0, let v; w 2 H and v0; w0 2 H0.

We must verify that hv + v0; w + w0i = hv; wi. But

hv0; wi = hv; w0i = hv0; w0i = 0

by the Cauchy-Schwarz inequality, so the desired equality holds.
It is now routine to check that h�; �i de�nes a pseudo inner product

on H=H0, and this is actually an inner product because v 62 H0 implies
hv; vi 6= 0.

Having turned a pseudo inner product into an inner product in this
way, we may still need to complete the space. There is no obstacle to
doing this; the proof is routine but tedious, so we omit it.

PROPOSITION 2.1.5

Let H be a complex vector space and let h�; �i be an inner product on
H. Then the formula

h lim vn; limwni = lim hvn; wni

de�nes an inner product on the Cauchy completion of H which makes
it a Hilbert space.

For the remainder of this section we discuss examples. None of these
actually uses the preceding techniques of factoring out null vectors and
completing; these will be needed later. In particular, all of the examples
we consider now are complete from the start, which is good because
it means that we have a concrete representation of every vector in the
Hilbert space.

Example 2.1.6

C
n is a Hilbert space, with inner product

hv; wi =

nX
i=1

ai�bi;

where v = (a1; : : : ; an) and w = (b1; : : : ; bn).

The space Cn of complex n-tuples can be identi�ed with the set of
functions from f1; : : : ; ng into C. In this way, the preceding example
can be seen as a special case of the following more general construction.
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22 Chapter 2: Hilbert Spaces

Example 2.1.7

Let X be a set. For any function f : X ! C, we write
P

X
f(x) = a

(a 2 C) if for every � > 0 there exists a �nite subset S of X such
that ja�

P
S0
f(x)j < � for any �nite S0 � X which contains S.

De�ne l2(X) to be the collection of all functions f : X ! C such
that kfk2 =

P
X
jf(x)j2 is �nite. For f; g 2 l2(X) we de�ne hf; gi by

hf; gi =
P

f(x)g(x).

To see that
P

f(x)g(x) exists, given � > 0 �nd a �nite set S � X
such that kf jSk � kfk � � and kgjSk � kgk � �. Then for any �nite
subset S0 � X which contains S, the Cauchy-Schwarz inequality in
l2(S0) yields

�����
X
S0�S

f(x)g(x)

����� �


f jS0�SkkgjS0�S

 � �2:

So hf; gi is indeed well-de�ned.

Finally, to show l2(X) is complete, let (fn) be a Cauchy sequence.
Then for any x 2 X the sequence (fn(x)) satis�es jfm(x)� fn(x)j �
kfm � fnk and hence is Cauchy in C. So we can de�ne a limit
function f = lim fn : X ! C pointwise. This function belongs
to l2(X) because for any �nite S � X we have kf jSk � sup kfnk.
Finally, given � > 0 we can �nd an integer N such that m;n � N
implies kfm � fnk � �; then for any n � N and any �nite S � X we
have 

(f � fn)jS



 = lim
m



(fm � fn)jS


 � �;

so fn ! f .

Next we consider L2 spaces. Any l2(X) can be regarded as an L2

space by treating the set X as a measure space with counting measure.
However, this fact is of little use to us because much of what we do
measure theoretically in later chapters requires �-�niteness and if X is
uncountable then counting measure does not have this property. So in
general we have to treat sets and measure spaces separately.

To simplify the presentation we are going to assume throughout that
all measures are �-�nite.

We need the following lemma, which gives a useful criterion for deter-
mining whether a normed vector space is complete.

LEMMA 2.1.8

A normed vector space V is complete if and only if the sum
P1

1 vn
converges whenever (vn) is a sequence of vectors such that

P1
1 kvnk

converges.
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PROOF If V is complete and
P1

1 kvnk < 1 then the sum
P1

1 vn
converges because the sequence of partial sums

PN
1 vn is Cauchy.

To prove the converse, let (wn) be a Cauchy sequence in V ; we must
show it converges. Choose a subsequence (wkn) with the property that

kwkn � wkn+1k � 2�n

for all n. Then de�ne v1 = wk1 and vn = wkn � wkn�1 for n > 1. By
hypothesis

P
vn converges, but the nth partial sum of

P
vn equals wkn ,

so the sequence (wkn) converges. This implies that (wn) converges.

Example 2.1.9

Let � be a �-�nite measure on a set X and let L2(X) = L2(X;�)
be the space of measurable functions f : X ! C, modulo functions
supported on null sets, which satisfy kfk2 =

R
jf j2d� <1. Then for

any f; g 2 L2(X) the inner product hf; gi =
R
f�gd� is well-de�ned

because the inequality 2jf�gj � jf j2+jgj2 implies that f�g is integrable.
This is a genuine inner product because

R
jf j2 d� = 0 implies f = 0

almost everywhere.

To see that L2(X) is complete, let (fn) � L2(X) satisfy
P
kfnk =

C < 1. Let gN =
PN

1
jfnj and g = lim gN . Since kgNk � C for all

N , the monotone convergence theorem implies that kgk � C as well.
So g < 1 almost everywhere, which implies that

P
fn converges

almost everywhere to a measurable function f . Finally, jf j � g so

f 2 L2(X), and kf �
PN

1
fnk ! 0 by the dominated convergence

theorem since f �
PN

1
fn ! 0 almost everywhere. Thus L2(X) is

complete by Lemma 2.1.8.

For the sake of clarity we occasionally denote the L2 norm by k � k2.
A similar argument shows that Lp(X) is complete for 1 � p � 1.

After p = 2 we will be most interested in the cases p = 1 and p = 1
(but we will not formally introduce them).

2.2 Subspaces

We want to develop an analogy between sets and Hilbert spaces. The
analog of an element of a set is a unit vector in a Hilbert space | for
instance, in l2(X) (Example 2.1.7) the element x 2 X corresponds to
the function �x = �fxg which takes the value 1 at x and is 0 elsewhere.
Likewise, closed subspaces of a Hilbert space are analogous to subsets of
a set. We now introduce the operations _, ^, and ? on subspaces, which
correspond to union, intersection, and complementation of subsets. In
the �nite dimensional case these reduce to the operations de�ned in
Section 1.2.
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24 Chapter 2: Hilbert Spaces

PROPOSITION 2.2.1

Let fE� : � 2 Jg be a family of subspaces of a Hilbert spaceH. Then the
closure of spanfE�g is the smallest closed subspace of H which contains
everyE�, and

T
E� is the largest closed subspace ofH which is contained

in every E�. If E is a closed subspace of H then the set

fv 2 H : hv; wi = 0 for all w 2 Eg
is a closed subspace of H.

For example, the last statement is proven as follows. It is clear that
the given set of vectors is a subspace; to prove closure, suppose that
vn ! v and that each vn belongs to the set. Then we have hv; wi =
hvn � v; wi ! 0 for any w 2 E by the Cauchy-Schwarz inequality, so v
is also in the set.

DEFINITION 2.2.2 Let H be a Hilbert space. The join of a family
fE� : � 2 Jg of closed subspaces of H, denoted

W
E�, is their closed

span spanfE�g and their meet is their intersection
V
E� =

T
E�.

The orthocomplement of a subspace E of H is the closed subspace

E? = fv 2 H : hv; wi = 0 for all w 2 Eg:
We write v ? w if hv; wi = 0, v ? E if v 2 E?, and E1 ? E2 if E1 � E?

2 ;
and we say in the respective cases that v and w, v and E, or E1 and E2,
are orthogonal.

The operations _, ^, and ? actually behave very much like [, \, and
c (complementation): the set theoretic laws S [ Sc = X , S \ Sc = ;,
Scc = S, (S1 [ S2)

c = Sc1 \ Sc2, and (S1 \ S2)
c = Sc1 [ Sc2, for any sub-

sets S; S1; S2 � X , all transfer to subspaces of a Hilbert space. Before
proving this we require two preliminary lemmas which are both of inde-
pendent interest. The �rst is the parallelogram law and the second says
that vectors of minimal norm exist in any closed convex set.

LEMMA 2.2.3

Let H be a Hilbert space. Then

kv + wk2 + kv � wk2 = 2kvk2 + 2kwk2

for all v; w 2 H. For any � > 0 there exists Æ > 0 such that kvk � 1,
kwk � 1, and k 12 (v + w)k � 1� Æ imply kv � wk � �.

PROOF The parallelogram law is a straightforward calculation with
inner products. For the second assertion, given � > 0 let Æ = �=8. Then
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kvk � 1, kwk � 1, and k 12 (v + w)k � 1� Æ together imply

kv � wk2 = 2kvk2 + 2kwk2 � kv + wk2 � 4� 4(1� Æ)2 � �;

as desired.

The second assertion of Lemma 2.2.3 is called uniform convexity.
It and completeness are the only properties needed to prove the next
lemma.

LEMMA 2.2.4

Let K be a closed, convex subset of a Hilbert space. Then there exists
a unique vector v 2 K of minimal norm.

PROOF Let a = inffkvk : v 2 Kg. If a = 0 then there is a sequence
of vectors in K whose norms converge to zero, hence 0 2 K, and we are
done. Otherwise let vn be a sequence in K such that kvnk ! a. Given
� > 0, choose Æ as in Lemma 2.2.3 and �nd N 2 N such that n � N
implies kvnk � a(1+Æ) � b. Then for m;n � N we have kvmk; kvnk � b
and 1

2 (vm+vn) 2 K, and hence k 12 (vm+vn)k � a � b(1�Æ); so uniform
convexity implies kvm � vnk � b�. This shows that the sequence (vn) is
Cauchy, so it converges to some v 2 K, and we have kvk = lim kvnk = a.
For uniqueness, suppose w 2 K and kwk = kvk. Then 1

2 (v + w) also
belongs to K, so by minimality of kvk we have k 12 (v+w)k � kvk = kwk.
Uniform convexity then implies that kv � wk = 0, i.e., v = w.

THEOREM 2.2.5

Let E be a closed subspace of a Hilbert space H. Then E + E? =
E_E? = H and E^E? = f0g. Every v 2 H can be expressed uniquely
in the form v = v1 + v2 with v1 2 E and v2 2 E?.

PROOF Let v 2 H. By Lemma 2.2.4 there exists a vector v0 2
v +E of minimal norm. We claim that v0 2 E?. To verify this, choose
w 2 E, w 6= 0. Then kv0 + awk � kv0k for all a 2 C, by minimality of
kv0k. In particular, taking a = �hv0; wi=kwk2 and performing a short
computation, we get

kv0k2 � jhv0; wij2
kwk2 =





v0 � hv0; wi
kwk2 w






2

� kv0k2:

Thus hv0; wi = 0, as claimed. We conclude that v0 2 E?, and v =
(v � v0) + v0 is the desired decomposition of v. Thus E +E? = H.
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26 Chapter 2: Hilbert Spaces

E ^ E? = f0g because any vector simultaneously in E and E? is
orthogonal to itself.
If v = v1 + v2 = v01 + v02 with v1; v

0
1 2 E and v2; v

0
2 2 E? then

v1 � v01 = v02 � v2. Since the left side belongs to E and the right side
belongs to E?, and we know that E ^ E? = f0g, we conclude that
both sides are zero. Thus v1 = v01 and v2 = v02. This proves that the
decomposition v = v1 + v2 is unique.

The trick used to prove v0 2 E? in the preceding theorem also ap-
peared in the proof of the Cauchy-Schwarz inequality (Proposition 2.1.2).
The point is that if hv; wi = hw;wi then kv�wk2 = kvk2�kwk2. That
is, if v�w is orthogonal to w then kwk2+kv�wk2 = kvk2, which is just
the Pythagorean theorem. Furthermore, given any v and w, w 6= 0, we
can ensure the hypothesis by scaling w by the factor hv; wi=kwk2, i.e.,
replacing w by the projection of v onto w.

COROLLARY 2.2.6

Let E and E� (� 2 J) be closed subspaces of a Hilbert space H. Then

(a) E?? = E;

(b) (
W
E�)

? =
V
E?
� ; and

(c) (
V
E�)

? =
W
E?
� .

PROOF

(a) Let v 2 E. Then v ? E?, so v 2 E??. This shows that E � E??.
Suppose the containment is proper. Then by Theorem 2.2.5 there exists
a nonzero w 2 E?? orthogonal to E. But w is also orthogonal to E?,
and hence w = 0, a contradiction. So E?? = E.
(b) Suppose v 2 (

W
E�)

?. Then v ? E� for all �, so v 2 VE?
� . This

shows one containment.
Conversely, suppose v 2 VE?

� . Then v is orthogonal to every element
of every E�, and hence it is orthogonal to the closed span of all of the
E�. This veri�es the reverse containment.
(c) By (a) and (b),

_
E?
� =

�_
E?
�

�??
=
�^

E??
�

�?
=
�^

E�

�?
;

as desired.

We have now shown that the basic identities obeyed by subsets of a
set are also obeyed by subspaces of a Hilbert space. However, there is a
slightly more complicated set theoretic identity which does not transfer
to Hilbert spaces. It is called the distributive law, and it asserts that
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S1 [ (S2 \S3) = (S1 [S2)\ (S1 [S3) for any subsets S1; S2; S3 of a set.
The following example falsi�es this law for Hilbert subspaces. It also
falsi�es the dual law obtained by interchanging [ and \, which is true
for sets as well.

Example 2.2.7

Take H = C2 and

E1 = f(a; a) : a 2 Cg
E2 = f(a; 0) : a 2 Cg
E3 = f(0; a) : a 2 Cg:

Then E1 _ (E2 ^E3) = E1 and (E1 _E2) ^ (E1 _ E3) = H.

In the case of l2(X), each subset S of X gives rise to a closed subspace
l2(S) of l2(X) consisting of those functions whose support is contained
in S. It is easy to see that this correspendence between subsets and
subspaces takes [, \, and c into _, ^, and ?. (Thus, Example 2.2.7
hinges on the fact that there are other subspaces in l2(f0; 1g) besides
those of the form l2(S) for S � f0; 1g.) This observation can also be
made in the context of L2 spaces, but in order to state it we need a
lemma. This is our �rst result that uses �-�niteness.
If S and S0 are measurable sets, we say that S essentially contains S0

if S0 � S is null.

LEMMA 2.2.8

Let (X;�) be a �-�nite measure space and let fS� : � 2 Jg be a family
of measurable subsets of X . Then there is a measurable set S such that

(a) S essentially contains each S� and
(b) any measurable set that essentially contains each S� also essentially
contains S

and a measurable set S0 such that

(a0) S0 is essentially contained in each S� and
(b0) any measurable set that is essentially contained in each S� is also
essentially contained in S0.

The sets S and S0 are unique up to null sets.

PROOF We prove the �rst assertion. Assume �rst that �(X) is �-
nite. Since the family fS�g is arbitrary, without loss of generality we can
assume it is closed under �nite unions. Now de�ne a = sup�2J �(S�).
Since �(X) is �nite, so is a.
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Fix a sequence (S�n) such that �(S�n)! a and let S =
S
S�n . Then

S essentially contains every S� because if �(S~� � S) > 0 for some ~�
then �(S�n [ S~�) converges to �(S [ S~�) > a, which contradicts the
maximality of a. Also, if T is any set which essentially contains each
S�n then it essentially contains S.

Now let � be any �-�nite measure and let (Xn) be a partition of X
into �nite measure subsets. By the preceding argument, for each n we
can �nd a set Tn � Xn which essentially contains S� \Xn for all � 2 J ,
and is essentially contained in any other set with this property. Then let
S =

S
Tn. Properties (a) and (b) hold because they hold on each Xn.

Furthermore, S is unique up to null sets because any other set T with
the same properties would both essentially contain and be essentially
contained in S.

The existence and uniqueness of S0 can either be proven by analogy
with the above, or as a consequence of it via complementation.

We call the sets S and S0 of the preceding proposition the essential
union and the essential intersection of the family fS�g. A more so-
phisticated proof of their existence involves taking the weak* limit in
L1(X) �= L1(X)� of the characteristic functions �S� , assuming the
family fS�g is closed under �nite unions or intersections and is directed
by inclusion or reverse inclusion, respectively.

Example 2.2.9

(a) Let X be a set. Then l2(S) is a closed subspace of l2(X) and we
have l2(S)? = l2(Sc) for every S � X. Also

W
l2(S�) = l2(

S
S�)

and
V
l2(S�) = l2(

T
S�) for any family of sets S� � X.

(b) Let (X;�) be a �-�nite measure space. Then L2(S) is a closed
subspace of L2(X) and we have L2(S)? = L2(Sc), for every measur-
able S � X. Also

W
L2(S�) = L2(S) and

V
L2(S�) = L2(S0) for any

family of measurable sets S� � X, where S and S0 are respectively
the essential union and the essential intersection of the S�.

2.3 Orthonormal bases

In Example 2.1.7 we observed that l2(X) is a Hilbert space. The point of
orthonormal bases is to allow us to reverse this construction and realize
any Hilbert space in the form l2(X). We start with the de�nition of
orthonormal bases and a proof that they always exist.

DEFINITION 2.3.1 A subset � of a Hilbert spaceH is orthonormal
if kvk = 1 for all v 2 � and v ? w for all distinct v; w 2 �. It is an
orthornormal basis if in addition span(�) = H.
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We will say that � generates H if span(�) = H. This is generally
more useful than the concept of algebraically spanning H.
Observe that orthonormal sets are always linearly independent. To

see this suppose � is orthonormal and v1; : : : ; vn 2 � obey a linear
dependence

Pn
1 aivi = 0. Then for any 1 � j � n we have

aj =

*
nX
i=1

aivi; vj

+
= 0:

So � must be independent.

PROPOSITION 2.3.2

Let � be an orthonormal set in a Hilbert space H. Then � extends to
an orthonormal basis.

PROOF By Zorn's lemma, we can �nd a maximal orthonormal set �0

containing �. We claim that �0 generates H (meaning that span(�0) =
H; see above). Suppose not and let E = span(�0). Theorem 2.2.5
implies the existence of a nonzero vector v orthogonal to E, and v=kvk
is then a vector of norm one that is orthogonal to every vector in �0.
This contradicts maximality of �0, so we conclude that span(�0) = H.
Thus �0 is an orthonormal basis of H which contains �.

In particular, applying this proposition to the set � = ; shows that
every Hilbert space has an orthonormal basis. Now we can reverse the
construction of Example 2.1.7 and show that every Hilbert space is iso-
metrically isomorphic to an l2 space.

THEOREM 2.3.3

Let H be a Hilbert space with orthonormal basis fex : x 2 Xg. Then H
is isometrically isomorphic to l2(X) by a map which takes ex to �x.

PROOF De�ne U : spanfexg ! l2(X) by

U
�X

axex

�
=
X

ax�x:

(Both sums are �nite.) This map satis�es U(ex) = �x, and it is clearly
linear. Moreover, it preserves inner products becauseDX

axex;
X

bxex

E
=
X

ax�bx =
DX

ax�x;
X

bx�x

E
:

In particular, it preserves norms, so it is an isometry.
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U uniquely extends to spanfexg = H by continuity. It is surjective
because its range is closed and contains the orthonormal basis f�xg of
l2(X).

COROLLARY 2.3.4

Let fe� : � 2 Jg be an orthonormal basis of a Hilbert space H and let
v 2 H. Then

v =
X
�2J

a�e� and kvk2 =
X
�2J

ja�j2

where the coeÆcients a� are given by a� = hv; e�i.

This corollary is an immediate consequence of Theorem 2.3.3 and the
fact that it is true of the standard basis in l2(J).

We de�ne the dimension of a Hilbert space H to be the cardinality
of an orthonormal basis of H. This depends on the fact that any two
bases have the same cardinality, which is clear if either one is �nite.
Otherwise, let � and �0 be orthonormal bases of an in�nite dimensional
Hilbert space H and consider the set D of all �nite linear combinationsP

a�e� where each a� belongs to the countable setQ+iQ � C and each
e� belongs to �. Now D is dense in H and the open balls of radius 1=

p
2

centered at the elements of �0 are disjoint, so card(D) � card(�0). But
card(D) = @0 � card(�) = card(�), so we conclude card(�) � card(�0).
By symmetry, the two are equal.

The following remarkable fact is now a consequence of Theorem 2.3.3.

COROLLARY 2.3.5

Any two Hilbert spaces of the same dimension are isometrically isomor-
phic.

In particular, any countably in�nite dimensional Hilbert space is iso-
metrically isomorphic to l2(N). As an example we consider L2 of the
unit circle.

Example 2.3.6

Let T = R=2�Z. The functions ~en = (2�)�1=2einx (n 2 Z) form an
orthonormal basis of L2(T): orthonormality is easy to check, and the
fact that their span is dense follows from its density in C(T) | a
consequence of the Stone-Weierstrass theorem | and the density of
C(T) in L2(T), which is standard measure theory.

Consider the standard orthonormal basis en = �n (n 2 Z) of l2(Z).
By Theorem 2.3.3 the map ~F : L2(T)! l2(Z) which takes ~en to en
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is an isometry. In general, if f 2 L2(T) then the nth entry of ~Ff is

hf; ~eni = (2�)�1=2
R
2�

0
fe�inxdx.

The map ~F of the preceding example is the Fourier transform on the
circle and the values hf; ~eni are the Fourier coeÆcients of f .
In the case of L2(R) it is a little harder to �nd a nice orthonormal

basis. There is one, however; see Section 4.3.

2.4 Duals and direct sums

So far we have been working inside a single Hilbert space. In this section
and the next we will look at three constructions which start with one
or more Hilbert spaces and produce a new space as a result. The �rst
construction, dualization, has no set theoretic analog, but the other two
have.

DEFINITION 2.4.1 Let H be a Hilbert space. Denote its dual
space, the set of bounded linear functionals (i.e., bounded linear maps
from H into C) by H�. For each v 2 H the map v̂ : w 7! hw; vi is
bounded by the Cauchy-Schwarz inequality, and hence belongs to H�.
This de�nes a map v 7! v̂ from H to H�.

A map T : V ! W between vector spaces is antilinear if

T (av + bw) = �aTv +�bTw

for all v; w 2 V and a; b 2 C. It is an anti-isomorphism if it is antilinear
and one-to-one.

PROPOSITION 2.4.2

Any Hilbert space H is isometrically anti-isomorphic to its dual via the
map v 7! v̂.

PROOF Verifying antilinearity is routine. To see that kv̂k = kvk,
observe that for any w 2 H we have

jv̂(w)j = jhw; vij � kwkkvk;

and hence kv̂k � kvk, while

jv̂(v)j = jhv; vij = kvk2;

and hence kv̂k � kvk. This also shows that v 7! v̂ is isometric.
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For surjectivity, let ! : H ! C be any linear functional. The kernel of
! is a closed, codimension one subspace of H, so by Theorem 2.2.5 we
have H = ker(!) +E where E is the one-dimensional orthocomplement
of ker(!). Say E = span(v0).
Let v1 = �av0 where a = !(v0)=kv0k2; we will show that v̂1 = !.

For any w 2 ker(!) = E? we have hw; v1i = 0, so that v̂1(w) = 0 =
!(w). Also, a direct computation shows that v̂1(v0) = !(v0). Since H
is spanned by ker(!) and v0 it follows that v̂1 = !, as claimed. This
proves surjectivity.

It follows that H� is a Hilbert space in the sense that its norm is
compatible with an inner product. Namely, for v; w 2 H de�ne hv̂; ŵi =
hw; vi. Since v 7! v̂ is a bijection this de�nes an inner product on H�.
By the preceding result we have in particular that

hv̂; v̂i = hv; vi = kvk2 = kv̂k2

for all v 2 H, so this inner product does give rise to the original norm
on H�.
Next we consider the direct sum construction.

DEFINITION 2.4.3 Let fH� : � 2 Jg be a family of Hilbert spaces.
De�ne the direct sum

LH� to be the set of all sequences (v�), also
denoted

L
v�, such that v� 2 H� for all � and

P kv�k2 < 1. Give it
the inner product DM

v�;
M

w�

E
=
X
�2J

hv�; w�i:

This sum converges because jhv; wij � kvkkwk � 1
2 (kvk2+kwk2), and

an easy calculation shows that it does de�ne an inner product.
The structure of direct sums is exhibited in the next result.

PROPOSITION 2.4.4

Let fH� : � 2 Jg be a family of Hilbert spaces. Then
LH� is a Hilbert

space. Each H� naturally embeds in the direct sum, and if �� is an
orthonormal basis of H� for each � 2 J then

S
�� is an orthonormal

basis of
LH�.

Completeness of the direct sum is veri�ed by an argument similar
to the one used in Example 2.1.7. This is no accident; the direct sum
construction reduces to l2(J) when each H� is one-dimensional. The
rest of the proposition is an easy consequence of Theorem 2.3.3 in the
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following way. For each � let �� be an orthonormal basis of H�. Then
we may identify H� with l2(��), and an elementary calculation shows
that

LH� is correspondingly identi�ed with l2(
S
��).

Evidently direct sums of Hilbert spaces correspond to disjoint unions
of sets. The same is true for measure spaces:

Example 2.4.5

(a) Let (X�) be a family of sets and let X be their disjoint union.
Then l2(X) �=

L
l2(X�).

(b) Let (Xn; �n) be a countable family of �-�nite measure spaces
and let (X;�) be their disjoint union. Then � is also �-�nite, and
L2(X) �=

L
L2(Xn).

There is also a measurable version of direct summation. The situation
here involves a family of Hilbert spaces fHx : x 2 Xg where X is a �-
�nite measure space. If each Hx is separable (i.e., of either �nite or
countably in�nite dimension) then we can partition X into a countable
family of subsets Xn (0 � n � 1) on which dim(Hx) = n, perform the
construction on each Xn separately, and direct sum the result.
This reduces the problem to the case where the dimension of the

spaces Hx is constant. Since Hilbert spaces of the same dimension are
isomorphic, we need only consider the problem of taking a \measurable
direct sum" of a single Hilbert space H over a measure space X . The
following de�nition indicates how this is done.

DEFINITION 2.4.6 Let � be a �-�nite measure on a set X and
let H be a separable Hilbert space. A function f : X ! H is weakly
measurable if the function x 7! hf(x); vi is measurable for each v 2 H.
Then L2(X ;H) is the set of all weakly measurable functions f : X ! H
such that

kfk2 =
Z
X

kf(x)k2 <1;

modulo functions which are zero almost everywhere. An inner product
on L2(X ;H) is given by

hf; gi =
Z
X

hf(x); g(x)i:

The preceding integral exists because

2jhf(x); g(x)ij � 2kf(x)kkg(x)k � kf(x)k2 + kg(x)k2

pointwise almost everywhere, and completeness of L2(X ;H) can be ver-
i�ed using Lemma 2.1.8, just as for ordinary L2 spaces (cf. Example
2.1.9).
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The following proposition gives an alternative characterization of the
space L2(X ;H). Yet another characterization will be given in Example
2.5.4 (c).

PROPOSITION 2.4.7

Let (X;�) be a �-�nite measure space and let H be a separable Hilbert
space of dimension n (1 � n � 1). Then L2(X ;H) is isomorphic toLn

i=1 L
2(X).

PROOF We assume n = 1; the �nite dimensional case is similar
but easier.
First we de�ne a linear isometry U :

L1
1 L2(X) ! L2(X ;H). Let

fei : i 2 Ng be an orthonormal basis of H. For any sequence of functions
fi 2 L2(X), all but �nitely many of which are zero, de�ne

U
�M

fi

�
(x) =

1X
i=1

fi(x) � ei:

The right side is clearly measurable, and we have




X fi � ei



2 =X kfik2 =




M fi




2 ;
so U is an isometry on its domain of de�nition. But this domain is dense
in
L

L2(X), so U extends by continuity to the entire space.
For surjectivity, let f 2 L2(X ;H) and de�ne fi(x) = hf(x); eii for

each i; then f =
P

fi � ei and each term of the sum belongs to the range
of U . But since U is an isometry, its range is closed. This shows that U
is surjective.

We can now formalize the notion of a measurable direct sum. This
construction will be central to Chapter 3, and it will remain important
in Chapters 5 and 6. We will develop it further in Section 9.2.

DEFINITION 2.4.8 Let X be a �-�nite measure space. A (separa-
ble) measurable Hilbert bundle over X is a disjoint union

X =
[

(Xn �Hn)

where fXng is a measurable partition of X and Hn is a Hilbert space of
dimension n, 0 � n � 1.
The Hilbert space of L2 sections of X is the direct sum L2(X ;X ) =L
L2(Xn;Hn). Equivalently, it is the set of weakly measurable functions
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f : X ! SHn with the properties that f(x) 2 Hn for all x 2 Xn andR kf(x)k2 <1.

We will discuss continuous Hilbert bundles in Section 9.1.

If the �ber spaces Hn in De�nition 2.4.8 are not assumed to be sep-
arable, then the measure theoretic issues become somewhat murky. In
this setting the bundle construction seems to break down, but there is a
corresponding module approach which is still workable; see Chapter 9,
especially Theorem 9.4.11, which has no separability assumptions.

In any case, we will always take our measurable Hilbert bundles to be
separable.

2.5 Tensor products

Our last Hilbert space construction, the tensor product, is the most
sophisticated. Tensor products of two (or �nitely many) Hilbert spaces
work like this. For any v 2 H and w 2 K there is a corresponding vector
v 
 w 2 H 
 K, and vectors of this form generate H 
 K. The inner
product of two such vectors is given by hv
w; v0
w0i = hv; v0ihw;w0i. In
particular, the norm of v
w is kvkkwk. If fe�g and f~e~�g are orthonormal
bases of H and K, respectively, then fe� 
 ~e~�g is an orthonormal basis
of H
K.
In the case of in�nitely many factors there are two competing de�-

nitions of tensor products, both of which reduce to the preceding con-
struction when the number of factors is �nite. The �rst takes

NH� to
be generated by vectors of the form

N
v� where each v� 2 H� and the

product
Q kv�k2 | which will be the norm of

N
v� | converges. The

result is a Hilbert space for which the vectors
N

v� with v� 2 �� for all
� form an orthonormal basis, if each �� is an orthonormal basis of H�.

This tensor product has had little application, probably because it
is essentially never separable. The other de�nition, which we adopt,
requires the choice of a distinguished unit vector u� in each H�; this
vector plays the role of a sort of zero or \ground state."

DEFINITION 2.5.1 Let fH� : � 2 Jg be a family of Hilbert spaces
and for each � �x a unit vector u� 2 H�. Consider the sequences (v�)
such that each v� belongs to H� and v� = u� for all but �nitely many
values of �.

Let V be a vector space with a basis fe(v�)g indexed by all such se-
quences (v�). Give V the pseudo inner product de�ned by



e(v�); e(w�)

�
=
Y

hv�; w�i;

© 2001 by Chapman & Hall/CRC



36 Chapter 2: Hilbert Spaces

extending linearly. (All but �nitely many terms of this product are 1, so
it is well-de�ned.) Then the tensor product

NH� is the Hilbert space
formed by factoring out null vectors and completing, as in Propositions
2.1.4 and 2.1.5.

We write
N

v� for the equivalence class of the element e(v�) in
NH�.

Observe that hN v�;
N

w�i =
Q hv�; w�i. Also notice that if the index

set J is �nite, the unit vectors u� are irrelevant.
The following two propositions give the basic properties and essential

structure of tensor products.

PROPOSITION 2.5.2

Let H and K be Hilbert spaces. Then

(a) av 
 w = v 
 aw = a(v 
 w) and
(b) (v1 + v2)
 w = v1 
 w + v2 
 w

for all a 2 C, v; v1; v2 2 H, and w 2 K.

PROOF

(a) By direct computation,

kav 
 w � a(v 
 w)k2 = 2kavk2kwk2 � 2Re �ahav; vihw;wi = 0:

Thus av 
 w = a(v 
 w), and v 
 aw = a(v 
 w) similarly.
(b) Taking the inner product of (v1+ v2)
w� (v1
w+ v2
w) with

itself yields

h(v1 + v2)� v1 � v2; (v1 + v2)� v1 � v2ihw;wi = 0:

So (v1 + v2)
 w = v1 
 w + v2 
 w.

PROPOSITION 2.5.3

Let fH� : � 2 Jg be a family of Hilbert spaces with distinguished unit
vectors u� and let H =

NH� be their tensor product. For each � let
�� be an orthonormal basis of H� which contains u�. Then the set

� = f
O

e� : each e� 2 ��; and e� = u�

for all but �nitely many �g

is an orthonormal basis of
NH�.

PROOF It is easy to check that � is orthonormal. To show that it
generates

NH�, we must verify that
N

v� is in the closure of its span
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whenever (v�) is a sequence such that v� 2 H� for all � and v� = u� for
all but �nitely many �. This reduces the problem to the case of a tensor
product of �nitely many Hilbert spaces, and by induction we reduce to
the case of two Hilbert spaces.
Thus letH and K be Hilbert spaces and let fe�g and f~e~�g be respective

orthonormal bases. Let v 
 w 2 H 
 K and given � > 0 choose v0 2
spanfe�g and w0 2 spanf~e~�g such that kv � v0k; kw � w0k � �. Then

kv 
 w � v0 
 w0k � kv 
 w � v0 
 wk+ kv0 
 w � v0 
 w0k
= kv � v0kkwk+ kv0kkw � w0k
� (kv0k+ kwk) �
� (kvk+ kwk+ �) �:

This shows that v 
 w is in the closure of spanfe� 
 ~e~�g, and it follows
that spanfe� 
 ~e~�g is dense in H
K, as desired.

As with the direct sum (Proposition 2.4.4), we can embed each factor
H�0 into the tensor product

NH�. In this case the natural embedding
is the map v 7!N

v� where v�0 = v and v� = u� for � 6= �0.
The set theoretic analog of a tensor product of two Hilbert spaces is a

cartesian product of two sets. Indeed, l2(X)
 l2(Y ) �= l2(X � Y ). This
follows from the last proposition since the natural basis of l2(X�Y ) can
be identi�ed with the product of the natural bases of l2(X) and l2(Y ).
We can also compute some more complicated examples.

Example 2.5.4

(a) Let X and Y be sets. Then l2(X � Y ) �= l2(X)
 l2(Y ).
(b) Let X and Y be �-�nite measure spaces. Then L2(X � Y ) is
isometrically isomorphic to L2(X) 
 L2(Y ) via the identi�cation of
f 
 g 2 L2(X)
 L2(Y ) with the function f(x)g(y) 2 L2(X � Y ).
(c) Let X be a �-�nite measure space and let H be a Hilbert space.
Then L2(X;H) is naturally isomorphic to L2(X) 
H. This follows
from Propositions 2.4.7 and 2.5.3.

Tensor powers | tensor products in which every factor is the same
| can be symmetrized or antisymmetrized, and we turn to this topic
now. First we give the abstract de�nitions, and then we describe their
interpretation in terms of an orthonormal basis.

DEFINITION 2.5.5 Let H be a Hilbert space, let n � 1, and let
H
n = H
 � � � 
 H be the n-fold tensor power of H.

(a) De�ne the symmetrization of v1 
 � � � 
 vn 2 H
n to be the vector

[v1 
 � � � 
 vn]s =
1

n!

X
�

v�(1)
���
�(n);
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where the sum is taken over all permutations � of the set f1; : : : ; ng.
The n-fold symmetric tensor power of H is the closed linear span, in
H
n, of the vectors [v1 
 � � � 
 vn]s with v1; : : : ; vn 2 H. It is denoted
H
n
s or H
s � � � 
s H.

(b) De�ne the antisymmetrization of v1
� � �
vn 2 H
n to be the vector

[v1 
 � � � 
 vn]a =
1

n!

X
�

(�1)j�jv�(1)
���
�(n);

where j�j is the parity of � and the sum is again taken over all permu-
tations of the set f1; : : : ; ng. The n-fold antisymmetric tensor power of
H is the closed linear span, in H
n, of the vectors [v1 
 � � � 
 vn]a with
v1; : : : ; vn 2 H. It is denoted H
n

a or H
a � � � 
a H.

PROPOSITION 2.5.6

Let H be a separable Hilbert space, let feig be an orthonormal basis of
H, and let n � 1. Then

(a) the vectors
[ei1 
 � � � 
 ein ]s

with i1 � � � � � in form an orthonormal basis of H
n
s without repetition,

and
(b) the vectors

[ei1 
 � � � 
 ein ]a

with i1 < � � � < in form an orthonormal basis of H
n
a without repetition.

For example, if H = C2 and fe1; e2g is the standard basis, thenH
sH
has a basis consisting of the three vectors [e1 
 e1]s, [e1 
 e2]s, and
[e2
e2]s, whileH
aH has a basis consisting of the single vector [e1
e2]a.
(Note: in this case H
2 = H
2

s �H
2
a , but the analogous statement is

not true if dim(H) > 2.)
The proof of Proposition 2.5.6 is left to the reader. If dim(H) = m is

�nite, a little combinatorics shows that the dimension ofH
n
s is

�
m+n�1

n

�
and the dimension of H
n

a is
�
m
n

�
.

In general there is no good way to de�ne measurable tensor products.
But in the special cases H = l2(N) and H = C2, we can use the pre-
ceding constructions to express discrete tensor powers in a way which
suggests a de�nition of measurable tensor powers.

Example 2.5.7

(a) Let X be a countable set, let Hx = l2(N) for x 2 X, and take
ux = e0 for all x, where fekg is the canonical basis of l2(N). Then
the tensor power

N
Hx has a natural basis consisting of vectors of
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the form
N

ekx with each kx 2 N and kx = 0 for all but �nitely
many x.

For such a sequence k = (kx), write jkj =
P

kx. Then the set
of all sequences with jkj = n may be identi�ed with the set of all
n-element subsets of X, allowing multiplicity. These are naturally in
one-to-one correspondence with the orthonormal basis of the n-fold
symmetric tensor power of l2(X) described in Proposition 2.5.6, so
we have a natural isomorphism between

N
x2X

Hx and the direct

sum, over n 2 N, of the n-fold symmetric tensor powers of l2(X).

(b) Let X be a countable set, let Kx = C
2 for x 2 X, and let

fe1; e2g be the canonical basis of C2. Taking ux = e1 for all x,
the tensor power

N
Kx has a basis consisting of vectors of the formN

vx with vx = e2 for �nitely many x 2 X and vx = e1 for all other
x. There is a natural bijection between this basis of

N
Kx and the

collection of all �nite subsets of X, not allowing multiplicity.

But the set of n-element subsets of X is naturally in one-to-one
correspondence with the orthonormal basis of the n-fold antisymmet-
ric tensor power of l2(X) described in Proposition 2.5.6. Thus, there
is a natural isomorphism between

N
x2X

Kx and the direct sum, over

n 2 N, of the n-fold antisymmetric tensor powers of l2(X).

The requirement that X be countable in the preceding example is not
really necessary.

This example motivates the following de�nition.

DEFINITION 2.5.8 Let H be a Hilbert space.

(a) The symmetric (Boson) Fock space over H is the direct sum

FsH = C�H�H
2
s � � � �

of the n-fold symmetric tensor powers of H, for n 2 N.

(b) The antisymmetric (Fermion) Fock space over H is the direct sum

FaH = C�H �H
2
a � � � �

of the n-fold antisymmetric tensor powers of H, for n 2 N.

In light of Example 2.5.7, if X is a �-�nite measure space then we
regard FsL2(X) as a measurable tensor product of the Hilbert spaces
l2(N) over the index set X , and we regard FaL2(X) as a measurable
tensor product of the Hilbert spaces C2 over the index set X . These
spaces will be used in Section 7.1. \Boson" and \Fermion" are physical
terms; their signi�cance was indicated in Section 1.5.
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2.6 Quantum logic

Quantum logic was the �rst fully articulated quantum version of a clas-
sical mathematical subject.

Classical propositional logic can be understood in the following way.
Let X be a set, which we think of as the set of all possible states of some
(not necessarily physical) system. Any de�nite proposition p about the
system will be true in some states and not in others, so we have a one-
to-one correspondence between the subsets of X and the propositions
about the system, up to equivalent propositions.

Under this correspondence the logical operators _, ^, and : (and, or,
and not) correspond to the set theoretic operators [, \, and c (union,
intersection, complement). For instance, the states in which p ^ q holds
are precisely the states in which p and q both hold, which is to say the
intersection of the set of states which satisfy p and the set of states which
satisfy q. In this way we can convert propositional logic | the logic of
propositions | into set theory.

The quantum mechanical analog of this formulation of propositional
logic replaces the set X with a Hilbert space H and models propositions
by closed subspaces of H. This purely formal analog has a natural phys-
ical interpretation if H actually is the Hilbert space of some quantum
system. Then any closed subspace E ofH represents a proposition about
the system, namely, the proposition that the state vector lies in E. In
contrast to the classical case, one cannot in general say with certainty
whether a given state vector satis�es a given proposition (as one can say
whether an element lies in a subset), but can only give the probability
that it will do so. Conversely, to any proposition p about the system one
can associate the closed subspace generated by the state vectors which
satisfy p with full probability.

The logical interpretation of : and ^ is straightforward. A unit vec-
tor v belongs to E? precisely if, with full probability, v fails to satisfy
the proposition associated to E. And v 2 E1 ^ E2 precisely if v, with
full probability, satis�es both the proposition associated to E1 and the
proposition associated to E2. The disjunction _ is not so easily in-
terpreted, and is best understood as a non-primitive symbol which is
de�ned in terms of : and ^ by the law p _ q = :(:p ^ :q).
Quantum logic, in the above sense, is usually understood as a many-

valued logic, with the possible truth-values being the closed subspaces
of H. But the intuition behind this interpretation is unclear. It makes
more sense to think of quantum logic as a many-valued logic for which
the truth-values are probabilities, values in the interval [0; 1]. As in the
classical case, although it is the case that every proposition p corresponds
to a subspace E of H, the truth-value of p only makes sense relative to a

given state v of the underlying system, and the only sensible value this
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can be is the probability that an experiment testing p will produce a
positive result for the state v.
On the basis of this point of view it is possible to formulate a quan-

tum version of the predicate calculus. This is the logical setting that
involves variables, relations, and quanti�cation, in which all ordinary
mathematics is done.
In the predicate calculus, a well-formed formula (wf.) is built up from

atomic wfs, which are of the form r(x1; : : : ; xn). Here r stands for some
relation and x1; : : : ; xn are variables (not necessarily distinct). If A and
B are wfs then so are :A, A _B, A ^B, and (9x)A and (8x)A for any
variable x. Every wf. can be built up from atomic wfs in this way.
Classically, the truth of a given wf. can be determined only when the

relation and variable symbols are given some concrete interpretation.
This means that a set X is �xed, and to each variable symbol x we must
assign an element of X and to each relation symbol r which takes n
variables we must assign a subset of Xn. The truth-value of the wf. can
then be determined inductively in a straightforward way.
The quantum analog of the predicate calculus involves the same lan-

guage, and the same notion of a well-formed formula, but interprets
these formulas in a Hilbert space H rather than a set X . Now the vari-
able symbols x are interpreted as unit vectors in H, and the n-place
relation symbols r are interpreted as closed subspaces of H
n.
In order to determine the truth-value of a wf. in a given Hilbert space

interpretation, we initially ignore the unit vectors corresponding to the
variables and inductively associate a closed subspace of a tensor power
of H to each subformula of the wf. At the end of this inductive process,
when we have a closed subspace E of H
n which corresponds to the
entire wf., we de�ne its truth-value in the given interpretation to be (in
the language of Section 1.2) the probability that v1 
 � � � 
 vn satis�es
the event E, where vi is the unit vector in H which corresponds to the
variable xi.
For the most part this procedure can be carried out without diÆculty.

There are two problematic points, however. The �rst is the issue of
repeated variables. If r(x; y) is a two-place relation then it is interpreted
as a closed subspace E of H 
H. How then to interpret r(x; x)? The
most natural solution is to interpret it as E \ (H
sH). Thus, we treat
repeated variables as distinct, but use the symmetric tensor product
rather than the full tensor product.
The second issue is how to interpret quanti�cation. Suppose r corre-

sponds to the closed subspace E of H
n = H
H0, where H0 = H
(n�1),
and the variable x corresponds to the �rst copy of H. Then we let (8x)r
correspond to the set of vectors w 2 H0 such that v 
 w 2 E for all
v 2 H. This is indeed a closed subspace. Having dealt with universal
quanti�cation, we can then handle existential quanti�cation by means
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of the equation (9x)r = :(8x):r.
Alternatively, we can interpret (9x)r independently and prove the

preceding equality as a theorem. This is worth discussing because intu-
itively, existential quanti�cation involves projection from a tensor prod-
uct onto one of its factors. In general there is no natural projection map
from H 
 K onto H; however, given a subspace E of H 
 K there is a
subspace �(E) of K which can naturally be considered its projection.
Namely, there exists a closed subspace of K whose tensor product with
H contains E and which is the smallest subspace with this property.
Then if r corresponds to the closed subspace E of H
n, we let (9x)r
correspond to �(E).

To prove the preceding assertion, for each u 2 K de�ne a map �u :
H
K ! H by setting �u(v 
 w) = hw; uiv, and for each u 2 H de�ne
�0u : H
K ! K similarly.

LEMMA 2.6.1

Let H and K be Hilbert spaces and let v0 2 H 
 K. Then there exist
closed subspaces E1 of H and E0

1 of K with v0 2 E1 
E0
1 and such that

E1 � E2 and E0
1 � E0

2 whenever E2 and E0
2 are closed subspaces of H

and K with v0 2 E2 
E0
2.

PROOF Let E1 be the closure of f�u(v0) : u 2 Kg and let E0
1 be

the closure of f�0u(v0) : u 2 Hg. Then E1 and E0
1 are closed subspaces

of H and K, respectively.
Choose an orthonormal basis (e�) of H which contains a basis of

E1 and an orthonormal basis (~e~�) of K which contains a basis of E0
1.

Write v0 =
P

�;~� a�~�(e� 
 ~e~�). Then, considering the map �~e~� : v0 7!P
� a�~�e�, we see that a�~� = 0 whenever e� 62 E1. Similarly, a�~� = 0

whenever ~e~� 62 E0
1. Thus v0 2 E1 
E0

1.

Now suppose E2 and E0
2 are closed subspaces of H and K such that

v0 2 E2 
 E0
2. For any u 2 K we claim that �u(E2 
 E0

2) � E2. It is
clear that �u(v 
 w) = hw; uiv 2 E2 for all v 2 E2 and w 2 E0

2, and
since vectors of the form v 
 w generate E2 
 E0

2, the claim follows by
linearity and continuity of �u. Thus since v0 2 E2 
E0

2, it follows that
�u(v0) 2 E2 for all u 2 K, and hence E1 � E2. Similarly, E0

1 � E0
2.

PROPOSITION 2.6.2

Let H and K be Hilbert spaces and let E be a closed subspace of H
K.
Then there exist closed subspaces E1 ofH and E0

1 of K with E � E1
E0
1

and such that E1 � E2 and E0
1 � E0

2 whenever E2 and E0
2 are closed

subspaces of H and K with E � E2 
E0
2.
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PROOF For each v0 2 E let Ev0 and E
0
v0 be the subspaces described

by the lemma, i.e., which are minimal among those whose tensor product
contains v0. Then simply let E1 and E

0
1 be the joins of the Ev0 and E

0
v0 ,

respectively, as v0 ranges over all elements of E.

We observe that if H = l2(X) and K = l2(Y ) for some sets X and Y ,
and if R � X � Y , then we have �(l2(R)) = l2(~�(R)), where � is the
projection of subspaces into H de�ned above and ~� : X � Y ! X is the
usual projection of sets. To verify �, observe that l2(~�(R))
K contains
l2(R). To verify � note that for any (x; y) 2 R we have �ey (ex 
 ey) =
ex, i.e., every element in a basis for l2(~�(R)) is of the form �u(v) for
some u 2 K and v 2 l2(R). Thus we get � by the construction of
the projection of subspaces. This shows that our quantum mechanical
interpretation of existential quanti�cation is a valid analog of classical
existential quanti�cation.
The above is only a sketch of how to determine the truth-value of

a wf. relative to a Hilbert space interpretation, but it contains all of
the essential ideas. One can show that the l2 version of the classical
interpretation of any wf. will give rise, by this procedure, to the same
truth-value as in the classical case. However, there will generally be other
Hilbert space interpretations which do not arise from classical structures
in this way.

2.7 Notes

Most of the material in this chapter can be found in many standard
texts; [8], [13], [34], and [58] are all good for further reading.
The quantum propositional calculus was introduced in [7]. See also

[37]. The quantum predicate calculus will be treated more thoroughly
in [75].
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Chapter 3

Operators

3.1 Unitaries and projections

In this chapter we discuss linear operators on Hilbert spaces. The central
result is the spectral theorem, which completely describes the structure
of the most important kinds of operators. Throughout the chapter, H
will be a Hilbert space; in Sections 3.5 { 3.8 it will be separable.

DEFINITION 3.1.1 Let H be a Hilbert space. B(H) will denote
the space of all bounded linear operators A : H ! H.

The norm of an operator is given by kAk = supfkAvk : kvk � 1g.
It is easy to check that the operator norm is complete; thus B(H) is a
Banach space. If dim(H) = n is �nite, then we can identify B(H) with
the space Mn(C) of n� n complex matrices, as in Chapter 1. However,
this singles out a preferred basis, which may only complicate matters.

In addition to adding and scaling operators, we can multiply them in
the sense of composition and also take their adjoints. In the context
of Mn(C) the adjoint is the Hermitian transpose matrix, but it can be
de�ned for general Hilbert spaces in a basis-independent manner. We
do this �rst, and then prove it agrees with the Hermitian transpose of
matrices in Corollary 3.1.4.

Any bounded linear map A : V ! W between Banach spaces has a
natural \adjoint" map going from W� to V�. The adjoint of a Hilbert
space operator is essentially this map, but we also identify H with H�
via the map v 7! v̂ of De�nition 2.4.1. For clarity we use the notation
A# for the Banach space adjoint and A� for the Hilbert space adjoint.

DEFINITION 3.1.2 Let A 2 B(H). De�ne a bounded linear map
A# : H� ! H� by setting A#(!) = ! Æ A for ! 2 H�. Then de�ne
A� : H ! H by A�v = (A#v̂)�, where � is the inverse of ^. A� is the
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adjoint of A.

H H
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A#(!)

-

@
@
@
@
@
@@R ?

H� H�

H H

A#

A�

^ _

6

-
?
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Figure 3.1 A# and A�

More generally, if H and K are Hilbert spaces, one can de�ne the
adjoint of any bounded map A : H ! K by the same method. It will be
a bounded map from K to H.
The fundamental property of the adjoint is given in the next proposi-

tion. This can also be used as a de�nition.

PROPOSITION 3.1.3

Let A 2 B(H). Then A� 2 B(H) and

hAv;wi = hv;A�wi
for all v; w 2 H.

PROOF A� is linear because it is a composition of two antilinear
maps and one linear map, and it is bounded because v 7! v̂ is isometric
and kA#k = kAk. For the second assertion, let v; w 2 H; then

hv;A�wi = hv; (A#ŵ)�i = (A#ŵ)(v) = ŵ(Av) = hAv;wi;
as desired.

It is generally easier to compute adjoints using the preceding result
rather than De�nition 3.1.2. This is possible because the inner prod-
ucts hv;A�wi completely determine (A�w)^, and hence they completely
determine A�w, for all w 2 H.

COROLLARY 3.1.4

Let A 2 B(H) and suppose H �= Cn is a �nite dimensional Hilbert
space. Then B(H) �= Mn(C). If A is represented by the matrix [aij ]
then A� is represented by its Hermitian transpose [�aji].
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PROOF The �rst assertion is trivial. For the second, let fe1; : : : ; eng
be the standard orthonormal basis of Cn. Then

hA�ei; eji = hej ; A�eii = hAej ; eii = �aji:

Thus the (i; j) entry of the matrix which represents A� is �aji.

Now we list the basic laws satis�ed by adjoints.

PROPOSITION 3.1.5

Let A;B 2 B(H) and a; b 2 C. Then

(a) (aA+ bB)� = �aA� +�bB�;
(b) (AB)� = B�A�;
(c) A�� = A;
(d) kA�k = kAk; and
(e) kA�Ak = kAk2.

Properties (a) { (c) follow from similar laws for A#, and property (d)
is a consequence of the fact that the map v 7! v̂ is an isometry. To
verify (e), note �rst that kA�Ak � kA�kkAk = kAk2 (using property
(d)). Conversely, for any unit vector v 2 H we have

kAvk2 = hAv;Avi = hA�Av; vi � kA�Ak;

taking the supremum over all unit vectors v yields kAk2 � kA�Ak. This
proves (e).
The most important classes of operators on a Hilbert space are de�ned

in terms of adjoints; we identify them now.

DEFINITION 3.1.6 Denote the identity map on H by I .

(a) A 2 B(H) is self-adjoint if A = A�.
(b) N 2 B(H) is normal if NN� = N�N .
(c) U 2 B(H) is unitary if UU� = U�U = I .
(d) P 2 B(H) is a projection if P 2 = P � = P .

Projections are sometimes called \orthogonal projections" to distin-
guish them from operators which only satisfy P 2 = P . But we will not
need to consider the latter type of operators.
Observe that normality is implied by the other three conditions. Nor-

mal operators are important because they are precisely the operators for
which one can prove a spectral theorem (see Theorem 3.5.3). Unitaries
and projections have simple geometric properties, as we will see shortly,
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and self-adjoint operators are conceptually fundamental because they
are the Hilbert space analogs of real-valued functions on a set.
Before describing the structure of unitaries and projections, we �rst

give some examples.

Example 3.1.7

Let (X;�) be a �-�nite measure space and let H = L2(X). For
f 2 L1(X) de�ne the multiplication operator Mf 2 B(H) by setting
Mfg = fg for g 2 L2(X).

The norm of Mf is kfk1. Its adjoint is M �f , the operator of multi-
plication by the pointwise complex conjugate of f . It follows thatMf

is normal. Furthermore, if f is real-valued then Mf is self-adjoint; if
jf(x)j = 1 for almost every x then Mf is unitary; and if f(x) = 0 or
1 almost everywhere then Mf is a projection.

Exactly the same statements hold if H = L2(X;X ), where X is a
measurable Hilbert bundle over X (De�nition 2.4.8). Multiplication
by f 2 L1(X) still makes sense.

The preceding example is general; see Theorem 3.5.3. But there is
also a very di�erent intuition for unitary operators, illustrated in the
following example.

Example 3.1.8

Let (X;�) be a �-�nite measure space and let f : X ! X be a
measure preserving bijection. De�ne the composition operator Cf :
L2(X)! L2(X) by Cfg = g Æ f . Then C�f g = g Æ f�1, and so Cf is
unitary.

Now we proceed to a general geometric description of unitaries and
projections. The only tool we need is the following polarization identity,
whose proof is a routine computation. It is useful because it allows us
to recover any inner product hAv;wi, and hence complete knowledge of
the operator A, from inner products of the form hAv; vi.

LEMMA 3.1.9

Let A 2 B(H). Then

hAv;wi = 1

4

3X
k=0

ik


A(v + ikw); (v + ikw)

�
for all v; w 2 H.

PROPOSITION 3.1.10

Let U 2 B(H). The following are equivalent:
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(a) U is unitary;
(b) U is invertible and U�1 = U�; and
(c) U is an surjective isometry.

PROOF

(a) ) (b). Trivial.
(b) ) (c). Suppose U�1 = U�. Then

hUv; Uwi = hU�Uv;wi = hv; wi
for all v; w 2 H. In particular, kUvk2 = kvk2 for all v 2 H, so U is an
isometry. It is surjective because it is invertible.
(c) ) (a). Suppose U is an isometry. Then

hU�Uv; vi = hUv; Uvi = kUvk2 = kvk2 = hv; vi
for all v 2 H. Thus h(U�U � I)v; vi = 0 for all v, and it follows by
polarization that U�U � I = 0, i.e. U�U = I .
If U is surjective, then U�1 exists and is also an isometry. Since

U�U = I , it follows that U�1 = U�; so UU� = I as well.

In contrast to the �nite dimensional case, isometries need not be sur-
jective in general. The simplest counterexample is the unilateral shift
S+ on l2(N) de�ned by

S+(a0; a1; : : :) = (0; a0; : : :):

Its adjoint, the backward shift S�, satis�es

S�(a0; a1; : : :) = (a1; a2; : : :);

and from this one can verify that S�S+ = I but S+S� 6= I .
Now we turn to projections.

DEFINITION 3.1.11 Let E be a closed subspace of H. For any
v 2 H let v = v1 + v2 be the unique decomposition with v1 2 E and
v2 2 E?, as in Theorem 2.2.5. Then de�ne PE : H ! H, the orthogonal
projection onto E, by PEv = v1.

PROPOSITION 3.1.12

The projections in B(H) are precisely the orthogonal projections onto
closed subspaces of H.

PROOF First, �x a closed subspace E � H. We verify that PE
is a projection in the sense of De�nition 3.1.6. It is linear because if
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v = v1 + v2 and w = w1 + w2 with v1; w1 2 E and v2; w2 2 E? then
av + bw = (av1 + bw1) + (av2 + bw2), so

PE(av + bw) = av1 + bw1 = aPEv + bPEw:

It is bounded because kv1k2 � kv1k2 + kv2k2 = kvk2. Also
hPEv; wi = hv1; w1 + w2i = hv1; w1i = hv1 + v2; w1i = hv; PEwi;

so that PE = P �E , and P 2
E = PE is clear. Thus every PE is a projection

in B(H).
Conversely, suppose P is a projection and let E = P (H) be its range.

E is closed because if (vn) � E and vn ! v then vn = Pvn ! Pv implies
Pv = v, and thus v 2 E. Now choose v 2 H and write v = v1+v2 where
v1 2 E and v2 2 E?. Then Pv1 = v1 and

kPv2k2 = hPv2; P v2i = hP �Pv2; v2i = hPv2; v2i = 0;

so Pv2 = 0. Thus Pv = v1 = PEv, and we conclude P = PE . So P is
an orthogonal projection onto a closed subspace of H.

3.2 Continuous functional calculus

In this and the following two sections we develop the tools needed for
the spectral theorem. We begin with the spectrum.

DEFINITION 3.2.1 Let A 2 B(H). The spectrum of A, sp(A), is
the set of � 2 C such that A� �I is not invertible in B(H).

Example 3.2.2

(a) Let A be a complex n � n matrix. Then A � �I is invertible if
and only if its kernel is zero. That is, it fails to be invertible if and
only if there exists a nonzero vector v 2 Cn such that (A��I)v = 0,
i.e., Av = �v. So sp(A) is exactly the set of eigenvalues of A.
(b) Now let H = L2(X) for X a �-�nite measure space and let f 2
L1(X). The essential range of f is the set of � 2 C such that f�1(O)
has positive measure for every open neighborhood O of �.

LetMf be the operator of multiplication by f , as in Example 3.1.7.
If � does not belong to the essential range of f , then for some � > 0 we
have jf(x)��j � � for almost every x 2 X. Thus k(f��)�1k1 � 1=�,
and multiplication by (f � �)�1 is an inverse of Mf � �I = Mf��.
So sp(Mf ) is contained in the essential range of f .

Conversely, suppose � belongs to the essential range of f and let
� > 0. Find a function g 2 L2(X) of norm one which is supported on
f�1(O) where O is the ball of radius � about �. Then

k(Mf � �I)(g)k2 =

Z
j(f � �)gj2 � �2

Z
jgj2 = �2
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since jf � �j � � on the support of g. Suppose A 2 B(H) were
an inverse of Mf � �I. Then the above implies that kAk � 1=� for
all positive �, which is absurd, so we conclude that Mf � �I has no
inverse in B(H). Thus sp(Mf ) is exactly the essential range of f .

The same conclusions hold if L2(X) is replaced by L2(X;X ) for
any measurable Hilbert bundle X over X (cf. Example 3.1.7).

If A is a diagonal n� n complex matrix, a short computation shows
that the norm of A, as an operator, equals the modulus of its largest
eigenvalue. In light of the previous example, we can say that kAk =
maxf� : � 2 sp(A)g. This is not true for all matrices, but it does still
hold for self-adjoint operators in in�nite dimensions. This is the main
fact we need about the spectrum, and we now proceed to prove it.
The following lemma gives a simple suÆcient condition for invertibility

in B(H).

LEMMA 3.2.3

Let A 2 B(H) and suppose kAk < 1. Then I �A is invertible.

PROOF Note that kAnk � kAkn. It follows that the in�nite series
I +A+A2 + � � �

converges in B(H). A trivial calculation shows that the product of this
operator and I �A, in either order, equals the identity. Therefore I �A
is invertible.

PROPOSITION 3.2.4

Let A 2 B(H) be self-adjoint. Then

kAk = supfjhAv; vij : kvk = 1g
= supfj�j : � 2 sp(A)g:

PROOF For the �rst equality, let C = supfjhAv; vij : kvk = 1g.
Then jhAv; vij � Ckvk2 for all v 2 H. Also note that hAv; vi = hv;Avi =
hAv; vi, so that hAv; vi is always real. So if v and w are any unit vectors
in H, then polarization and the parallelogram law (Lemmas 3.1.9 and
2.2.3) yield

jRehAv;wij = 1

4
jhA(v + w); (v + w)i � hA(v � w); (v � w)ij

� C

4

�kv + wk2 + kv � wk2�
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=
C

4
(2kvk2 + 2kwk2)

= C:

More generally, we have

jRe ahAv;wij = jRehAv; �awij � C

for any a 2 C with jaj = 1; in particular, taking a = jhAv;wij=hAv;wi
yields jhAv;wij � C, and as this is true for all unit vectors v and w we
conclude that kAk � C. Conversely, C � kAk by the Cauchy-Schwarz
inequality. So we have proven the �rst equality.
Now let C 0 = supfj�j : � 2 sp(A)g. Choose � 2 C such that j�j >

kAk. Then k 1�Ak < 1, so I � 1
�A is invertible by the lemma. Hence

A� �I is invertible, and so � 62 sp(A). This shows that C 0 � kAk.
To prove kAk � C 0, we use the �rst equality and the fact that hAv; vi

is real for all v. It follows that we can �nd a sequence of unit vectors vn
such that hAvn; vni ! �kAk. Let � = lim hAvn; vni = �kAk; then

kAvn � �vnk2 = kAvnk2 � 2hAvn; �vni+ k�vnk2
� 2kAk2 � 2�hAvn; vni:

The last expression converges to zero as n ! 1, so (A � �I)vn also
converges to zero. But kvnk = 1 for all n, so A��I cannot be invertible.
We conclude that � = �kAk 2 sp(A), so that kAk � C 0.

COROLLARY 3.2.5

The spectrum of any self-adjoint operator A 2 B(H) is a compact subset
of the real line.

PROOF Boundedness of the spectrum follows immediately from
the theorem. To prove compactness suppose � 62 sp(A) and let B =
(A� �I)�1. Then for any � 2 C with j�� �j < kBk�1 we have

kI � (A� �I)Bk = 

 [(A� �I)� (A� �I)]B




= k(�� �)Bk < 1;

by Lemma 3.2.3 this implies that (A � �I)B is invertible, so A � �I is
right invertible, and a similar argument shows that it is left invertible.
Thus � 62 sp(A). This shows that the complement of sp(A) is open. So
the spectrum of A is compact.
It remains to prove that sp(A) � R. Let a + ib 2 C with a and b

real and b 6= 0. We must show that A � (a + ib)I is invertible. Let
A0 = 1

b (A � aI); then A0 is also self-adjoint and it will suÆce to show
that A0 � iI is invertible.
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Observe that

k(A0 � iI)vk2 = hA0v;A0vi � hA0v; ivi � hiv; A0vi+ hv; vi
= kA0vk2 + kvk2:

In particular, k(A0 � iI)vk � kvk and hence A0 � iI is an isomorphism
onto its range. So we need only show that its range is dense in H. But
if w ? ran(A0 � iI) then

0 = hw; (A0 � iI)(A0 + iI)wi = k(A0 + iI)wk2 = kA0wk2 + kwk2;
so w = 0. Thus ran(A0� iI) is indeed dense in H, and we conclude that
A0 � iI is invertible in B(H), as desired.

Now we turn to functional calculi for a self-adjoint operator. For
any A 2 B(H) we can form polynomials in A just using basic algebra
of operators. The idea of functional calculus is to generalize this to
functions other than polynomials. We �rst treat continuous functions,
and then in the next section we will pass to bounded Borel functions.

DEFINITION 3.2.6 Let p(z) = a0+a1z+� � �+anzn be a polynomial
with complex coeÆcients and let A 2 B(H). We de�ne p(A) to be the
operator a0I + a1A+ � � �+ anA

n.

LEMMA 3.2.7

Let A 2 B(H) be self-adjoint and let p(z) be a polynomial. Then
sp(p(A)) = p(sp(A)).

PROOF Let � 2 C and write p(z)� � = a(z � b1) � � � (z � bn). The
complex numbers b1; : : : ; bn are the roots of the equation p(z) = �. Now

p(A)� �I = a(A� b1I) � � � (A� bnI)

is a product of commuting operators, so it is invertible if and only if
each factor A � biI is invertible, i.e., each bi 62 sp(A), or equivalently,
p(z) 6= � for all z 2 sp(A). Thus � is not in sp(p(A)) if and only if it is
not in p(sp(A)).

The following theorem describes the continuous functional calculus for
a self-adjoint operator. Here we use the notation C(X) for the Banach
space of continuous complex-valued functions on the compact Hausdor�
space X , with norm kfk1 = supfjf(x)j : x 2 Xg. We also use the
following terminology. A linear map T from a conjugation-closed alge-
bra of functions into B(H) is a �-homomorphism if T ( �f) = T (f)� and
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T (fg) = T (f)T (g) for all f and g. It is unital if T (1X) = I , and it is a
�-isomorphism if it is isometric. (We will generalize this terminology in
De�nition 5.1.1.) Here 1X is the function which is constantly 1 on X .

THEOREM 3.2.8

Let A 2 B(H) be self-adjoint. Then the map which takes the polynomial
p(x) 2 C(sp(A)) to the operator p(A) 2 B(H) extends uniquely to a
unital �-isomorphism from C(sp(A)) into B(H).

PROOF First suppose the coeÆcients of p are real. Then p(A) is
self-adjoint, and it follows from Proposition 3.2.4 and Lemma 3.2.7 that

kp(A)k = supfjp(�)j : � 2 sp(A)g = kpk1;

where the sup norm of p is taken in C(sp(A)). For an arbitrary complex
polynomial p, apply the above to the real polynomial jpj2 = p�p; this
yields kp(A)p(A)�k = kpk21. By Proposition 3.1.5 (e), it follows that
kp(A)k = kpk1. Thus the map taking p(x) to p(A) is an isometry. By
the Stone-Weierstrass theorem, the polynomials are dense in C(sp(A)),
so this map uniquely extends to an isometry from C(sp(A)) into B(H)
which is clearly unital.

It is trivial that (ap + bq)(A) = ap(A) + bq(A), (pq)(A) = p(A)q(A),
and �p(A) = p(A)� for any polynomials p(x) and q(x) and any a; b 2 C.
The same properties hold on all of C(sp(A)) by continuity.

For any f 2 C(sp(A)), we write f(A) for the corresponding operator.
Thus f(A) = lim pn(A) where (pn) is any sequence of polynomials which
converges to f uniformly on sp(A).

Example 3.2.9

Let f 2 L1(X) and let Mf be the corresponding multiplication
operator on L2(X) (or on L2(X;X )), as in Example 3.1.7. Then
for any polynomial p(x) it is easy to see that p(Mf ) = MpÆf . By
continuity it follows that for any g 2 C(sp(Mf )) we have g(Mf) =
MgÆf .

3.3 Borel functional calculus

We now want to extend the continuous functional calculus of the previ-
ous section to Borel functions. In particular, this will allow us to de�ne
operators of the form �S(A) where �S is the characteristic function of a
Borel subset of sp(A). These operators are crucial to understanding the

© 2001 by Chapman & Hall/CRC



55

structure of the operator A.

The method of de�ning f(A) for a Borel function f is again extension
by continuity, but now with respect to di�erent topologies.

DEFINITION 3.3.1 The weak operator topology on B(H) is the
weakest topology such that for every v; w 2 H the map A 7! hAv;wi
is continuous. In terms of nets, we have A� ! A weak operator if and
only if hA�v; wi ! hAv;wi for all v; w 2 H.

We also need the following generally useful fact. A sesquilinear form
is a map f�; �g : H � H ! C which is linear in the �rst variable and
antilinear in the second. It is bounded if there exists C > 0 such that
jfv; wgj � Ckvkkwk for all v; w 2 H.

LEMMA 3.3.2

Let f�; �g : H�H ! C be a bounded sesquilinear form. Then there is a
unique operator A 2 B(H) such that fv; wg = hAv;wi for all v; w 2 H.
Conversely, any bounded operator A de�nes a bounded sesquilinear form
by this equation.

PROOF Fix v 2 H and consider the map w 7! fv; wg. This is a
bounded linear functional, so by Proposition 2.4.2 there exists a unique
v0 2 H such that fv; wg = hw; v0i; that is, fv; wg = hv0; wi for all w 2 H.
De�ne Av = v0. Then A is linear because

hA(av1 + bv2); wi = fav1 + bv2; wg
= afv1; wg+ bfv2; wg
= ahAv1; wi+ bhAv2; wi
= haAv1 + bAv2; wi

for all w, and it is bounded because

jhAv;wij = jfv; wgj � Ckvkkwk:

Uniqueness is clear, as is the converse.

We can now de�ne the Borel functional calculus. Recall the Riesz rep-
resentation theorem: for any compact Hausdor� spaceX , the dual space
C(X)� can be identi�ed with the space M(X) of regular complex Borel
measures on X . This identi�cation associates the measure � with the
linear functional f 7! R

f d�. We write Bor(X) for the space of bounded

© 2001 by Chapman & Hall/CRC



56 Chapter 3: Operators

Borel functions on X , and we de�ne the �-topology on Bor(X) to be
the weakest topology for which integration against any regular Borel
function is continuous. Thus f� ! f (�) if and only if

R
f� d�!

R
f d�

for all � 2M(X).

THEOREM 3.3.3

Let A 2 B(H) be self-adjoint. There is a unique unital �-homomorphism
Bor(sp(A)) into B(H) which extends the continuous functional calculus
and is continuous from the �-topology to the weak operator topology.

PROOF Let T : C(sp(A)) ! B(H) be the �-homomorphism given
by the continuous functional calculus for A. Then the double (Banach
space) adjoint map T## takes C(sp(A))�� �= M(sp(A))� weak* contin-
uously into B(H)��.
Now for any bounded Borel function f on sp(A), the map !f : � 7!R
f d� is a bounded linear functional onM(sp(A)) and hence belongs to

C(sp(A))��. For v; w 2 H let �v;w 2 B(H)� be the linear functional A 7!
hAv;wi. Then fv; wg = T##!f (�v;w) is a bounded sesquilinear form
and so the lemma implies that fv; wg = hf(A)v; wi for some bounded
operator f(A). Note that if f 2 C(sp(A)) then this de�nition agrees
with the continuous functional calculus because then

hf(A)v; wi
Borel

= T##!f (�v;w) = �v;w(Tf) = hf(A)v; wi
continuous

:

Clearly, for any net (f�) of Borel functions on sp(A) we have f� ! f
(�) if and only if !f� ! !f weak*. It then follows from weak* continuity
of T## that T##!f�(�v;w)! T##!f (�v;w) for all v; w 2 H, and hence
that f�(A)! f(A) weak operator.

The map f 7! f(A) is a �-homomorphism on C(sp(A)), and the
unit ball of C(sp(A)) is weak* dense in the unit ball of C(sp(A))��.
The fact that �f(A) = f(A)� therefore follows from continuity, and
fg(A) = f(A)g(A) can be proven by a two step continuity argument,
where �rst we assume f is continuous and approximate g by continuous
functions, and then we let f be arbitrary and approximate it by con-
tinuous functions. Thus the map f 7! f(A) is a �-homomorphism on
the set of all bounded Borel functions. It is unique by weak* density of
C(sp(A)) in C(sp(A))��.

The passage from C(sp(A)) to C(sp(A))�� in this theorem is an in-
stance of a more general fact: if V is any Banach space then any bounded
linear map from V into B(H) has an extension to V�� which is weak* to
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weak operator continuous. The proof of this fact is substantially the
same as the proof for C(sp(A)).

The real reason why this works is that B(H) is a dual Banach space,
and its weak* topology agrees with the weak operator topology on
bounded sets (see Theorem 6.3.8). This is why the weak operator topol-
ogy is so important, at least on bounded sets.

Example 3.3.4

Let f 2 L1(X) be real-valued and let Mf be the corresponding mul-
tiplication operator on L2(X) (or L2(X;X )). Then for any bounded
Borel function g on sp(Mf ) we have g(Mf) = MgÆf (cf. Example
3.2.9). In particular, if S is a Borel subset of R then �S(Mf ) =
M�SÆf =M�

f�1(S)
.

3.4 Spectral measures

Let A 2 B(H) be self-adjoint and let S be a Borel subset of R. Consider
the characteristic function �S : it is bounded and its restriction to sp(A)
is Borel measurable. So we can form the operator �S(A). Since �S =
��S = �2S , the operator �S(A) also has these properties, and therefore it
is an orthogonal projection onto a closed subspace of H by Proposition
3.1.12. It is called a spectral projection of A. Example 3.3.4 shows that
if A is a multiplication operator then its spectral projections are also
multiplication operators.

Spectral projections help explain why self-adjoint operators are the
Hilbert space analog of real-valued functions. Let f : X ! R be a
measurable function on a �-�nite measure space (X;�). In Section 1.3
we viewed real-valued functions on a �nite set as partitioning the set
into subsets and tagging these subsets with real numbers; for general
X we need some measurable version of a partition. If f is only de�ned
up to null sets, the sets f�1(a) (a 2 R) may well all be null and hence
individually carry no information about f . Instead, consider the nested
family of sets S(�1;a] = f�1(�1; a] for a 2 R.

Since the intervals (�1; a] generate the Borel sets, and

f�1(Sc) =
�
f�1(S)

�c
f�1

�[
Sn

�
=
[

f�1(Sn)

f�1
�\

Sn

�
=
\

f�1(Sn)

for any Borel sets S; Sn � R, it follows that the sets S(�1;a] determine
f�1(S) for every Borel subset S of R, up to null sets.
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R

X

f

a

b

S(�1;a]

S(�1;b]

??

-

6

?

Figure 3.2 A \measurable partition"

The analogous Hilbert space construction is a family of closed sub-
spaces E(�1;a] such that E(�1;a] � E(�1;b] if a � b and E(�1;a] =T
b>aE(�1;b]. The E(�1;a] determine a closed subspace E(S) of H for

every Borel subset S of R in the same way as in the set theoretic case,
replacing [, \, and c with _, ^, and ?. Such a map E from Borel sub-
sets of R to closed subspaces of H is called a \spectral measure" on R,
and this is the Hilbert space version of a real-valued function. The spec-
tral theorem states that spectral measures on R correspond precisely to
self-adjoint operators on H.
The following is the formal de�nition of a spectral measure. Let a

measurable space be a set X together with a �-algebra of subsets 
.

DEFINITION 3.4.1 Let (X;
) be a measurable space. An H-
valued spectral measure on X is a map E from 
 into the set of closed
subspaces of H such that the projections PE(S) and PE(T ) commute for
all S; T 2 
 and

(a) E(;) = 0 and E(X) = H;
(b) E(Sc) = E(S)?; and
(c) E(

S
Sn) =

W
E(Sn) and E(

T
Sn) =

V
E(Sn)

for all S; Sn 2 
.

There is a simple geometric interpretation of the condition that PE(S)

and PE(T ) commute. This is the case if and only if E(S) = E1 � E2

and E(T ) = E1 � E3 for some mutually orthogonal subspaces E1, E2,
and E3. We leave the proof of this fact as an exercise. We also omit the
proof that if X = R then De�nition 3.4.1 is equivalent to the previous
description of spectral measures in terms of the sets E(�1;a].

© 2001 by Chapman & Hall/CRC



59

Spectral measures can be diÆcult to work with if one has no mental
picture of them. This is the value of the following result; in the separable
case, the picture becomes especially simple (Corollary 3.4.3).

THEOREM 3.4.2

Let E be an H-valued spectral measure on a measurable space X . Then
there is a family of probability measures f��g on X and an isometric
isomorphism U from

L
� L

2(X;��) onto H such that

E(S) = U

 M
�

L2(S; ��jS)
!

for every measurable S � X .

PROOF For any v 2 H let Ev be the closed subspace generated by
the vectors PE(S)v as S ranges over all measurable subsets of X . Let
fv�g be a maximal family of unit vectors in H such that the subspaces
Ev� are orthogonal. Then the Ev� generate H: if this were false, we
could �nd a unit vector v 2 H such that v ? Ev� for all �. But then
hPE(S)v; PE(T )v�i = hv; PE(S\T )v�i = 0 for all S; T � X and all �,
which shows that Ev ? Ev� for all �, contradicting maximality.

For each � de�ne ��(S) = kPE(S)v�k2. It is straightforward to verify
that these are probability measures on X . Then for any measurable set
S � X , de�ne U�(�S) = PE(S)v�. Extend linearly to the span of the
characteristic functions in L2(X;��); the result is an isometric map into
H becauseD

U�

�X
ai�Si

�
; U�

�X
bj�Sj

�E
=
X
i;j

ai�bjhPE(Si)v�; PE(Sj)v�i

=
X
i;j

ai�bj�(Si \ Sj)

=
DX

ai�Si ;
X

bj�Sj

E
:

This computation also shows that U� is well-de�ned, since it implies that
U�(
P

ai�Si) = 0 if
P

ai�Si = 0. Thus U� extends to an isometric em-
bedding of L2(X;��) into H, and its range is Ev� . Since

W
Ev� = H, it

follows that the direct sum map U =
L

U� is an isometric isomorphism
from

L
� L

2(X;��) onto H.

Fix S � X . For any � and any S0 � S we have U�(�S0) = PE(S0)v� 2
E(S); it follows by linearity and continuity that U�(L

2(S; ��jS)) � E(S)
for all �, and therefore U(

L
L2(S; ��jS)) � E(S). The reverse contain-

ment follows by taking complements.
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COROLLARY 3.4.3

Let E be an H-valued spectral measure on a measurable space X and
suppose H is separable. Then there is a probability measure � on X ,
a measurable Hilbert bundle X over X , and an isometric isomorphism
U from L2(X ;X ) onto H such that U(L2(S;XjS)) = E(S) for every
measurable S � X .

PROOF Let f�kg be probability measures satisfying the conclusion
of Theorem 3.4.2. Since H is separable, this family is countable.

De�ne � =
P1

1 2�k�k. Then � is also a probability measure, and �k
is absolutely continuous with respect to � for each k. Thus �k = fk� for
some fk 2 L1(X;�), fk � 0. For each k let Sk = fx 2 X : fk(x) > 0g,
and for 0 � n � 1 let

Xn = fx 2 X : x 2 Sk for exactly n values of kg:

Then fXng is a measurable partition of X . For each n let Hn be an n-
dimensional Hilbert space, and let X =

S
(Xn�Hn) be the correspond-

ing measurable Hilbert bundle. By Proposition 2.4.7 we can identify
L2(X ;X ) with

L
L2(Sk; �jSk).

For each k the map Vk : L2(Sk; �jSk) ! L2(Sk; �kjSk) de�ned by
Vk(g) = g=

p
fk is an isometric isomorphism, and this gives rise to an

isometric isomorphism

V : L2(X ;X ) �=
M

L2(Sk; �jSk )
!
M

L2(Sk; �kjSk) �=
M

L2(X ;�k):

Composing V with the map U from Theorem 3.4.2 yields the desired
result.

Theorem 3.4.2 is highly noncanonical: a di�erent choice of vectors v�
would lead to a di�erent family of measures. Some degree of canoni-
cality is regained in Corollary 3.4.3; here � could be replaced by any
measure with which it is mutually absolutely continuous, but otherwise
the construction is rigid. We say that the construction only depends on
the measure class of �.

The inability of Corollary 3.4.3 to generalize to the nonseparable case
is illustrated by the following example. Let H = L2[0; 1]� l2[0; 1], using
Lebesgue measure on the �rst summand and counting measure on the
second. De�ne an H-valued spectral measure on X = [0; 1] by setting
E(S) = L2(S)� l2(S) for any Borel set S � [0; 1]. In some sense H is a
bundle over [0; 1] with two-dimensional �bers, but it cannot be identi�ed
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with L2[0; 1]
C2 for any measure on [0; 1]. Because of this diÆculty, and
the fact that spectral measures are such a central topic, it will generally
be convenient for us to work only with separable Hilbert spaces (just
as we work only with �-�nite measure spaces). Still, for most purposes
Theorem 3.4.2 is suÆcient for work in the nonseparable case, if one needs
to do this.

3.5 The bounded spectral theorem

For the remainder of the chapter H will be a �xed separable Hilbert
space.

We now have enough machinery to give a quick proof of a strong form
of the spectral theorem for bounded self-adjoint operators. Given such
an operator A, the idea is �rst to obtain a spectral measure on sp(A) by
applying the Borel functional calculus to characteristic functions, and
then to use Corollary 3.4.3 to realizeH as the L2 sections of a measurable
Hilbert bundle. Finally, we observe that this identi�cation associates A
to the operator of multiplication by x.

THEOREM 3.5.1

Let A 2 B(H) be self-adjoint. Then there is a probability measure �
on sp(A), a measurable Hilbert bundle X over sp(A), and an isometric
isomorphism U : L2(sp(A);X ) �= H such that A = UMxU

�1.

PROOF Recall that sp(A) � R by Corollary 3.2.5. Now for any
Borel set S � sp(A) let E(S) be the range of the spectral projection
�S(A) of A for S. The fact that E is a spectral measure follows imme-
diately from the properties of the Borel functional calculus. Let �, X ,
and U be as in Corollary 3.4.3.

It is straightforward to verify that the map f 7! UMfU
�1 is a unital

�-homomorphism from Bor(sp(A)) into B(H) which is continuous from
the �-topology to the weak operator topology. As it agrees with the
Borel functional calculus on characteristic functions, continuity implies
that the two must agree on all bounded Borel functions. In particular,
taking f(x) = x, we obtain A = f(A) = UMxU

�1.

Evidently there is a one-to-one correspondence between bounded self-
adjoint operators on H and spectral measures on compact subsets of R.
Given such an operator one can use its spectral projections to de�ne a
spectral measure on its spectrum, and conversely, given such a spectral
measure one can use Corollary 3.4.3 to transferMx to UMxU

�1 2 B(H).

This is still true when H is nonseparable. Although we cannot apply

© 2001 by Chapman & Hall/CRC



62 Chapter 3: Operators

Corollary 3.4.3 in this case, Theorem 3.4.2 still holds, and it can be used
to establish a weaker version of the realization of A as a multiplication
operator. Namely, let f��g be probability measures on sp(A) and U
an isometric isomorphism from

L
L2(sp(A); ��) onto H as in Theorem

3.4.2. For each � let X� be sp(A) equipped with the measure ��, and
let X be the disjoint union of the X�. Then

L
L2(sp(A); ��) can be

identi�ed with L2(X), and we have A = UMfU
�1 where f(x) = x on

each X�. Of course, X is not �-�nite in this case.

It is worth noting the extent to which the construction of Theorem
3.5.1 is canonical. If A and A0 are unitarily equivalent self-adjoint op-
erators, meaning that there is a unitary U such that A = U�1A0U ,
then sp(A) = sp(A0) and a continuity argument shows that f(A) =
U�1f(A0)U for all bounded Borel functions f . Thus their spectral mea-
sures are unitarily equivalent. Then the measures � and �0 from Corol-
lary 3.4.3 must be mutually absolutely continuous, and X and X 0 are
characterized by the sequences (Xn) and (X 0

n) of De�nition 2.4.8, which
must be the same up to �-null sets. Thus sp(A), � (up to measure
class), and (Xn) (up to null sets) constitute a set of invariants for A.
Conversely, if B is any other self-adjoint operator with the same invari-
ants then Theorem 3.5.1 gives rise to a unitary equivalence between A
and B. So sp(A), �, and (Xn) are a complete set of invariants.

Next we want to apply the self-adjoint theory to prove a version of the
spectral theorem for normal operators. This can be done in the following
way. If N 2 B(H) is normal, that is, N�N = NN�, then the self-adjoint
operators ReN = 1

2 (N + N�) and ImN = 1
2i (N � N�) commute. So

N = ReN + iImN is a linear combination of commuting self-adjoint
operators. Thus, the next result is all we need.

LEMMA 3.5.2

Let A1; A2 2 B(H) be commuting self-adjoint operators and let E1 and
E2 be the associated spectral measures on sp(A1) and sp(A2). Then
there is a spectral measure E on sp(A1)�sp(A2) such that E(S1�R) =
E1(S1) and E(R � S2) = E2(S2) for all Borel sets S1 � sp(A1) and
S2 � sp(A2).

This lemma can be proven by mimicking the construction of ordinary
product measures: �rst de�ne E on product sets by setting E(S1�S2) =
E1(S1)\E2(S2), then extend to �nite unions of product sets, and �nally
extend to all Borel sets by taking limits. The proof that this indeed
produces a spectral measure is not essentially di�erent from the real-
valued case. Alternatively, the lemma can be established in an algebraic
manner; a more general result will be proven in this way in Lemma 5.3.4,
so we omit the details here.

© 2001 by Chapman & Hall/CRC



63

THEOREM 3.5.3

Let N 2 B(H) be normal. Then there is a probability measure � on
sp(N), a measurable Hilbert bundle X over sp(N), and an isometric
isomorphism U : L2(sp(N);X ) �= H such that N = UMzU

�1.

PROOF Let A1 = ReN and A2 = ImN , and let E be the spectral
measure on sp(A1) � sp(A2) � R2 given by the lemma. Let �, X , and
U be as in Corollary 3.4.3.

We have A1 = UMxU
�1 and A2 = UMyU

�1 just as in the proof of
Theorem 3.5.1. Thus N = A1 + iA2 = UMzU

�1 where z = x+ iy.

Evidently Mz�� = U�1(A � �I)U is invertible for any � 62 sp(N).
This implies that � is supported on sp(N).

Just as for self-adjoint operators, in the nonseparable case we can still
prove thatN is equivalent to a multiplication operator by using Theorem
3.4.2 in place of Corollary 3.4.3. See the comment following Theorem
3.5.1. Also, the observation made there that sp(A), �, and (Xn) are a
complete set of invariants applies here too.

Since unitary operators are normal, this theorem applies to them.
But a multiplication operatorMf is unitary if and only if jf j = 1 almost
everywhere. It follows that a normal operator is unitary if and only if
its spectrum is contained in fz : jzj = 1g.
Essentially, Theorem 3.5.3 generalizes Theorem 3.5.1 to a pair of com-

muting self-adjoint operators. This will be subsumed under a far greater
generalization when we discuss abelian C*-algebras in Section 5.3.

3.6 Unbounded operators

An operator is bounded if and only if it is continuous. For this reason,
one generally prefers to work with bounded operators. However, there
are cases where we must consider unbounded operators; in particular,
some of the most basic operators in quantum mechanics are unbounded
(see Section 4.1). This is related to the fact that the generators of
one-parameter unitary groups are in general unbounded self-adjoint op-
erators, as we will prove in Theorem 3.8.6.

Fortunately, the unbounded Hilbert space operators which arise in
practice usually have a certain form which renders them moderately
tractable. Namely, they are de�ned only on a dense (unclosed) subspace
of the Hilbert space and on this domain they satisfy a kind of continuity
property.

DEFINITION 3.6.1 An unbounded operator on H is a linear map
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A from a dense subspace D(A) of H into H. It is closed if its graph
�(A) = fv �Av : v 2 D(A)g is a closed subspace of H�H.

Occasionally one may have to deal with operators which are not
densely de�ned. But since all of our unbounded operators will have
dense domains, we incorporate this property into the de�nition.

Closed unbounded operators are still continuous in the sense that if
(vn) is a sequence in D(A) and v; w 2 H, then vn ! v and Avn !
w imply that v 2 D(A) and Av = w. In particular, if A is closed
and D(A) = H then A must be continuous and hence bounded. Thus,
not requiring unbounded operators to be de�ned everywhere has the
advantage that it allows us to formulate a reasonable continuity property,
namely, graph closure. On the other hand, it has the disadvantage that
in general one can neither add nor compose two unbounded operators
(although one can always add or compose a bounded operator with an
unbounded one). There is no general resolution of this diÆculty; it must
be dealt with case by case.

Often one �rst constructs an unbounded operator A which is not
closed, and then de�nes �A to be the closed unbounded operator whose
graph is �(A). The operator �A is called the closure of A. This proce-
dure does not automatically work: one must check that �(A) really is
the graph of an operator, which amounts to verifying that it contains no
element of the form 0� v with v 6= 0.

We call a dense subspace D � D(A) a core of A if �(A) = �(AjD).
Thus, in the last paragraph's construction D(A) would be a core of �A.
This is the unbounded version of a dense subspace of the domain. This
concept will be useful in Chapter 4.

Next we de�ne the adjoint of a closed unbounded operator. The slick-
est way to do this is in terms of the map V : H � H ! H � H given
by V (v � w) = �w � v. First we need to prove that the de�nition will
make sense.

PROPOSITION 3.6.2

Let A be a closed unbounded operator on H. Then (V �(A))? is the
graph of a closed unbounded operatorB. Its domain consists of precisely
those vectors w 2 H for which the map v 7! hAv;wi is bounded, and we
have hAv;wi = hv;Bwi for all v 2 D(A) and w 2 D(B).

PROOF Let E = (V �(A))?. We begin by showing that the projec-
tion of E onto the �rst summand is one-to-one. It is enough to show
that 0 � w 2 E implies w = 0. But if (0 � w) ? (�Av � v) for all
v 2 D(A) then w ? v for all v 2 D(A), which implies w = 0 as desired.
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For all v�w 2 E de�ne Bv = w; this is possible by the last paragraph.
To show that D(B) is dense, let w 2 D(B)?. Then (0�w) ? (�Bv�v)
for all v 2 D(B), so that 0 � w 2 (V (E))?. But since V is unitary it
commutes with ?, so

(V (E))? = V ((V �(A))?)? = (�(A))?? = �(A):

Thus w = 0, and we conclude that D(B) is dense in H. As E = �(B) is
clearly closed, B is a closed unbounded operator.
If w 2 D(B) then (w�Bw) ? (�Av� v) for all v 2 D(A), and hence

hAv;wi = hv;Bwi for all v 2 D(A). This implies that the map v 7!
hAv;wi = hv;Bwi is bounded. Conversely, if the map v 7! hAv;wi is
bounded then it is given by taking the inner product with some w0 2 H.
Then hAv;wi = hv; w0i for all v 2 D(A), and hence (w�w0) ? (�Av�v).
So w 2 D(B). This completes the proof.

DEFINITION 3.6.3 Let A be a closed unbounded operator on H.
Then A� is the closed unbounded operator whose graph is (V �(A))?.
A is self-adjoint if A = A�.

It follows from Proposition 3.6.2 that De�nition 3.6.3 generalizes the
de�nition of adjoints of bounded operators. It is important to note that
in the unbounded case the de�nition of self-adjoint operators includes
the provision that D(A) = D(A�).
If A is closed, then A�� = A; this follows immediately from the de�-

nition of A� and the fact that V and ? commute.
We can characterize A� more simply as follows: v1 2 D(A�) and

A�v1 = v2 if and only if hv1; Awi = hv2; wi for all w 2 D(A).
We indicate the unbounded version of multiplication operators.

Example 3.6.4

Let X be a �-�nite measure space and let f : X ! C be any mea-
surable function. De�ne Mf : L2(X) ! L2(X) by Mfg = fg, with
domain the set of functions g 2 L2(X) such that fg 2 L2(X).

To see that D(Mf ) is dense de�ne Xk = fx 2 X : jf(x)j � kg, so
that X =

S
1

1
Xk. Then we have fg 2 L2(Xk) � L2(X) whenever

g 2 L2(Xk), so L
2(Xk) � D(Mf ) for all k. This is enough.

The graph of Mf is closed because if gn ! g and fgn ! h, both in
L2(X), then we can pass to a subsequence for which both converge
pointwise almost everywhere. This implies fg = h, so g 2 D(Mf )
and Mfg = h.

We have M�

f =M �f where �f is the pointwise complex conjugate of
f ; this can be veri�ed directly from Proposition 3.6.2. In particular,
D(M�

f ) = D(Mf ). Also, Mf is self-adjoint if and only if f is real
almost everywhere.
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Exactly the same results are true with L2(X) replaced by L2(X;X )
for X a measurable Hilbert bundle over X.

3.7 The unbounded spectral theorem

From the point of view of spectral theory, unbounded self-adjoint oper-
ators are quite well-behaved. They arise from spectral measures on the
real line in the same way as bounded self-adjoint operators, the only dif-
ference being that in the unbounded case the relevant spectral measure
is not supported on a compact set.

We will prove this result by reducing to the bounded normal case
via functional calculus: the function f(x) = (x + i)�1 is bounded on
the real line, so if A is an unbounded self-adjoint operator we expect
f(A) = (A+ i)�1 to be a bounded normal operator. Having shown this,
we will then invoke Theorem 3.5.3 to obtain a multiplication operator
realization of (A+ i)�1, and �nally we will recover the original operator
A by applying the function (x � i)�1. We proceed through a series of
lemmas.

LEMMA 3.7.1

Let A be an unbounded self-adjoint operator. Then A�iI has a bounded
inverse in the sense that there exists B 2 B(H) such that Bv 2 D(A)
and (A� iI)Bv = v for all v 2 H, and B(A� iI)v = v for all v 2 D(A).

PROOF Since A is closed, it is easy to check that A� iI (with the
same domain as A) is also closed. As in the proof of Corollary 3.2.5 we
have

k(A� iI)vk2 = kAvk2 + kvk2

for all v 2 D(A), so k(A� iI)vk � kvk. Thus projecting �(A� iI) into
the second summand yields an isomorphism between �(A� iI) and the
range of A� iI . So ran(A� iI) is closed, and we need only show that it
is dense; this will imply that ran(A� iI) = H, so that B = (A� iI)�1 is
de�ned everywhere. B will then be bounded, and in fact a contraction,
since k(A� iI)vk � kvk.
Thus, suppose hw; (A� iI)vi = 0 for all v 2 D(A) = D(A� iI). Then

hw;Avi = �hiw; vi for all v 2 D(A), and hence w 2 D(A�) = D(A) and
Aw = A�w = �iw. But then

�ihw;wi = hAw;wi = hw;Awi = �ihw;wi;

so that w = 0. We conclude that ran(A� iI) is indeed dense in H.
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In the next lemma we let D(A2) be the set of vectors v 2 H such that
v 2 D(A) and Av 2 D(A). It is not a priori clear that A2 is densely
de�ned, but we do not need this fact here. (It will follow from Theorem
3.7.4, however.)

LEMMA 3.7.2

Let A be an unbounded self-adjoint operator. Then A+iI carriesD(A2)
into D(A � iI) and A � iI carries D(A2) into D(A + iI). We have
(A+ iI)(A� iI)v = (A� iI)(A+ iI)v for all v 2 D(A2).

PROOF Suppose v 2 D(A2). Then v and Av both belong to D(A),
so that (A + iI)v = Av + iv 2 D(A) = D(A � iI). Similarly, we have
(A� iI)v 2 D(A+ iI).

For v 2 D(A2) we have

(A+ iI)(A� iI)v = (A+ iI)(Av � iv) = A2v + v
= (A� iI)(Av + iv) = (A� iI)(A+ iI)v;

so A+ iI and A� iI commute on D(A2).

LEMMA 3.7.3

Let A be an unbounded self-adjoint operator. Then (A+ iI)�1 2 B(H)
is normal and its adjoint is (A� iI)�1.

PROOF The inverses exist by Lemma 3.7.1. Note that �(B�1) is
the transpose of �(B) whenever B is invertible. This, together with the
easy fact that (A+iI)� = A�iI , implies that the adjoint of (A+iI)�1 is
(A� iI)�1. To prove normality, let u 2 H. Then u = (A+ iI)v for some
v 2 D(A), and v = (A � iI)w for some w 2 D(A). Since v and w are
both in D(A) it follows that Aw = v + iw 2 D(A), so that w 2 D(A2).
By Lemma 3.7.2 we then have

u = (A+ iI)(A� iI)w = (A� iI)(A+ iI)w;

so

(A+ iI)�1(A� iI)�1u = w = (A� iI)�1(A+ iI)�1u:

Thus (A+ iI)�1 and (A� iI)�1 commute.

Now we can prove the spectral theorem for unbounded self-adjoint
operators.
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THEOREM 3.7.4

Let A be an unbounded self-adjoint operator on H. Then there is a
probability measure � on R, a measurable Hilbert bundle X over R and
an isometric isomorphism U : L2(R;X ) �= H such that A = UMxU

�1.

PROOF By Lemma 3.7.3 the bounded operator (A+iI)�1 is normal.
LetX = sp(A+iI)�1 and �nd �, X , and U as in Theorem 3.5.3 such that
(A + iI)�1 = UMzU

�1. Then A = UMfU
�1 where f(z) = �i + 1=z;

since A is self-adjoint, it follows that f(X) � R, so we can use f to
identify X with a subset of R. The result follows.

As usual, in the nonseparable case we can still prove that A is equiv-
alent to a multiplication operator by using Theorem 3.4.2 in place of
Corollary 3.4.3.

3.8 Stone's theorem

The time evolution of a quantum mechanical system is modelled by a
one-parameter group of unitary operators with a certain continuity prop-
erty (cf. Section 1.4.) These groups also arise in purely mathematical
settings, of course. Their general de�nition is as follows.

DEFINITION 3.8.1 A weakly continuous one-parameter unitary
group is a family fUt : t 2 Rg of unitary operators with the properties
that U0 = I , UsUt = Us+t for all s; t 2 R, and Us ! Ut weak operator
whenever s! t in R.

This continuity requirement is equivalent to the apparently stronger
condition that s ! t implies Usv ! Utv for all v 2 H. That is because
weak operator continuity implies hUs�tv; vi ! hv; vi = kvk2; so

kUsv � Utvk2 = 2kvk2 � 2RehUsv; Utvi ! 0

as s! t. The reverse implication is trivial.

Example 3.8.2

Let A be an unbounded self-adjoint operator on H. Without loss
of generality suppose H = L2(R;X ) and A = Mx. For each t 2 R
write eiAt = Meitx and let Ut = eitA. This is a weakly continuous
one-parameter unitary group.

We now want to prove Stone's theorem, which states that conversely
to Example 3.8.2, every weakly continuous one-parameter unitary group
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is of the form Ut = eitA for some unbounded self-adjoint operatorA. The
main tool we need is the Fourier transform on R. Let C1c (R) be the
space of compactly supported C1 functions on R. For f 2 C1c (R) we

de�ne f̂(t) = 1p
2�

R
f(x)e�itx dx. We will use the following properties

of f̂ :

(a) f 2 C1c (R) implies f̂ 2 L1(R),

(b) (e�itxf)^(s) = f̂(s+ t), and

(c) cfg(t) = 1p
2�

R
f̂(s)ĝ(t� s) ds.

We will also need to integrate operator-valued functions. This can be
done in the following way.

DEFINITION 3.8.3 Let X be a �-�nite measure space. Suppose
A : X ! B(H) has the property that the function x 7! hA(x)v; wi is
measurable and satis�es

R jhA(x)v; wij � C for all v; w 2 H. Then the
weak integral of A is the bounded operator A =

R
A(x) which satis�es

hAv;wi = R hA(x)v; wi for all v; w 2 H.

Weak integrals exist by Lemma 3.3.2.

Now �x a weakly continuous one-parameter unitary group fUtg on H.
De�ne T : C1c (R)! B(H) by

T (f) =
1p
2�

Z
f̂(t)Ut dt:

Here we are integrating the operator-valued function t 7! f̂(t)Ut accord-
ing to De�nition 3.8.3. This uses property (a) of the Fourier transform.

LEMMA 3.8.4

The map T is a �-homomorphism.

PROOF Let f 2 C1c (R). Then �f̂ (t) = f̂
�
(�t), so

hT ( �f)v; wi = 1p
2�

Z
�f̂ (t)hUtv; wi dt

=
1p
2�

Z
f̂
�
(t)hU�tv; wi dt

= hv; T (f)wi:

Thus T ( �f) = T (f)�.
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Now let f; g 2 C1c (R). Since cfg(t) = 1p
2�

R
f̂(s)ĝ(t� s) ds (property

(c) of the Fourier transform), we have

hT (fg)v; wi = 1p
2�

Z cfg(t)hUtv; wi dt
=

1

2�

Z Z
f̂(s)ĝ(t� s)hUt�sv; U�swi dsdt

=
1

2�

Z
f̂(s)

Z
ĝ(t)hUtv; U�swi dtds

=
1p
2�

Z
f̂(s)hT (g)v; U�swi dt

= hT (f)T (g)v; wi

for all v; w 2 H. The application of Fubini's theorem is legitimate
because f̂(s)ĝ(t � s) 2 L1(R2). We conclude that T (fg) = T (f)T (g).
As T is clearly linear, this completes the proof.

LEMMA 3.8.5

T extends to a unital �-homomorphism ~T from Bor(R) into B(H) which
is continuous from the �-topology to the weak operator topology.

PROOF We prove this by �rst extending T to C0(R) by norm con-
tinuity, and then passing to bounded Borel functions by the technique of
Theorem 3.3.3. The main novelty is the veri�cation that T is continuous
in sup norm.
To see this, let f 2 C1c (R) be real-valued and choose � 2 C such

that j�j > kfk1. Then g = (f � �)�1 + ��1 2 C1c (R) and we have
fg � �g � ��1f = 0. Since T is multiplicative it follows that

(T (f)� �I)(T (g)� ��1I) = T (fg � �g � ��1f) + I = I:

Thus � 62 sp(T (f)). By Proposition 3.2.4 we conclude that kT (f)k �
kfk1. For complex-valued f 2 Cc(R) we then have

kT (f)k2 = kT (f)�T (f)k = kT (jf j2)k � kjf j2k1 = kfk21;
so T is a contraction.
Continuous extension of T to the set of bounded Borel functions on

R is established by an argument similar to the one given in the proof of
Theorem 3.3.3. The fact that ~T is unital follows from the fact that the
functions fn(x) = e�x

2=n �-converge to 1R: we have f̂n(t) =
p

n
2 e
�nt2=4,

and T (fn) ! I weak operator is a straightforward computation. This
implies that ~T (1R) = I .
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We can now prove Stone's theorem.

THEOREM 3.8.6

Let fUtg be a weakly continuous one-parameter unitary group on H.
Then there is an unbounded self-adjoint operator A on H such that
Ut = eitA.

PROOF By Lemma 3.8.5, ~T de�nes an H-valued spectral measure
E on R such that PE(S) = ~T (�S) for S � R. Find �, X , and U as in
Corollary 3.4.3, identify H with L2(R;X ), and let A = Mx. We must
verify that Ut = eitA.
It is enough to show that heitAv; Utwi = hv; wi for all v; w 2 L2(K;X )

where K is an arbitrary compact interval in R. Fix K, v, and w and let
f 2 C1c (R) satisfy f(x) = eitx for x 2 K. Then e�itxf = 1 on K and
we have T (e�itxf)v =Me�itxfv = v, so

hT (f)v; Utwi = 1p
2�

Z
f̂(s)hUsv; Utwi ds

=
1p
2�

Z
f̂(s+ t)hUsv; wi ds

=


T (e�itxf)v; w

�
= hv; wi:

But T (f)v = eitAv, so heitAv; Utwi = hv; wi, as desired.

The operator A is called the generator of the unitary group fUtg
because iA is the derivative at t = 0 of the function t 7! Ut in the
following sense. By Theorem 3.7.4, assume H = L2(R;X ) and A =Mx.
Then g 2 L2(R;X ) belongs to D(A) if and only if xg 2 L2(R;X ). Now

lim
t!0

1

t
(Utg � U0g) = lim

t!0

1

t
(eitx � 1)g:

Since kxgk <1, for any � > 0 we can �nd N > 0 such that g = g1 + g2
where g1 is supported on [�N;N ] and kxg2k � �. But (eitx � 1)=t! ix
uniformly on [�N;N ], while the elementary estimate j(eitx� 1)=tj � jxj
implies that k 1t (eitx � 1)g2k � �. From this it follows that

iAg = ixg = lim
t!0

1

t
(Utg � U0g):

Thinking of Ut as a multiplication operator also helps explain our
construction of A. Informally, for any Borel set S � R we have T (�S) =
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1p
2�

R
�̂S(t)Ut dt, and

1p
2�

R
�̂S(t)e

ita dt = �S(a) by Fourier inversion.

So if Ut =Meitx then we ought to have T (�S) =M�S . This nonrigorous
argument shows why we expect T to give rise to the spectral measure
associated with A =Mx.

3.9 Notes

Similar topics are covered in [13]. A shorter proof of a slightly weaker
version of the spectral theorem for bounded operators is given in [58].
Our approach to spectral and multiplicity theory via Hilbert bundles
seems to be new. Our proof of Stone's theorem is based on an idea of
Ed E�ros.
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Chapter 4

The Quantum Plane

4.1 Position and momentum

We now have the necessary machinery to treat what is probably the
most fundamental example in quantum mechanics: the one-dimensional
particle. Its classical analog was mentioned in Section 1.1, and there we
pointed out that the phase space of this classical system can be identi�ed
with the real plane R2. The phase space of the corresponding quantum
system is modelled on the Hilbert space L2(R), and this space, together
with some associated structure, plays the role of a \quantum" plane. As
we will see in this and later chapters, the complex, topological, measure
theoretic, metric, and di�erentiable structures of the ordinary plane all
have quantum analogs. In this section we introduce \coordinates" and
\translations" on the quantum plane.
We will begin with the position and momentum operators, which cor-

respond to the coordinate functions on R2 (see Section 1.1). These
operators are best understood in terms of the Fourier transform. Re-
call that for f 2 C1c (R) we de�ne f̂(t) = 1p

2�

R
f(x)e�itx dx. We also

require the Fourier inversion formula f(x) = 1p
2�

R
f̂(t)eitx dt.

PROPOSITION 4.1.1

Let f; g 2 C1c (R). Then
R
f̂ �̂g dt =

R
f�g dx. The Fourier transform

F : f 7! f̂ extends to a unitary operator on L2(R).

PROOF We haveZ
f̂(t)�̂g(t) dt =

1p
2�

Z Z
f̂(t)g(x)eitx dxdt

=

Z
f(x)g(x) dx:

Fubini's theorem applies because the function f̂(t)g(x) is in L1(R2).

73
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This shows that F takes C1c (R) isometrically into L2(R), and it extends
to L2(R) by continuity.
To see that the extension is surjective, let f 2 C1c (R). Then di�er-

entiating under the integral sign (this is legitimate) yields

f̂ 0(t) =
1p
2�

Z
�ixf(x)e�itx dx

= �i(xf)^(t);

inductively, we obtain dnf̂=dtn = (�i)n(xnf)^, and hence f̂ 2 C1(R).

As we also have f̂ 2 L1(R) \ L2(R), it follows that there is a sequence

(gn) � C1c (R) such that gn ! f̂ in both L1 and L2 norms. Let ~gn(x) =

gn(�x). Then (~gn)^(x)! (f̂)�(x) = f(x) pointwise (since gn ! f̂ in L1

norm) and (~gn)^ converges in L2(R) (since ~gn converges in L2 norm),
so we must have F~gn ! f in L2(R). This shows that the range of the
extension of F contains C1c (R), and together with the fact that F is
isometric this implies F is unitary.

We use the same symbol F for the extension of the Fourier transform
to L2(R). As we are now treating F as a map from L2(R) to itself, the
variables x and t can be freely interchanged.

DEFINITION 4.1.2 Fix a real number �h > 0. The position operator
is the unbounded self-adjoint operator Q =Mx on L2(R). The momen-
tum operator is the unbounded self-adjoint operator P = �hF�1MxF .

The number �h is Planck's constant. For us its signi�cance is that as it
approaches zero the quantum system becomes classical. We will return
to this point in the next section.
If f 2 C1c (R) then integration by parts yields

F
�
�i df

dx

�
(t) =

1p
2�

Z
�i df

dx
e�itx dx

=
1p
2�

Z
tf(x)e�itx dx

= tf̂(t);

so F(�i(df=dx)) = MxF(f). Thus it makes sense to de�ne �i ddx to
be the unbounded self-adjoint operator F�1MxF . We can then write
P = �i�h d

dx .
Physically, Q and P are interpreted in the following way. If S is

a Borel subset of R then L2(S) � L2(R) models the event that the
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particle lies in the region S. That is, a state vector f 2 L2(R) describes
a particle which de�nitely belongs to S precisely if f is supported on S.
Correspondingly, the spectral projection of Q =Mx for the function �S
is the projection operator �S(Mx) =M�S with range L2(S), and on any
state supported in L2(S) the observable Q will take values in S with
certainty.
The momentum operator has exactly the same structure, up to the

scaling factor �h, if one works in the Fourier transform picture. This
means that the event that the particle's momentum lies in �hS is modelled
by the subspace F�1(L2(S)), and hence that a state vector f describes

a particle whose momentum de�nitely belongs to �hS precisely if f̂ is
supported on S.
Recall that self-adjoint operators arise as generators of weakly con-

tinuous one-parameter unitary groups (Theorem 3.8.6). Since bounded
operators are more tractable than unbounded operators, it is often easier
to deal with the unitaries eisQ and eitP than with Q and P themselves.
We have immediately that eisQ = Meisx and eitP = F�1Mei�htxF . But
also, if f 2 L2(R) then

Mei�htxF(f) = ei�htxF(f) = F(T��htf);
where Tt is the translation operator Ttf(x) = f(x�t). Thus eitP = T��ht.
Likewise, eitQ = F�1TtF .
Next we examine the failure of Q and P , and eisQ and eitP , to com-

mute.

THEOREM 4.1.3

(a) Let f 2 C1c (R). Then QPf �PQf = i�hf .
(b) eisQeitP = e�i�hsteitPeisQ for all s; t 2 R.

PROOF

(a) We haveQPf = �i�hx d
dxf and PQf = �i�h d

dx(xf) = �i�h(f+x d
dxf).

Thus QPf � PQf = i�hf .
(b) If f 2 L2(R) then eisQeitPf(x) = eisxf(x+ �ht) and eitPeisQf(x) =
eis(x+�ht)f(x+ �ht). Thus eisQeitP = e�i�hsteitPeisQ.

Usually in physics one just says that QP � PQ = i�hI . This and
the fact that Q and P each commute with themselves are called the
canonical commutation relations (CCRs). Now since P and Q are both
unbounded, and are not de�ned on all of L2(R), there is a question of
what is meant by the expression QP � PQ. Here we have dealt with
this issue by restricting ourselves to vectors f which have the property
that f 2 D(Q) \ D(P), Qf 2 D(P), and Pf 2 D(Q). We will discuss
commutators of unbounded operators further in Section 4.4.
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The existence of this kind of question shows why it is generally pre-
ferrable to work with the bounded operators eitQ and eitP whenever
possible. The equation in Theorem 4.1.3 (b), which can be thought of
as an integral version of the equation in part (a), is called the Weyl form
of the canonical commutation relations.

These exponentiated operators are signi�cant in another way. Observe
that if f 2 L2(R) is supported on a set S | intuitively, its position
\coordinate" lies in S | then e�isP=�hf = Tsf is supported on S + s.
Thus e�isP=�h plays the quantum plane role of translation in the position
variable. Likewise, eitQ=�h plays the role of translation in the momentum
variable.

Just as the operators Q and P act like coordinate functions on the
quantum plane, polynomials in Q and P (that is, operators of the formP

aijQiPj) act like polynomials on the quantum plane. These expres-
sions require some interpretation, since Q and P are unbounded.

PROPOSITION 4.1.4

Let
P

aijx
iyj be a complex polynomial in two variables, and for f 2

C1c (R) de�ne Af =
P

aijQiPjf and Bf =
P

�aijPjQif . Let �(A) =
ff �Af : f 2 C1c (R)g.
(a) We have hAf; gi = hf;Bgi for all f; g 2 C1c (R).

(b) The closure of �(A) in L2(R)�L2(R) is the graph of an unbounded
operator.

PROOF

(a) This follows from self-adjointness of Q and P .
(b) The issue is whether the closure of �(A) de�nes a single-valued

operator on L2(R). It will suÆce to show that �(A) contains no element
of the form 0� f for f 6= 0. Thus, suppose that (fn) � L2(R), fn ! 0,
and Afn ! f 2 L2(R). Then for any g 2 C1c (R) we have

hAfn; gi = hfn; Bgi ! 0:

Since Afn ! f , this means that hf; gi = 0 for all g 2 C1c (R), and hence
f = 0.

In light of part (b) of this proposition, it makes sense to de�ne the
operator

P
aijQiPj to be the closure of A. Thus, C1c (R) is a core

(in the sense of Section 3.6) for every operator of the form
P

aijQiPj .
Moreover, it has the pleasant property of being invariant in the sense
that QiPj(C1c (R)) � C1c (R). Thus, polynomials in Q and P can
be added and multiplied in a straightforward manner on C1c (R). The
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product of any two polynomials can be computed using the commutation
relation of Theorem 4.1.3 (a).

4.2 The tracial representation

The realization of Q and P as multiplication and di�erentiation opera-
tors on L2(R) is the most basic, but there are other models which bring
out certain features of these operators more clearly. For instance, by
choosing a suitable orthonormal basis of L2(R) we can use Theorem
2.3.3 to establish an isometric isomorphism between L2(R) and l2(N),
in such a way that a certain aspect of the structure of Q and P becomes
transparent. We will do this in Section 4.3.

In the present section we do something slightly di�erent: we produce a
unitary operatorW on L2(R2) �= L2(R)
L2(R) such that the operators
W�1(Q 
 I)W and W�1(P 
 I)W have a special symmetrical form
for which there is a reasonable limit as �h ! 0. These operators are
equivalent not to Q and P , but rather to Q 
 I and P 
 I . There is
no physical signi�cance in this distinction; in e�ect we are treating a
composite system where one subsystem is trivial. Our reasons for doing
this are purely mathematical. Loosely speaking, this representation is
a symmetrical combination of the ordinary representation of Q and P
and the Fourier transform of the ordinary representation.

DEFINITION 4.2.1 De�ne unitary operators Us and Vt on L
2(R2)

(s; t 2 R) by

Usf(x1; x2) = eisx1f(x1; x2 � 1

2
�hs)

and

Vtf(x1; x2) = eitx2f(x1 +
1

2
�ht; x2):

For (t1; t2) 2 R2 de�ne the translation operator Tt1;t2 on L2(R2) by

Tt1;t2f(x1; x2) = f(x1 � t1; x2 � t2):

Then in terms of multiplication and translation operators we can write
Us =Meisx1T 1

2 �hsj
and Vt =Meitx2T� 1

2 �hti
, where i = (1; 0) and j = (0; 1)

are the standard basis vectors in R2.

PROPOSITION 4.2.2

There is a unitary operator W on L2(R2) such that for all s; t 2 R we
have Us =W�1(eisQ 
 I)W and Vt =W�1(eitP 
 I)W .
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PROOF Note that eisQ 
 I and eitP 
 I are operators on L2(R2)
which act trivially on the second variable. De�ne a unitary W1 on
L2(R2) by

W1f(x1; x2) = f

�
x1 � x2p

2
;
x1 + x2p

2

�
:

Then

W�1
1 (eisQ 
 I)W1 =W�1

1 Meisx1W1 =M
eis(x1+x2)=

p
2

and
W�1

1 (eitP 
 I)W1 =W�1
1 T��htiW1 = T��ht(i+j)=

p
2:

Next, let W2 be the inverse Fourier transform in the second variable;
that is, W2 = I 
F�1. Then

W�1
2 M

eis(x1+x2)=
p
2W2 =M

eisx1
p
2Tsj=

p
2

and
W�1

2 T��ht(i+j)=
p
2W2 =M

ei�htx2=
p
2T��hti=p2:

Finally, de�ne a unitary W3 by

(W3f)(x1; x2) =

r
�h

2
f

�
1p
2
x1;

1p
2
�hx2

�
;

then
W�1

3 M
eisx1=

p
2Tsj=

p
2W3 =Meisx1T 1

2 �hsj
= Us

and
W�1

3 M
ei�htx2=

p
2T��hti=p2W3 =Meitx2T� 1

2 �hti
= Vt:

So W =W1W2W3 is the desired unitary.

It follows that W�1(Q
I)W andW�1(P
I)W are the in�nitesimal
generators of the unitary groups fUsg and fVtg, respectively. We can
describe these operators more concretely: the �rst is Mx1 + i �h2

@
@x2

and

the second is Mx2 � i �h2
@
@x1

.
This, then, is the tracial representation, so-called for reasons to be

explained in Section 5.6: the position operator is modelled by Mx1 +
i �h2

@
@x2

, the momentum operator is modelled by Mx2 � i �h2
@
@x1

, and the
unitary groups they generate are fUsg and fVtg. We have assumed
throughout that �h > 0, but let us now take �h = 0. Then the position
and momentum operators become Mx1 and Mx2 , multiplication by the
coordinate functions, which are the classical position and momentum
observables. This is the sense in which Q and P approach the classical
coordinate variables as �h! 0. In the representation on L2(R) of Section
4.1 nothing similar happens and the �h! 0 limit is rather mysterious.
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Recall that the unitary operators e�isP=�h and eitQ=�h play the role
of translation in the position and momentum variables. However, the
operators W�1e�isP=�hW and W�1eitQ=�hW do not have limits as �h !
0. We will resolve this diÆculty in Section 5.4 by showing that there
is a sense in which e�isP=�h and eitQ=�h are equivalent to the ordinary
coordinate translations Tsi and Ttj on L2(R2).

4.3 Bargmann-Segal space

There is a nice orthonormal basis of L2(R) that we can use to establish
an isometric isomorphism with l2(N) which puts Q + iP and Q � iP ,
the operators analogous to the classical complex variables z = x + iy
and �z = x� iy, in a simple form. It is expressed in terms of the Hermite
polynomials

Hn(x) = (�1)nex2 dn

dxn
e�x

2

:

The �rst few Hermite polynomials are H0(x) = 1, H1(x) = 2x, H2 =
4x2 � 2.
The Hermite functions are the functions

hn(x) = NnHn(x=
p
�h)e�x

2=2�h;

where Nn is a normalizing factor chosen so that khnk = 1. Speci�cally,

Nn =
1p

(��h)1=22nn!
:

Moreover, the hn are orthogonal; this can be proven in the following
way. First, verify that the Hn satisfy

d

dx

�
e�x

2 dHn

dx

�
= �2ne�x2Hn:

Then a short computation shows that

d

dx

�
e�x

2

(HmH
0
n �H 0

mHn)
�
= (2m� 2n)e�x

2

HmHn;

and from this it follows that

(2m� 2n)

Z 1

�1
hmhn dx =

p
�hNmNn

Z 1

�1
(2m� 2n)e�x

2

HmHn dx

=
p
�hNmNne

�x2(HmH
0
n �H 0

mHn)
��1
�1 = 0:

So hhm; hni = 0 for m 6= n. (Note that hn is real, hence the absence of
a complex conjugate in our computation of the inner product.)

© 2001 by Chapman & Hall/CRC



80 Chapter 4: The Quantum Plane

Since each Hn is a polynomial of degree exactly n, any polynomial can
be written as a linear combination of the Hn. Therefore any f 2 L2(R)

which is orthogonal to every hn is actually orthogonal to p(x)e�x
2=2�h

for every polynomial p(x). But then

(e�x
2=2�hf)^ =

1p
2�

Z
e�x

2=2�hf(x)e�itx dx

=
1p
2�

X
n

Z
e�x

2=2�hf(x)
(�itx)n

n!
dx = 0:

From this it follows that e�x
2=2�hf = 0, and hence f = 0, almost every-

where. We conclude that the functions hn constitute an orthonormal
basis of L2(R). Thus, there is a natural isomorphism between L2(R)
and l2(N) which takes (hn) to the standard basis (en) of l2(N). We
record this fact.

PROPOSITION 4.3.1

The Hermite functions (hn) are an orthonormal basis of L2(R). The
map hn 7! en extends to an isometric isomorphism from L2(R) onto
l2(N).

The higher-dimensional case is worth mentioning here. In general,
the 2n-dimensional version of the quantum plane is simply obtained by
taking nth tensor powers. For the L2(R) model this would result in
a model on L2(Rn). The nth tensor power of l2(N) was described in
Example 2.5.7 (a): it is the direct sum of the k-fold symmetric tensor
powers of l2(f1; : : : ; ng) �= Cn. In other words, it is a symmetric Fock
space over Cn, as in De�nition 2.5.8. For this reason, we call l2(N) the
Fock space model of the quantum plane.
The Fock space model gives a particularly nice representation of the

operators Q� iP and Q+ iP . Ignoring domain issues for the moment,
we have

(Q� iP)hn = xhn � �h
d

dx
hn =

p
2�h(n+ 1)hn+1

and

(Q+ iP)hn = xhn + �h
d

dx
hn =

p
2�hnhn�1

(with (Q+ iP)h0 = 0). This can be shown using the recursion relations
H 0
n(x) = 2nHn�1(x) = 2xHn(x) �Hn+1(x). Thus, Q� iP and Q+ iP

resemble the unilateral shift and the backward shift mentioned in Section
3.1; but they are unbounded because of the factors of

p
n+ 1 and

p
n.

Before discussing these operators further, we introduce another rep-
resentation in which they become even simpler.
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DEFINITION 4.3.2 Let � be 1
2��he

�jzj2=2�h times Lebesgue measure
on C. This is a probability measure. The Bargmann-Segal space is the
space BS of all analytic functions in L2(C; �). That is, BS consists of
all entire analytic functions f(z) on the complex plane such that

kfk2 = 1

2��h

Z
jf(z)j2e�jzj2=2�h dz

is �nite.

The Bargmann-Segal space is also called Fischer space or Fock space,
but the latter is a slight misnomer; as we noted earlier, l2(N) is the
actual Fock space here (although the two are naturally isomorphic, as
we will now show).

THEOREM 4.3.3

BS is a Hilbert space. It has an orthonormal basis consisting of the
functions

�n(z) =
znp

(2�h)nn!

(n = 0; 1; : : :).

PROOF Since BS is a subspace of L2(C; �), to prove that it is a
Hilbert space we need only show that it is closed.
Let f be an analytic function on C. By standard complex analysis

f(z) is the average value of f on any disk centered at z, so using the
Cauchy-Schwarz inequality we have

jf(z)j = 1

�R2

�����
Z
B(z;R)

f(w) dw

�����
� 1

�R2

 Z
B(z;R)

jf(w)j2e�jwj2=2�h dw
!1=2 Z

B(z;R)

ejwj
2=2�h dw

!1=2

�
p
2�h

R
e(jzj+R)

2=4�hkfk;

where B(z;R) is the disk of radius R centered at z. It follows that
any sequence of analytic functions which converges in L2 norm also
converges uniformly on compact sets, and therefore its limit (which we
already know is in L2(C; �)) is also analytic. So BS is complete.
The functions zn are orthogonal, and a short computation shows that

kznk2 = (2�h)nn!, so the functions �n are orthonormal. In fact, for any
R > 0 the restrictions of the functions zn to B(0;R) are orthogonal.
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Now if f 2 BS has a Taylor expansion f(z) =
P

anz
n, then this series

converges to f uniformly on B(0;R), and hence it also converges in
L2(B(0;R); �jB(0;R)). Thus

kf jB(0;R)k2 =
X

janj2kznjB(0;R)k2:
Taking the limit as R ! 1 yields kfk2 =

P janj2kznk2. This shows
that the sum

P
anz

n converges in BS, and since it converges uniformly
on compact sets to f , it must converge to f in BS. Thus, we have
shown that the functions zn generate BS, and we conclude that (�n) is
an orthonormal basis.

Having identi�ed a natural orthonormal basis for BS, we can now
de�ne an isomorphism between BS and L2(R) in the same way that we
de�ned an isomorphism between L2(R) and l2(N) earlier. Namely, let
B : L2(R) ! BS be the surjective isometric isomorphism which takes
hn to �n. This map is called the Bargmann transform.
Now we return to the operatorsQ�iP and Q+iP . More precisely, we

want to look at A+ = 1p
2�h
(Q� iP) and A� = 1p

2�h
(Q+ iP), but �rst we

need to de�ne them rigorously. This could be done by the prescription
given following Proposition 4.1.4, but it is more convenient for us to take
a di�erent (though equivalent) approach.
Our heuristic computation made earlier yielded A+hn =

p
n+ 1hn+1

and A�hn =
p
nhn�1; thus the operators BA+B�1 and BA�B�1 on BS

should satisfy

BA+B�1zn =
p
(2�h)nn!BA+B�1�n

=
p
(2�h)n(n+ 1)!�n+1 =

1p
2�h

zn+1

and

BA�B�1zn =
p
(2�h)nn!BA�B�1�n

=
p
(2�h)nn � n!�n�1 =

p
2�hnzn�1:

That is, they should just be the operators 1p
2�h
Mz and

p
2�h d

dz . It is easy

to de�ne these operators rigorously.

DEFINITION 4.3.4 Let Mz 2 B(BS) be multiplication by z, with
domain

D(Mz) = ff 2 BS : zf 2 BSg
and let d

dz 2 B(BS) be di�erentiation, with domain

D

�
d

dz

�
= ff 2 BS : f 0 2 BSg:
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We also de�ne A+ = 1p
2�h
B�1MzB and A� =

p
2�hB�1 d

dzB. These are,

respectively, the creation and annihilation operators on L2(R).

Clearly, D(Mz) and D( d
dz ) both contain all polynomials in z, so these

operators are densely de�ned. Moreover, C1c (R) is a core for both A+

and A�, so this de�nition is consistent with the comment made after
Proposition 4.1.4. This can be seen by �nding, for each n, a sequence
(fi) � C1c (R) such that fi ! hn and A�fi ! A�hn. By passing to the
l2(N) model (see the proof of the next result) it is easy to see that the
span of the hn is a core for both A+ and A�, which implies that C1c (R)
is also a core.

Evidently we have B(Q�iP)B�1 =Mz and B(Q+iP)B�1 = 2�h d
dz . It

is also possible to write B(Q+iP)B�1 = PM�z, where P is the orthogonal
projection of L2(C; �) onto BS and �z = x� iy is the conjugate variable
to z. Thus, the operators Q� iP and Q+ iP have particularly elegant
representations in the Bargmann-Segal picture. We will develop this
point in the next section. Let us observe here, though, that there is
a slight mismatch in that we would expect Q + iP to correspond to
z = x + iy and Q � iP to correspond to �z = x � iy. This would have
happened if we de�ned BS to be the space of antianalytic functions
in L2(C; �). Doing so leads to the formulas B(Q + iP)B�1 = P 0Mz

and B(Q� iP)B�1 =M�z where P
0 = I � P . However, we have choosen

instead to adopt the traditional de�nition of BS and accept the resulting
minor disparity.

The meaning of the terms \creation" and \annihilation" will become
more clear in Section 7.1, when we interpret the summands of Fock space
as corresponding to di�erent numbers of particles. The terms should not
be taken too literally, however, as these are not physical operations which
can actually be performed; they are not unitary.

PROPOSITION 4.3.5

Both Mz and d
dz are closed operators, they have the same domain, and

1p
2�h
M�

z =
p
2�h d

dz .

PROOF The easiest way to prove this is by passing to l2(N) via
the correspondence �n $ en. The operator A on l2(N) corresponding
to 1p

2�h
Mz satis�es Aen =

p
n+ 1en+1, with domain

D(A) = f(an) 2 l2(N) :
X

(n+ 1)janj2 <1g;

and the operator B corresponding to
p
2�h d

dz satis�es Ben =
p
nen�1,
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with domain

D(B) = f(an) 2 l2(N) :
X

njanj2 <1g:
From this it immediately follows that D(A) = D(B), and therefore
D(Mz) = D( d

dz ). It is also easy to check that �(A) and �(B) are closed,

so the same is true of Mz and
d
dz . To compute A�, let b = (bn) 2 l2(N);

then b 2 D(A�) if and only if the map

a 7! hAa; bi =
1X
n=1

p
nan�1�bn

is bounded for a 2 D(A). This is certainly true if the sequence (
p
nbn) is

in l2(N); conversely, if (
p
nbn) is not in l

2(N), then taking aNn�1 =
p
nbn

for 1 � n � N and aNn�1 = 0 for n > N yields

hAaN ; bi =
1X
n=1

p
naNn�1�bn =

NX
n=1

njbnj2 = kaNk2;

and since kaNk ! 1 as N ! 1, this shows that the map a 7! hAa; bi
is not bounded. Thus D(A�) = D(B), and for b 2 D(B) we have

hAa; bi =
1X
n=1

p
nan�1�bn = ha;Bbi:

So A� = B, as claimed. It follows that 1p
2�h
M�

z =
p
2�h d

dz .

We conclude our treatment of Bargmann-Segal space with a brief dis-
cussion of the reproducing kernels ew(z) = ez �w=2�h. For any w 2 C,

we have jew(z)j � ejwj�jzj=2�h, so the integral 1
2��h

R jew(z)j2e�jzj2=2�h dz
converges, and hence ew 2 BS. Now

ew(z) =
X (z �w)n

(2�h)nn!
=
X �wnp

(2�h)nn!
�n(z);

so for any f =
P

anz
n =

Pp
(2�h)nn!an�n in BS we have

hf; ewi =
X

anw
n = f(w):

This is the meaning of the term \reproducing kernel": taking the inner
product of a function in BS with ew reproduces its value at w.
We have 2�h d

dz ew = �wew. So even though the vectors ew are not

orthogonal, they are eigenvectors of the (non-normal) operator 2�h d
dz .

Moreover, for any f; g 2 BS we haveZ
hf; ewihew; gi d�(w) =

Z
f(w)g(w) d�(w) = hf; gi:
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That is,

f =

Z
hf; ewiew d�(w);

where the integral is taken in the weak sense (meaning just what was said
in the previous line). So the family (ew) behaves rather like a basis; cf.
the �rst assertion of Corollary 2.3.4, replacing the sum with an integral.
The functions ew might be thought of as the \points" of the quantum
plane, an idea that will gain more support in the next section.
We record these properties in the following result.

PROPOSITION 4.3.6

For each w 2 C let ew(z) = ez �w=2�h. Then ew 2 BS and

(a) f(w) = hf; ewi for all f 2 BS and w 2 C;
(b) 2�h d

dz ew = �wew for all w 2 C; and
(c) f =

R hf; ewiew d�(w) for all f 2 BS, where the integral is taken in
the weak sense.

In the L2(R) picture, the eigenfunctions of Q+ iP are the functions

e�(x��)
2=2�h for � 2 C. They are called coherent states. A short com-

putation shows that

(Q+ iP)e�(x��)2=2�h = �e�(x��)
2=2�h;

so the eigenvalue is �. Recalling that B(Q+ iP)B�1 = 2�h d
dx , this shows

that up to normalization the Bargmann transform takes the coherent
states to the reproducing kernel functions ew with w = ��.

4.4 Quantum complex analysis

If bounded self-adjoint operators on L2(R) correspond to bounded mea-
surable real-valued functions on the plane, then general bounded opera-
tors on L2(R) should correspond to bounded measurable complex-valued
functions on the plane, because any bounded operator A can be written
as A = ReA+ iImA.
Recall that the unitary groups e�isP=�h and eitQ=�h play the role of

coordinate translations on the quantum plane. We can use these groups
to take derivatives of operators on L2(R) in the following way. For
any bounded operator A on L2(R), the operators e�isP=�hAeisP=�h and
eitQ=�hAe�itQ=�h are thought of as its shifts by s and t units in the hori-
zontal and vertical directions, respectively. Therefore the \derivative of
A in the horizontal direction" should be the operator

lim
s!0

e�isP=�hAeisP=�h �A

s
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and its \derivative in the vertical direction" should be

lim
t!0

eitQ=�hAe�itQ=�h �A

t
:

Heuristically, since eB = I +B + � � �, we expect that

lim
s!0

e�isP=�hAeisP=�h �A

s
= lim

s!0

(I � i
�hsP)A(I + i

�hsP)�A

s

= � i

�h
[P ; A]

where [P ; A] = PA�AP is the commutator of P and A, and similarly

lim
t!0

eitQ=�hAe�itQ=�h �A

t
=

i

�h
[Q; A]:

(As usual, there are interpretational issues here due to the fact that P
and Q are not de�ned on all of L2(R).)
We now want to determine which operators on L2(R) correspond to

analytic functions. Classically, a C1 function f : C! C is analytic if

@f

@y
= i

@f

@x
;

this is a form of the Cauchy-Riemann equations. According to the last
paragraph, the quantum analog of this condition is

i

�h
[Q; A] = 1

�h
[P ; A];

or equivalently [Q + iP ; A] = 0. Thus, operators on L2(R) which com-
mute with the annihilation operator can be viewed as satisfying a quan-
tum version of the Cauchy-Riemann equations.
The �rst thing we need to do is to make this condition more rigorous.

Since we are going to allow A to be unbounded, we must say what we
mean by the commutator of two unbounded operators. The appropriate
de�nition here is the following.

DEFINITION 4.4.1 LetD be a dense subspace of a Hilbert spaceH
and let A and B be unbounded operators on H. Suppose D is contained
in the domains of A, A�, B, and B�. Then we say that A and B commute
relative to D

hAv;B�wi = hBv;A�wi
for all v; w 2 D.
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If A and B are both bounded, commuting relative to D is equivalent
to the condition h(BA � AB)v; wi = 0; since we assume D is dense, it
follows that A and B commute in the usual sense, and conversely.
Also, note that A and B commute relative to D if and only if A� and

B� commute relative to D. Thus, the quantum analyticity condition is
morally equivalent to the condition [Q� iP ; A�] = 0, which we interpret
as saying that A� is antianalytic.
Let us now pass to the Bargmann-Segal space BS and replace Q+ iP

with 2�h d
dz . Now

d
dz certainly ought to commute with itself, or moreover

with any polynomial in d
dz , or indeed any function of d

dz to the extent
that such an operator can be de�ned. In fact, it turns out that the only

operators which commute with d
dz in a reasonable sense are operators

which arise from it by a kind of functional calculus. The next result
describes the relevant class of functions. Recall the reproducing kernels
ew(z) = ez �w=2�h introduced at the end of the last section.

PROPOSITION 4.4.2

Let � be an entire analytic function on C. Then �ew 2 BS for all w 2 C
if and only if j�(z)j = O(ejzj

2=4�h�Njzj) for all N > 0.

PROOF Suppose j�(z)j = O(ejzj
2=4�h�Njzj). Then

k�ewk2 = 1

2��h

Z
j�(z)ewj2e�jzj2=2�h dz

� C

Z
(ejzj

2=4�h�Njzjejwjjzj=2�h)2e�jzj
2=2�h dz

= C

Z
e(jwj=�h�2N)jzj dz:

We can ensure that this last integral is �nite by taking N > jwj=2�h.
This shows that �ew 2 BS.
Conversely, suppose �ew 2 BS for all w 2 C. Fix N > 0 and let wk =

2�h
p
2Ne2�ik=4 for k = 0; 1; 2; 3. Then the Cauchy-Schwarz inequality

yields

j�(z)ez �wk=2�hj = jh�ewk
; ezij � k�ewk

kejzj2=4�h

since kezk = hez; ezi1=2 = ejzj
2=4�h. Also, for any z 2 C one of the wk

satis�es jArg(wk)�Arg(z)j � �=4, and for this wk we have

Re z �wk � 1p
2
jz �wkj = 2�hN jzj:

Thus
j�(z)ez �wk=2�hj = j�(z)jeRe z �wk=2�h � j�(z)jeNjzj;
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and combining this with the earlier estimate on j�(z)ez �wk=2�hj yields

j�(z)j � Cejzj
2=4�h�Njzj

with C = maxfk�ewk
k : 0 � k � 3g.

Thus, for any � satisfying the stated growth condition, the multi-
plication operator M� contains all of the functions ew in its domain.
(Naturally, we take D(M�) to be ff 2 BS : �f 2 BSg.) We call such
� Bargmann-Segal multipliers. We can regard M� as the operator ob-
tained by applying � to Mz by a sort of functional calculus, and its
adjoint M�

� as obtained by applying � to 2�h d
dz .

Let R = spanfew : w 2 Cg.

LEMMA 4.4.3

Let � be an analytic function on C such that j�(z)j = O(ejzj
2=4�h�Njzj).

Then R is a core for M�
� and M�

�ew = �(w)ew for all w 2 C.

PROOF Let w 2 C. Then for any f 2 D(M�) we have

hM�f; ewi = �(w)f(w) = hf; �(w)ewi:

This shows that ew 2 D(M�
�) and M�

�ew = �(w)ew.

To show that R is a core for M�
� , let A be the closure of M�

� jR. For
any f 2 D(A�), if g = A�f then

g(w) = hg; ewi = hf;Aewi = �(w)hf; ewi = �(w)f(w)

for all w 2 C. This shows that f 2 D(M�) and A
�f =M�f . So �(A

�) �
�(M�), and it follows from the de�nition of adjoints that �(M�

�) �
�(A��) = �(A). But it is clear that �(A) � �(M�

�), so A = M�
� , and

this shows that R is a core for M�
� .

THEOREM 4.4.4

Let A be a closed, unbounded operator on BS and suppose R is a core
for A and R � D(A�). Then the following are equivalent:

(a) A and d
dz commute relative to R;

(b) ew is an eigenvector of A for all w 2 C; and

(c) A =M�
� for some entire analytic function � on C satisfying j�(z)j =

O(ejzj
2=4�h�Njzj).
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PROOF

(a) ) (b): Suppose A and d
dz commute relative to R. Then for any

v; w 2 C we have

hAev ; zewi = h2�h d

dz
ev; A

�ewi = h�vev; A�ewi = h�vAev; ewi:

This shows that Aev 2 D(M�
z ) = D(2�h d

dz ) and 2�h d
dzAev = �vAev. That

is, Aev is an eigenvector of 2�h d
dz with eigenvalue �v, and it follows that

Aev is a constant multiple of ev. So ev is an eigenvector of A.
(b) ) (c): Let � = A�e0 and say Aew = �ew. Then

hev; Aewi = hMeve0; �ewi = ��he0;M�
evewi

= ��he0; ev(w)ewi = ev(w)he0; Aewi
= �(w)ev(w) = h�ev ; ewi:

This shows that A�ev = M�ev, and so j�(z)j = O(e(jzj
2=2�Njzj)=2�h) by

Proposition 4.4.2. It also follows that M�
� = A on R, and since R is

a core for both operators (by assumption and the lemma), we conclude
that A =M�

�.

(c) ) (a): This follows from the fact that M� and Mz = 2�h d
dz com-

mute relative to R.

It is unknown whether the condition that R be a core for A can be
replaced by the weaker requirement thatR � D(A). In any case, subject
to reasonable domain conditions, the unbounded operators which satisfy
the quantum version of the Cauchy-Riemann equations are precisely
those of the formM�

� where � is an analytic function satisfying the stated
growth condition. We note again that the slightly unnatural appearance
of an adjoint in this conclusion could be remedied by modifying the
de�nition of BS; see the comment following De�nition 4.3.4.
The next result, which is a quantum version of Liouville's theorem,

follows from Theorem 4.4.4 and the classical Liouville theorem.

COROLLARY 4.4.5

Let A be a bounded operator on L2(R) and suppose [A�; A] = 0 in
the sense that hAf;A+gi = hA�f;A�gi for all f; g 2 D(A+) = D(A�).
Then A is a scalar multiple of the identity.

4.5 Notes

The main ideas in Section 4.1 can be found in any standard book on
quantum mechanics; for instance, see [63] and [8] for physical and math-
ematical perspectives, respectively. Another construction which is also
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called the \quantum plane" is given in [47]. The tracial representation
described in Section 4.2 is based on a more general construction in [60].
See e.g. [28] for a more thorough treatment of the Fourier transform.
Section 4.3 follows the treatment of [29]. For more on coherent states

see [1], and for more on the property described in Proposition 4.3.6 (c)
see [15].
Section 4.4 is based on [61]. Proposition 4.4.2 is from [54]; see also

[55].
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Chapter 5

C*-algebras

5.1 The algebras C(X)

We have determined that bounded real-valued functions on a set corre-
spond to bounded self-adjoint operators on a Hilbert space. Since any
bounded operator can be written in the form A + iB with A and B
self-adjoint, there is a sense in which bounded complex-valued functions
on a set correspond to general bounded operators. Thus, any structure
on a set X which can be described in terms of real- or complex-valued
functions is likely to have a Hilbert space analog de�ned the same way
in terms of operators. This is the idea that we will use, in this chapter
and the next, to de�ne quantum versions of topologies and measures.

The natural functional analytic object corresponding to a compact
Hausdor� topological space X is the space of continuous complex-valued
functions C(X). The goal of this section is to relate topological proper-
ties of X to algebraic properties of C(X). As we will see, there is a very
complete correspondence between the two.

We begin with a de�nition of the relevant algebraic concepts, given
here in a general form which will also accomodate the noncommutative
setting that we discuss later.

DEFINITION 5.1.1 Let A and B be Banach spaces equipped with
a product and an involution. We say they are unital if they possess
multiplicative units, which we then denote IA and IB.
B is a C*-subalgebra of A if it is a closed subspace of A and �; � 2 B

implies ��; �� 2 B. If A is unital then B is a unital C*-subalgebra if it
is a C*-subalgebra and contains IA.
B is a C*-ideal of A if it is a C*-subalgebra of A with the property

that � 2 A and � 2 B imply ��; �� 2 B.
A bounded linear map � : A ! B is a �-homomorphism if �(��) =

�(�)�(�) and �(��) = �(�)� for all �; � 2 A. It is unital if �(IA) = IB.
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92 Chapter 5: C*-algebras

(This only makes sense if A and B are both unital.) A �-isomorphism is
an isometric �-homomorphism.

If A is unital, we de�ne its spectrum to be the set sp(A) of all unital
�-homomorphisms from A into C, endowed with the weak* topology it
inherits from A�.

More generally, we will use the term \(unital) �-subalgebra" for a
possibly unclosed subspace which (contains IA and) is stable under
formation of products and adjoints. We will also use the term \�-
homomorphism" in this more general context.

In the present section A and B will be C(X) spaces, with product be-
ing the pointwise product of functions and involution being the pointwise
complex conjugate. Every C(X) has a unit IC(X) = 1X , the function
which is constantly 1 on X .

In the case of C(X) spaces, the quali�cation that �-homomorphisms
be bounded is super
uous. In fact, every unital �-homomorphism � :
C(X)! C(Y ) is automatically a contraction. To see this, let f 2 C(X)
and choose � 2 C such that j�j > kfk1; then f � � � 1X is invertible
in C(X), so �(f � � � 1X) = �(f) � � � 1Y is invertible in C(Y ). Thus
�(f)(y) 6= � for all y 2 Y , and we conclude that k�(f)k1 � kfk1.
C*-subalgebras of C(X) are related to quotients of X in the following

way.

Example 5.1.2

Let X and Y be compact Hausdor� spaces and let � : X ! Y be
a continuous surjection. Then A = ff Æ � : f 2 C(Y )g is a unital
C*-subalgebra of C(X) and the composition map C� : f 7! f Æ � is
a �-isomorphism of C(Y ) onto A.

This construction is general, as the following proposition shows.

PROPOSITION 5.1.3

LetX be a compact Hausdor� space and let A be a unital C*-subalgebra
of C(X). Then there exists a compact Hausdor� space Y and a contin-
uous surjection � : X ! Y such that A = C�(C(Y )).

PROOF For x; y 2 X set x � y if f(x) = f(y) for all f 2 A. Let Y
be the quotient space with the quotient topology, and let � : X ! Y be
the quotient map. Then Y is compact because it is a continuous image
of a compact space. To see that it is Hausdor� let [x]; [y] 2 Y be distinct;
then there exists f 2 A such that f(x) 6= f(y). Hence there exist disjoint
open sets O;O0 � C such that f(x) 2 O and f(y) 2 O0, and f�1(O) and
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f�1(O0) give rise to disjoint open sets in Y which respectively contain
[x] and [y].
De�ne C� : C(Y ) ! C(X) by C�f = f Æ �. Then C� is a �-

isomorphism, and its range contains A. (Any function in A lifts to
a well-de�ned function on Y , which is continuous by the de�nition of
the quotient topology.) Thus C�

�1 maps A isometrically into a C*-
subalgebra of C(Y ) which separates points. By the Stone-Weierstrass
theorem, C�

�1 takes A onto C(Y ), and hence C� maps C(Y ) onto A.

The requirement that A � C(X) be unital is not essential. If 1X 62 A,
we can work instead with the unital algebra

A+ = ff + a � 1X : f 2 A and a 2 Cg:

Then Proposition 5.1.3 implies that A+ �= C(Y ) for some quotient Y of
X . Since A � A+ separates points in Y , the Stone-Weierstrass theorem
implies that it corresponds to the set of continuous functions on Y which
vanish at some distinguished point y0.
Thus, A �= C0(Y � fy0g), the continuous functions which vanish at

in�nity on the locally compact space Y � fy0g. Indeed, removing a
point from a compact space always leaves a locally compact space, and
conversely, every locally compact space has a one-point compacti�cation.
Nonunital C*-subalgebras correspond to locally compact spaces in the
same way that unital C*-subalgebras correspond to compact spaces. We
regard the nonunital case as ancilliary to the unital case in this way.
Next, we relate C*-ideals of C(X) to closed subsets of X .

Example 5.1.4

Let K be a closed subset of a compact Hausdor� space X and let
I = ff 2 C(X) : f jK = 0g. Then I is a C*-ideal of C(X).

PROPOSITION 5.1.5

Let I be a C*-ideal of C(X). Then there exists a closed subset K of X
such that I = ff 2 C(X) : f jK = 0g.

PROOF For x; y 2 X set x � y if f(x) = f(y) for all f 2 I. Observe
that any point x at which some f 2 I is nonzero cannot be equivalent
to any other point. For if y 6= x then there exists g 2 C(X) such that
g(x) = 1 and g(y) = 0, so fg(x) 6= fg(y), and thus x and y are not
equivalent.
Let I+ = ff+a�1X : f 2 I and a 2 Cg. This is a unital C*-subalgebra

of C(X). De�ne Y to be the quotient space as in Proposition 5.1.3 and
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let C� : C(Y ) ! I+ be the corresponding �-isomorphism. Also let
K = fx 2 X : f(x) = 0 for all f 2 Ig. It is clear that every f 2 I
satis�es f jK = 0. Conversely, if f jK = 0 then f lifts to a continuous
function on Y , and hence f 2 C�(C(Y )) = I+. But since f jK = 0 we
must have f 2 I, so we conclude that I = ff 2 C(X) : f jK = 0g.

The preceding result allows us to chacterize C*-quotients of C(X).

PROPOSITION 5.1.6

Let K be a closed subset of X and let I = ff 2 C(Y ) : f jK = 0g. Then
C(X)=I is �-isomorphic to C(K).

PROOF Let � : C(X) ! C(K) be the restriction map. It is clear
that � is a �-homomorphism and has kernel equal to I. For any f 2
C(K), by the Tietze extension theorem there exists g 2 C(X) with
kgk1 = kfk1 and �g = gjK = f . This shows that � is isometric and
onto.

Now we turn to the spectrum. This is the tool that is used to show
that the space X can actually be recovered from the algebra C(X), and
thus to establish that C(X) contains exactly as much information as X .
For x 2 X let x̂ : f 7! f(x) be the evaluation map on C(X).

PROPOSITION 5.1.7

Every compact Hausdor� space X is homeomorphic to sp(C(X)) via the
correspondence x$ x̂.

PROOF Let X be a compact Hausdor� space. For any x 2 X
the map x̂ : f 7! f(x) is a unital �-homomorphism from C(X) to C.
Conversely, if ! : C(X) ! C is any unital �-homomorphism then its
kernel is a codimension one C*-ideal, and hence by Proposition 5.1.5
there exists x 2 X such that ker(!) = ff 2 C(X) : f(x) = 0g. (The
set K in Proposition 5.1.5 must consist of exactly one point in order for
ker(!) to have codimension one. This follows from Proposition 5.1.6.)
Then for any f 2 C(X), letting a = f(x) we have

!(f) = !(f � a � 1X + a � 1X) = !(f � a � 1X) + a = a = f(x)

since f � a � 1X vanishes at x. Thus ! = x̂.
We have established a bijection between X and sp(C(X)). Suppose

x� is a net in X which converges to x 2 X . Then f(x�) ! f(x) for all
f 2 C(X), and hence x̂� ! x̂ weak*. This shows that the natural map

© 2001 by Chapman & Hall/CRC



95

from X onto sp(C(X)) is continuous. Since X is compact and sp(C(X))
is Hausdor�, it follows that this map is a homeomorphism.

Finally, we establish a correspondence between continuous functions
and �-homomorphisms.

Example 5.1.8

Let X and Y be compact Hausdor� spaces and let � : Y ! X be
continuous. Then C� is a unital �-homomorphism from C(X) into
C(Y ).

PROPOSITION 5.1.9

Let � : C(X) ! C(Y ) be a unital �-homomorphism. Then there is a
continuous map � : Y ! X such that � = C�.

PROOF For any y 2 Y the map ŷ is a unital �-homomorphism from
C(Y ) into C, so ŷÆ� is a unital �-homomorphism from C(X) into C. By
Proposition 5.1.7 there exists a unique point x 2 X such that ŷ Æ � = x̂.
De�ne �(y) = x. For any f 2 C(X) and any y 2 Y we then have

C�f(y) = f(�(y)) = �(y)^(f) = ŷ(�f) = �f(y):

Thus � = C�.
To see that � is continuous, let (y�) be a net in Y which converges

to y 2 Y . Suppose �(y�) 6! �(y); then there exists an open set O
about �(y) such that �(y�) is not eventually in O. Find f 2 C(X) such
that f(�(y)) = 1 and f jX�O = 0. Then g = �f has the property that
g(y) = 1 and g(y�) = 0 frequently. But this contradicts the fact that
y� ! y.

5.2 Topologies from functions

Given any topological spaceX , we can form the space Cb(X) of bounded
continuous functions from X into C. This is a unital C*-subalgebra of
l1(X). Conversely, one might hope that every unital C*-subalgebra of
l1(X) arises in this way from a topology on X , but that is not exactly
true: for example, consider the set of functions f 2 l1(0; 1) which extend
to continuous functions ~f on [0; 1] such that ~f(0) = ~f(1). There is no
topology on (0; 1) for which these are precisely the bounded continuous
functions. Still, we have the following result.

PROPOSITION 5.2.1

Let X be a set and let A be a unital C*-subalgebra of l1(X) which

© 2001 by Chapman & Hall/CRC



96 Chapter 5: C*-algebras

separates points of X . Then there is a compact Hausdor� space Y such
that X is a dense subset of Y and A = ff jX : f 2 C(Y )g.

PROOF Let Y = sp(A). Given ! 2 Y and f 2 A, we have j!(f)j �
kfk1 for the same reason that this is true when A = C(X); namely, for
any � 2 C satisfying j�j > kfk1 we have

(f � � � 1X)�1 = � 1

�

 
1X +

1

�
f +

�
1

�
f

�2

+ � � �
!
2 A;

so !(f)� � = !(f � � � 1X) 6= 0.

This shows that Y is contained in the unit ball of A�. We claim that
Y is a compact Hausdor� space. Since dual unit balls are always weak*
compact and Hausdor�, we need only show that Y is closed. But if (!�)
is a net in Y which weak* converges to ! 2 A�, it is easy to see that
! is also a unital �-homomorphism and hence belongs to Y . So Y is
compact Hausdor�.

The embedding x 7! x̂ allows us to identify X with a subset of Y .
Moreover, any f 2 A extends to a continuous function ~f on Y de�ned
by ~f(!) = !(f). (In particular, ~f(x̂) = x̂(f) = f(x), so ~f really is an
extension of f .) The set f ~f : f 2 Ag is then a unital C*-subalgebra
of C(Y ), and it separates points of Y because ~f(!1) = ~f(!2) for all
f 2 A implies !1(f) = !2(f) for all f , which implies !1 = !2. Thus
the extension map f 7! ~f takes A onto C(Y ), and we conclude that
A = ff jX : f 2 C(Y )g.
Finally, X is dense in Y because any function in C(Y ) which vanishes

on X restricts to the zero function on X , and hence must be zero on Y
by the above isomorphism of A with C(Y ).

Thus, unital C*-subalgebras of l1(X) correspond to compacti�cations
of X , i.e., compact Hausdor� spaces which contain X as a dense subset
(up to homeomorphisms �xing X). This is our justi�cation for thinking
of C*-subalgebras as corresponding to topologies.

In a way, measure spaces provide a better setting for this kind of
result, because we can agree that the extra points that have to be added
to X constitute a set of measure zero, and hence do not essentially alter
X as a measure space. Here we must assume �-�niteness, however.

We proceed to formulate a result of this type. It uses the following
notion of equivalence of measure spaces.

DEFINITION 5.2.2 Let X = (X;�) and Y = (Y; �) be �-�nite

© 2001 by Chapman & Hall/CRC



97

measure spaces. Then a measure equivalence between X and Y is a
bijection � between the measurable sets in X and the measurable sets
in Y , both modulo null sets, such that

(a) �(;) = ; and �(X) = Y ;

(b) �(Sc) = �(S)c;

(c) �(
S
Sn) =

S
�(Sn) and �(

T
Sn) =

T
�(Sn); and

(d) �(S) = �(�(S))

for all measurable S; Sn � X . If a measure equivalence exists then we
say that X and Y are measurably equivalent.

Suppose X and Y are measurably equivalent and let � be a measure
equivalence. If f : X ! C has countable range, then we can partition
X into a countable family of positive measure sets on each of which
f is constant. Then it is clear how to de�ne a function �(f) : Y !
C with the property that �(f�1(S)) = �(f)�1(S) (up to null sets)
for every positive measure subset S of C. Now for any measurable
function f : X ! C we can �nd a sequence of measurable functions fn :
X ! C, each with countable range, such that kf � fnk1 ! 0. Setting
�(f) = lim�(fn) then yields a correspondence between the measurable
functions on X and the measurable functions on Y , both up to null sets,
which respects the measure equivalence �. In particular, any measure
equivalence between X and Y implements an isometric isomorphism
between L1(X) and L1(Y ).

We also need a notion of \separating points" which is suitable for
measurable sets.

DEFINITION 5.2.3 Let X be a �-�nite measure space and let
A � L1(X). Let 
 be the smallest �-algebra for which every function
in A is measurable. Then we say that A measurably separates points if
every measurable subset of X has null symmetric di�erence with a set
in 
.

Note that if A is closed under complex conjugation then 
 can also
be described as the smallest �-algebra for which every real function in
A is measurable.

PROPOSITION 5.2.4

Let (X;�) be a �-�nite measure space, let A be a unital C*-subalgebra
of L1(X), and suppose A measurably separates points. Then there is
a compact Hausdor� space Y , a regular Borel measure � on Y , and a
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measure equivalence between X and Y that takes A to C(Y ).

PROOF Let Y be the spectrum of A. As in Proposition 5.2.1,
Y is a compact Hausdor� space and the map f 7! ~f , where ~f(!) =
!(f), is a unital �-homomorphism, and hence a contraction, from A
into C(Y ). We claim that this map is isometric. To see this, let f 2 A
and � > 0 and �x a subset S0 � X such that jf j � kfk1 � � on S0.
Then let � be a maximal family of positive measure subsets of X , each
contained in S0, with the property that S; T 2 � implies S \ T 2 �.
Direct � by reverse inclusion. For each g 2 A and S 2 � the essential
range of gjS is compact, so the intersection of these essential ranges is
nonempty. Moreover, there cannot be more than one intersection point
by maximality of �. For each g 2 A de�ne !(g) to be this intersection
point; then ! is a �-homomorphism from A into C such that j!(f)j �
kfk1� �, which establishes the claim. So A embeds in C(Y ), and since
its image clearly separates points, the embedding is onto. So A �= C(Y ).
Note that this shows in particular that the real functions in A are closed
under �nite lattice operations.

Let �0 be a �nite measure on X such that � and �0 are mutually
absolutely continuous. We claim that A is dense in L2(X;�0). To see
this �rst let S � X be a set of the form S = f�1((�1; a]) for some
real function f 2 A and some a 2 R. Without loss of generality a > 0.
Then, using the lattice operations in A, we can �nd a real function
g = a=(f_a) 2 A such that 0 � g � 1 and S = g�1(1), and consequently
the powers gn converge to �S in L2(X;�0). Now it is straightforward to
show that the family of S � X such that �S is in the L2 closure of A
constitutes a �-algebra, and it follows from the above and the de�nition
of measurable separation that every measurable S � X belongs to this
family. So the L2 closure of A contains all characteristic functions, and
hence equals L2(X;�0).
Now the map f 7! R

f d�0 is a bounded linear functional on A, so
it corresponds to a bounded linear functional on C(Y ), and thus there
exists a regular Borel measure �0 on Y such that

R
f d�0 =

R
~f d�0 for

all f 2 A. Now A is dense in L2(X;�0) by the last paragraph, and it is
standard that C(Y ) is dense in L2(Y; �0). Moreover, the map f 7! ~f is
an isometry in L2 norm by the de�nition of �0. So this map extends to a
surjective isometric isomorphism U : L2(X;�0)! L2(Y; �0). It is easy to
see that U takes characteristic functions to characteristic functions, and
therefore it de�nes a measure isomorphism between (X;�0) and (Y; �0).
It is also clear that this measure isomorphism takes A to C(Y ).

Finally, for each Borel set S � Y de�ne �(S) = �(S0) where S0 is
the corresponding set in X . Then � and �0 are mutually absolutely
continuous, and the result for �0 and �0 transfers to � and �.
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5.3 Abelian C*-algebras

We saw in the last section that C*-subalgebras A of l1(X) correspond
to compacti�cations Y of X , and by the results of Section 5.1 algebraic
properties of A are exactly mirrored in topological properties of Y . C*-
algebras are the Hilbert space version of this construction.

DEFINITION 5.3.1 A (concrete) C*-algebra is a C*-subalgebra A
of B(H), for some Hilbert space H. If AB = BA for all A;B 2 A then
A is abelian.
If I 62 A, then we de�ne the unitization of A to be the C*-algebra

A+ = fA+ aI : A 2 A and a 2 Cg.

We will discuss abstract C*-algebras in Section 5.6.
Just as for C(X), every unital �-homomorphism � : A ! B between

C*-algebras is automatically contractive. For if A 2 A is self-adjoint
and j�j > kAk then A� �I = ��(I � 1

�A) is invertible in A by Lemma
3.2.3. (The series that de�nes the inverse converges in A.) It follows that
�(A� �I) = �(A)� � is invertible in B, so that � 62 sp(�(A)); as this is
true whenever j�j > kAk, we have k�(A)k � kAk by Proposition 3.2.4.
Now for any A 2 A the preceding implies that k�(A)k2 = k�(A�A)k �
kA�Ak = kAk2. So � is a contraction.
Moreover, if � has null kernel then sp(A) = sp(�(A)) for all self-adjoint

A 2 A; otherwise, let f 2 C(sp(A)) vanish on sp(�(A)) � sp(A) but not
on all of sp(A), and observe that f(A) 6= 0 but �(f(A)) = f(�(A)) = 0,
contradicting injectivity. It follows that kAk = k�(A)k for all self-adjoint
A 2 A, and hence kAk2 = kA�Ak = k�(A�A)k = k�(A)k2 for all A 2 A.
This shows that a �-homomorphism with null kernel must be isometric,
i.e., a �-isomorphism.

Example 5.3.2

Let A 2 B(H) be self-adjoint and let C�(A) be the norm closure of
the polynomials in A. This is the unital C*-algebra generated by A.

But by the continuous functional calculus, the norm closure of the
polynomials in A is precisely the set ff(A) : f 2 C(sp(A))g. There-
fore, we have C�(A) �= C(sp(A)), and so Proposition 5.1.7 implies
that sp(C�(A)) (in the sense of De�nition 5.1.1) is naturally identi-
�ed with sp(A) (in the sense of De�nition 3.2.1).

Example 5.3.3

Let X be a compact Hausdor� space, let � be a regular Borel measure
on X, and let X be a measurable Hilbert bundle over X. Then the
set of multiplication operators fMf : f 2 C(X)g on L2(X;X ) is a
unital C*-algebra.
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The map f 7! Mf is a unital �-homomorphism, and it is a �-
isomorphism if neither � nor X is constantly 0 on any open set.

Both of the above examples are abelian, and the second one is general
over separable Hilbert spaces. We now proceed to prove this.

LEMMA 5.3.4

Let fA� : � 2 Jg be a pairwise commuting set of self-adjoint operators
in B(H). Assume kA�k � 1 for all �. Then there is a spectral measure
E on the set X = [�1; 1]J which on each coordinate gives rise to the
spectral measure of A� in the manner of Lemma 3.5.2.

PROOF For any indices �1; : : : ; �n and any function f on X of the
form

f(x) =

mX
j=1

aj�Sj1
(x�1) � � ��Sjn(x�n)

with x = (x�) and S
j
1 ; : : : ; S

j
n � [0; 1], we de�ne �(f) to be the operator

�(f) =

mX
j=1

aj�Sj1
(A�1) � � ��Sjn(A�n):

Since the A� commute, so do polynomials in the A�, and by continuity
so do bounded Borel functions of the A� obtained by functional calculus.
It follows that � is a �-homomorphism.
If f has a bounded inverse then its inverse is also of the above form,

and this allows us to prove that � is contractive by the argument that
showed this for �-homomorphisms between C*-algebras given at the be-
ginning of this section. Then � extends by continuity to any continuous
function on X | every coordinate function is clearly in the norm closure
of the set of functions considered above, and by the Stone-Weierstrass
theorem this implies that all of C(X) is in the norm closure | and it
extends further to the bounded Borel functions on X precisely as in The-
orem 3.3.3. We can then de�ne, for any Borel set S � X , a projection
E(S) by PE(S) = �(�S). Veri�cation that this is a spectral measure
is routine. By construction, E agrees on each coordinate � with the
spectral measure of A�.

THEOREM 5.3.5

Let A � B(H) be a unital abelian C*-algebra and suppose H is sep-
arable. Then there is a probability measure � on sp(A), a measur-
able Hilbert bundle X over sp(A), and an isometric isomorphism U :
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L2(sp(A);X ) �= H such that A = UC(sp(A))U�1 where C(sp(A)) acts
on L2(sp(A);X ) by multiplication.

PROOF Let fA� : � 2 Jg be the set of all self-adjoint operators in
A of norm at most 1, let E be the spectral measure on X = [�1; 1]J
provided by the lemma, and let �, X , and U be as in Corollary 3.4.3.
Note that � is regular because E is regular, in the same sense.

De�ne a �-homomorphism � : C(X) ! B(H) by �(f) = UMfU
�1.

This map takes the coordinate functions on X to the operators A�, so
it takes polynomials in the coordinates into A, and by continuity its
image is contained in A. Conversely, every operator in A is a linear
combination of self-adjoint operators of norm at most 1, so we conclude
that the image of � equals A.
Let I = ker(�). By Proposition 5.1.5 there is a closed subset K of

X such that I = ff : f jK = 0g, and � descends to a map ~� : C(K) �=
C(X)=I ! A which is a bijective �-homomorphism, and therefore a
�-isomorphism.
K can be identi�ed with sp(A) by Proposition 5.1.7, and it is clear

that � is supported on K, so we obtain the desired result.

In the nonseparable case, we can still say that there is a spectral
measure E on sp(A) which gives rise to a �-isomorphism from C(sp(A))
onto A via approximation of continuous functions by simple functions,
as in the proof of Lemma 5.3.4.

The comment about invariants that we made after Theorem 3.5.1 also
applies here: sp(A), � (up to measure class), and (Xn) (up to null sets)
constitute a complete set of invariants for the unital C*-algebra A, up
to unitary equivalence.

5.4 The quantum plane

In this section we will de�ne a quantum analog of the C*-algebra C0(R
2)

and determine its structure. We view this C*-algebra as endowing the
quantum plane with topological structure.

The idea is to develop a functional calculus, so that we can de�ne op-
erators of the type f(Q;P) where f is a continuous function on the plane
which goes to zero at in�nity and Q and P are the position and momen-
tum operators of Section 4.1. Even though Q and P are unbounded and
do not commute, we can still do this for suÆciently smooth functions.
The result is called the Weyl functional calculus. We will use functions
in the Schwartz class S(R2) consisting of all C1 functions which, to-
gether with their partial derivatives of every order, are o((jxj + jyj)�n)
as x; y ! 1. The key facts about S(R2) are that it is closed under
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sums and products and that it is taken onto itself by the Fourier trans-
form. Also note that C1c (R2) � S(R2), so S(R2) is dense in C0(R

2).
After we have de�ned the operators f(Q;P) for f 2 S(R2), the desired
C*-algebra will simply be their norm closure.
It is convenient to work in the tracial representation of Section 4.2.

DEFINITION 5.4.1 Let �h � 0. For t1; t2 2 R de�ne a unitary
operator Lt1;t2 on L2(R2) by

(Lt1;t2g)(x1; x2) = ei(x1t1+x2t2)g(x1 +
1

2
�ht2; x2 � 1

2
�ht1);

for f; g 2 S(R2) de�ne the twisted product f ��h g 2 S(R2) by

(f ��h g)(x1; x2) =
1

2�

Z Z
f̂(t1; t2)Lt1;t2g dt1dt2

=
1

2�

Z Z
f̂(t1; t2)g(x1 +

1

2
�ht2; x2 � 1

2
�ht1)e

i(x1t1+x2t2) dt1dt2;

and for f 2 S(R2) de�ne the twisted multiplication operator Lf on
L2(R2) by Lf (g) = f ��h g.

We are using the Fourier transform in two variables de�ned by

f̂(t1; t2) =
1

2�

Z Z
f(x1; x2)e

�i(x1t1+x2t2) dx1dx2:

One can prove that kf��hgk2 � kf̂k1kgk2 using Minkowski's inequality
for integrals, just as one proves the same inequality for the convolution
of f̂ and g. Thus Lf is a bounded operator with norm at most kf̂k1.
The operators Lt1;t2 generalize the unitaries Us and Vt introduced in

Section 4.2; indeed, Ls;0 = Us and L0;t = Vt. They obey the commuta-
tion relation

Ls1;s2Lt1;t2 = ei�h(s2t1�s1t2)Lt1;t2Ls1;s2 ;

which is a general version of the Weyl commutation relations.
The operator Lf plays the role of f(Q;P) in the tracial representation.

The intuition is that Lt1;t2 is e
i(t1Q+t2P), so we obtain f(Q;P) by Fourier

expansion:

f(Q;P) = 1

2�

Z Z
f̂(t1; t2)e

i(t1Q+t2P) dt1dt2:

Applying the right side of this formula to g yields the formula for Lfg.
The following result is a fairly straightforward computation.
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PROPOSITION 5.4.2

(a) Let f; g 2 S(R2) and a; b 2 C. Then aLf + bLg = Laf+bg.
(b) Let f; g; h 2 S(R2). Then (f ��h g) ��h h = f ��h (g ��h h). Thus
LfLg = Lf��hg.
(c) L�t1;t2 = L�t1;�t2 for all t1; t2 2 R. For f 2 S(R2) we have L�f = Lg
where g(x1; x2) = f(�x1;�x2).

DEFINITION 5.4.3 C�h
0 (R

2) is the norm closure of the operators
Lf for f 2 S(R2).

It follows from Proposition 5.4.2 that C�h
0 (R

2) is a C*-algebra.
The next result is trivial.

PROPOSITION 5.4.4

Suppose �h = 0. Then Lf = Mf for all f 2 S(R2), and C�h
0 (R

2) �=
C0(R

2).

Next we consider the action of translation operators on C�h
0 (R

2). Re-
call the unitary operator Tt1;t2 on L

2(R2) introduced following De�nition
4.2.1. For A 2 B(L2(R2)) de�ne �t1;t2(A) = Tt1;t2AT

�1
t1;t2 .

PROPOSITION 5.4.5

For any t1; t2 2 R and f 2 S(R2) we have

�t1;t2(Lf ) = LTt1;t2f :

The map �t1;t2 restricts to a �-isomorphism from C�h
0 (R

2) onto itself.
This yields an action of R2 by automorphisms of C�h

0 (R
2). Moreover,

for any A 2 C�h
0 (R

2) the map (t1; t2) 7! �t1;t2(A) is continuous in norm.

PROOF The �rst equality is a straightforward calculation, and it
implies that �t1;t2 takes C

�h
0 (R

2) into itself. The inverse map ��t1;�t2 , has
the same property, so �t1;t2 restricts to a �-isomorphism from C�h

0 (R
2)

onto itself. It is clear that the map (t1; t2)! �t1;t2 is a group homomor-
phism.
For A = Lf (f 2 S(R2)) we have

k�t1;t2(A)�Ak = kLTt1;t2f � Lfk = kLTt1;t2f�fk:

This converges to 0 as t1; t2 ! 0 since k(Tt1;t2f � f)^k1 ! 0. But for
any A 2 C�h

0 (R
2) and any � > 0 we can �nd Lf such that kLf�Ak � �=3

and Æ > 0 such that jt1j; jt2j � Æ implies k�t1;t2(Lf )� Lfk � �=3. Then
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jt1j; jt2j � Æ also implies

k�t1;t2(A)�Ak � k�t1;t2(A� Lf )k+ k�t1;t2(Lf )� Lfk+ kLf �Ak � �:

This shows that the map (t1; t2) 7! �t1;t2(A) is norm continuous.

In particular, we have

Ts;0LfT
�1
s;0 = LT�s;0f = V�s=�hLfV

�1
�s=�h

and

T0;tLfT
�1
0;t = LT0;�tf = Ut=�hLfU

�1
t=�h:

This is the sense in which V�s=�h and Ut=�h are \equivalent" to Ts;0 and
T0;t, as we indicated at the end of Section 4.2.

The remainder of this section is devoted to characterizing the structure
of C�h

0 (R
2). We observe �rst that C�h

0 (R
2) �= Ca�h

0 (R2) for all a > 0,
i.e., these algebras are mutually �-isomorphic for all nonzero values of
�h. Indeed, the unitary operator U de�ned on L2(R2) by Uf(x1; x2) =
af(

p
ax1;

p
ax2) satis�es

U�1Lt1;t2Ug(x1; x2) = ei(x1t1+x2t2)=
p
ag(x1 +

1

2
�h
p
at2; x2 � 1

2
�h
p
at1);

so U�1Lt1;t2U is the operator Lt1=
p
a;t2=

p
a for �h0 = a�h; and integration

against f̂ yields that conjugation by U takes Lf (for �h) to LU�1f (for
�h0 = a�h). Thus conjugation by U de�nes a �-isomorphism from C�h

0 (R
2)

onto Ca�h
0 (R2).

To determine the structure of C�h
0 (R

2) more explicitly we must pass
to the L2(R) representation of Section 4.1. In this model the operator
Lf 2 B(L2(R2)) is replaced by the operator ~Lf 2 B(L2(R)) de�ned by

~Lfg(x) =
1

2�

Z Z
f̂(t1; t2)e

it1(x+
1
2 �ht2)g(x+ �ht2) dt1dt2:

We have Lf =W�1(~Lf
I)W whereW is the unitary operator of Propo-
sition 4.2.2. This can be proven by a direct computation using the de�-
nition of W , or more easily by using the formula Lt1;t2 = ei�ht1t2=2Ut1Vt2
and the fact that Lfg =

1
2�

R R
f̂(t)Ltg dt.

Let ~C�h
0 (R

2) be the norm closure of the operators ~Lf on L2(R). Then

the map Lf 7! ~Lf extends to a �-isomorphism from C�h
0 (R

2) onto
~C�h
0 (R

2). We will prove that ~C�h
0 (R

2) = K(L2(R)), the C*-algebra of
compact operators on L2(R). First we must develop some general in-
formation about compact operators.
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DEFINITION 5.4.6 An operator A 2 B(H) is compact if the image
under A of the unit ball of H is precompact in norm, or equivalently,
for any bounded sequence (vn) in H, the sequence (Avn) has a cluster
point. The set of all compact operators is denoted K(H).

For example, a projection is compact if and only if its range is �nite
dimensional.
For A 2 B(H) let jAj be the operator jAj = (A�A)1=2 de�ned using

continuous functional calculus on the self-adjoint operator A�A. The
next result is known as polar decomposition. (To see why, apply it to
an operator in B(C) �= C.)

LEMMA 5.4.7

Let A 2 B(H). Then there is a unique U 2 B(H) such that A = U jAj,
U = 0 on ran(jAj)?, and U is an isometry on ran(jAj).

PROOF For any v 2 H we have

kjAjvk2 = hjAjv; jAjvi = hjAj2v; vi = hA�Av; vi = hAv;Avi = kAvk2:
Thus the map U : jAjv 7! Av is well-de�ned and isometric on ran(jAj),
and we can extend it to H by setting U = 0 on ran(jAj)?. Uniqueness
is clear.

PROPOSITION 5.4.8

K(H) is a C*-ideal of B(H).

PROOF It is straightforward to verify thatK(H) is a linear subspace
of B(H), and that A 2 K(H) and B 2 B(H) implies AB;BA 2 K(H).
Next we show that K(H) is closed.
Let (An) be a sequence in K(H) which converges in norm to A 2

B(H). We may assume that kAj � Akk � 1
n for j; k � n. We must

show that A is compact. To see this, let (vk) be a sequence of vectors
of norm at most 1. De�ne v0k = vk, and for n > 0 inductively let (vnk )
be a subsequence of (vn�1k ) such that kAnv

n
j � Anv

n
k k � 1

n for all j; k.

This is possible because An is compact. Finally, de�ne wk = vkk ; this is
a subsequence of (vk) such that

kAwj �Awkk = kAwj �Anwj +Anwj �Anwk +Anwk �Awkk
� kA�Ank(kwjk+ kwkk) + kAnwj �Anwkk
� 3=n

for j; k � n. Thus (Awk) converges, showing that A is compact.
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Finally, we must show that A 2 K(H) implies A� 2 K(H). Let
A 2 K(H) and write A = U jAj as in the lemma. Then jAj is compact
because every polynomial in A�A is compact and K(H) is closed in
norm, and therefore A� = jAjU� is compact by the ideal property of
K(H).

Self-adjoint compact operators have a particularly simple structure.

PROPOSITION 5.4.9

Let A 2 B(H) be self-adjoint. Then A is compact if and only if A =P
anPn where the Pn are orthogonal projections with �nite dimensional

ranges and an ! 0.

PROOF The reverse direction follows from the fact that K(H) is
closed. For the converse, suppose A is compact and write A = UMxU

�1

as in Theorem 3.5.1. It will suÆce to show that for each � > 0 the
set S = fx 2 sp(A) : jxj � �g is �nite and the corresponding spectral
projection P = �S(A) has �nite dimensional range; for then we can write
A =

P
anPn where the an enumerate sp(A)� f0g and Pn = �an(A).

Fix �, S, and P . Then for any v 2 H we have kAvk � �kPvk. So
compactness of A implies compactness of P , and it follows that P has
�nite dimensional range, and hence S is �nite, as desired.

Next we introduce another concept which will lead to the key theorem
that we need in order to identify the C*-algebra C�h

0 (R
2).

DEFINITION 5.4.10 Let A � B(H) be a C*-algebra. Then A is
irreducible if for every v 2 H the set Av = fAv : A 2 Ag is dense in H.

By considering the compact operators v 7! hv; wiw (for w 2 H) one
easily sees that K(H) is irreducible.

THEOREM 5.4.11

Let A � B(H) be an irreducible C*-algebra and suppose A � K(H).
Then A = K(H).

PROOF It follows from Proposition 5.4.9 and the continuous func-
tional calculus that A contains a projection with �nite dimensional
range. Let P 2 A be such a projection whose range has minimal
(nonzero) dimension. We claim this dimension is one. Otherwise, let
v; w 2 ran(P ) be orthogonal. For any self-adjoint operator A 2 A, the
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operator PAP is self-adjoint and by Proposition 5.4.9 it can be decom-
posed into projections. But ran(PAP ) � ran(P ), so minimality of P
implies PAP = aP for some a 2 C. Thus

hAv;wi = hPAPv;wi = ahv; wi = 0;

so that w is orthogonal to Av. Since any A 2 A is a linear combination of
self-adjoint operators in A, we have w ? Av, contradicting irreducibility.
This proves the claim.
Now say the range of P is spanned by the unit vector v, so that

Pu = hu; viv for all u 2 H, and let w be any other unit vector. Find a
sequence (An) � A such that Anv ! w and kAnvk = 1 for all n. Let
P 0 be the projection onto the span of w. Then for every u 2 H

kAnPA
�
nu� P 0uk = khu;AnviAnv � hu;wiwk

= khu;Anvi(Anv � w) + hu;Anv � wiwk
� 2kAnv � wkkuk:

We conclude that AnPA
�
n ! P 0 in norm, and hence P 0 2 A, so A

contains the projections onto all one-dimensional subspaces of H. By
Proposition 5.4.9 and decomposition into real and imaginary parts, it
follows that A contains every compact operator.

We now proceed to prove that C�h
0 (R

2) �= K(L2(R)).

LEMMA 5.4.12

Let k = (kmn) 2 l2(N�N). Then the operator A on l2(N) de�ned by

Av =
X
m;n

kmnhv; emien

satis�es kAk � kkk and is compact.

PROOF Let v = (an); w = (bn) 2 l2(N). Then �v 
 w = (�ambn) 2
l2(N�N), so

jhAv;wij =
�����
X
m;n

kmnam�bn

����� = jhk; �v 
 wij � kkkkvkkwk:

Thus kAk � kkk.
If only �nitely many kmn are nonzero then A has �nite dimensional

range, and hence is compact. In general the norm estimate shows that
every A is approximated by operators of this type, so compactness of A
follows from the fact that K(H) is closed.

© 2001 by Chapman & Hall/CRC



108 Chapter 5: C*-algebras

THEOREM 5.4.13

If �h 6= 0 then C�h
0 (R

2) �= K(L2(R)).

PROOF Let A �= ~C�h
0 (R

2) � B(L2(R)) be the norm closure of the
operators ~Lf for f 2 S(R2). As we noted earlier, A is naturally �-
isomorphic to C�h

0 (R
2). We will show that A = K(L2(R)). By Theorem

5.4.11, it will suÆce to show that A � K(L2(R)) and A is irreducible.
Since K(L2(R)) is closed, to prove the �rst assertion we need only

show that each ~Lf is in K(L2(R)). In fact, since k~Lfk � kf̂k1, passing
to the Fourier transform picture shows that every ~Lf is approximated

by linear combinations of operators ~Lf with f of the form f(x1; x2) =
f1(x1)f2(x2) for f1; f2 2 S(R). So it will be enough to show that every
operator of this form is compact.
Fix such a function f(x1; x2) = f1(x1)f2(x2). Then for g 2 S(R) we

have

~Lfg(x) =
1

2�

Z Z
f̂1(t1)f̂2(t2)e

it1(x+
1
2 �ht2)g(x+ �ht2) dt1dt2

=
1p
2�

Z
f1(x +

1

2
�ht2)f̂2(t2)g(x+ �ht2) dt2

=
1p
2�

Z
k(x; s)g(s) ds

where k(x; s) = 1
�hf1((s + x)=2)f̂2((s � x)=�h) and we have made the

substitution s = x+ �ht2. We have k 2 L2(R2).
Write k =

P
kmnhm(s)hn(x) where (hn) is the Hermite basis of L

2(R)
and (kmn) 2 l2(N�N). ThenZ

k(x; s)hi(s) ds =

Z X
m;n

kmnhm(s)hn(x)hi(s) ds

=
X
n

kinhn(x):

By linearity, this shows that ~Lf is an operator of the form given in the

lemma, and therefore ~Lf is compact. Thus A � K(L2(R)).
To verify irreducibility let a 2 R and for � > 0 �nd f �2 2 S(R) such

that f̂ �2 � 0,
R
f̂ �2 = 1, and f̂ �2 is supported on the interval [a� �; a+ �].

This can be done because the inverse Fourier transform takes C1c (R)
into S(R).
Now for any f1; g 2 S(R), de�ning f(x1; x2) = f1(x1)f2(x2) yields

~Lfg(x) =
1p
2�

Z
f1(x+

1

2
�ht2)f̂2(t2)g(x+ �ht2) dt2
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! 1p
2�

f1(x+
1

2
�ha)g(x+ �ha)

as � ! 0. That is, ~Lfg ! 1p
2�
MfT��hag where f(x) = f1(x + 1

2�ha).

Moreover, the convergence is uniform in g, so we conclude that the same
limit obtains, and hence 1p

2�
MfT��hag 2 Ag, for all g 2 L2(R). Since

a and f1 were arbitrary, this shows that Ag contains all L2 functions
whose support is contained in a translation of the support of g. Thus
Ag = L2(R) for any g 2 L2(R), and we conclude that A is irreducible.

Together with Proposition 5.4.4, this determines the structure of every
C�h
0 (R

2).

5.5 Quantum tori

Quantum tori are related to the quantum plane, but they are technically
easier to deal with owing to the fact that the Fourier transform takes
the torus T2 = R2=2�Z2 to the discrete space Z2.

First we describe the untransformed model. The underlying Hilbert
space is L2(T2). By analogy with the operators Us and Vt of Section
4.2, we de�ne

Uf(x1; x2) = eix1f(x1; x2 � 1

2
�h)

and

V f(x1; x2) = eix2f(x1 +
1

2
�h; x2)

for f 2 L2(T2). These are unitary operators, and they obey the com-
mutation relation UV = e�i�hV U .
We regard the operators U and V as \exponential functions" on a

quantum torus, so the C*-algebra they generate should be the algebra
of \continuous functions."

DEFINITION 5.5.1 Let C�h(T2) be the closed span in B(L2(T2))
of the operators UmV n for m;n 2 Z.

Equivalently, C�h(T2) is the C*-algebra generated by U and V .

The next result is trivial.

PROPOSITION 5.5.2

If �h = 0 then C�h(T2) �= C(T2).
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Now we pass to the Fourier transform picture. Let ~F2 : L2(T2) 7!
l2(Z2) be the Fourier transform given by

( ~F2f)mn =
1

2�

Z 2�

0

Z 2�

0

f(x1; x2)e
�i(mx1+nx2) dx1dx2

(cf. Example 2.3.6). Then conjugation by ~F2 gives rise to operators
Û = ~F2U ~F�12 and V̂ = ~F2V ~F�12 on l2(Z2) which satisfy

Ûem;n = e�i�hn=2em+1;n and V̂ em;n = ei�hm=2em;n+1

where fem;ng is the standard orthonormal basis of l2(Z2). More gener-
ally, for any k; l 2 Z de�ne

Lk;lem;n = ei�h(ml�nk)=2em+k;n+l = ei�hkl=2ÛkV̂ lem;n:

These are analogous to (a Fourier transform version of) the operators
Lt1;t2 of the last section.

Let Ĉ�h(T2) be the C*-algebra generated by the operators Û and V̂ .
It is �-isomorphic to C�h(T2) via conjugation by ~F2.
Any polynomial in Û and V̂ can be written as a �nite sum A =P
ak;lLk;l. We have the following basic facts.

PROPOSITION 5.5.3

Let A =
P

ak;lLk;l be a polynomial in the operators Lk;l. Then

Aem;n =
X
k;l

ei�h(ml�nk)=2ak;lem+k;n+l

and
hAem;n; em+k;n+li = ei�h(ml�nk)=2ak;l:

For any A 2 Ĉ�h(T2) we also have

hAem;n; em+k;n+li = ei�h(ml�nk)=2hAe0;0; ek;li:

The last part of this proposition holds for polynomials in the Lk;l by

direct computation, and for any A 2 Ĉ�h(T2) by continuity.
We regard the ak;l as the \Fourier coeÆcients" of

P
ak;lLk;l. The

preceding suggests that for any A 2 Ĉ�h(T2), not just polynomials, we
should de�ne the Fourier coeÆcients of A to be

ak;l = hAe0;0; ek;li:
We must then ask in what sense A =

P
ak;lLk;l. This is not true in

the sense of norm convergence; that already fails in the case �h = 0.
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(There exists a continuous function on the circle, and hence also one
on the torus, such that the partial sums of its Fourier series do not
converge uniformly.) Rather, we must follow the �h = 0 case and consider
convergence of Ces�aro means. We now proceed to do this.

DEFINITION 5.5.4 For A 2 Ĉ�h(T2) and m;n 2 Z de�ne

(a) ak;l(A) = hAe0;0; ek;li (the Fourier coeÆcients of A);
(b) sN (A) =

P
jkj;jlj�N ak;l(A)Lk;l (the partial sums of the Fourier se-

ries); and

(c) �N (A) =
1

(N+1)2

P
jkj;jlj�N(N+1�jkj)(N+1�jlj)ak;l(A) (the Ces�aro

means of the Fourier series).

In order to prove convergence in the Ces�aro sense of the Fourier series,
we need an alternative formula for the Fourier coeÆcients which involves
the unitary operators Me�i(sm+tn) on B(l2(Z2)) (s; t 2 R). In the un-
transformed picture, these are coordinate translations. ForA 2 B(l2(Z))
de�ne

�̂s;t(A) =Me�i(sm+tn)AM�1
e�i(sm+tn) :

We have the following result.

PROPOSITION 5.5.5

For any s; t 2 R and k; l 2 Z we have �̂s;t(Lk;l) = e�i(sk+tl)Lk;l. The

map �̂s;t restricts to a �-isomorphism from Ĉ�h(T2) onto itself. This

de�nes an action of R2 by automorphisms of Ĉ�h(T2). Moreover, for

any A 2 Ĉ�h(T2) the map (s; t) 7! �̂s;t(A) is continuous in norm.

PROOF It is clear that �̂s;t is a �-isomorphism from B(l2(Z2)) onto

itself. Since �̂s;t(Lk;l) = e�i(sk+tl)Lk;l (an easy computation) it follows

that �̂s;t takes polynomials in Û and V̂ to polynomials in Û and V̂ , and

by continuity it takes Ĉ�h(T2) into itself. As �̂�1s;t = �̂�s;�t has the same
property, it follows that �̂s;t maps Ĉ

�h(T2) onto itself. It is clear that

the map (s; t) 7! �̂s;t is a group homomorphism.

The equations �̂�1s;t = �̂�s;�t and �̂s;t Æ �̂s0;t0 = �̂s+s0;t+t0 are trivial, so

�̂ is an action of R2 by automorphisms of Ĉ�h(T2).

If A is a polynomial in the Lk;l, the above expression for �̂s;t(Lk;l)

shows that the map (s; t) 7! �̂s;t(A) is continuous in norm. For any

A 2 Ĉ�h(T2) and any � > 0, �nd a polynomial B in the Lk;l such that

kA�Bk � �=3 and �nd Æ > 0 such that jsj; jtj � Æ implies k�̂s;t(B)�Bk �
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�=3. Then jsj; jtj � Æ implies

k�̂s;t(A)�Ak � k�̂s;t(A�B)k+ k�̂s;t(B)� Bk+ kB �Ak � �:

This shows that the map (s; t) 7! �̂s;t(A) is norm continuous.

Now we can characterize the Fourier coeÆcients of A di�erently.

PROPOSITION 5.5.6

Let A 2 Ĉ�h(T2). Then

ak;l(A)Lk;l =
1

(2�)2

Z 2�

0

Z 2�

0

ei(sk+tl)�̂s;t(A) dsdt:

PROOF The integral is taken in the sense of De�nition 3.8.3. Since
�nite linear combinations of basis vectors em;n are dense in l2(Z2), it
suÆces to check equality when both sides are paired against these basis
vectors. But

1

(2�)2

Z 2�

0

Z 2�

0

ei(sk+tl)h�̂s;t(A)em;n; em0;n0i dsdt

=
1

(2�)2

Z 2�

0

Z 2�

0

ei(sk+tl)e�i((m
0�m)s+(n0�n)t)hAem;n; em0;n0i dsdt

=
n hAem;n; em0;n0i if m0 = m+ k and n0 = n+ l
0 otherwise

= hak;l(A)Lk;lem;n; em0;n0i:

So the desired equality holds.

Using this result, the proof that the Ces�aro means of A converge is an
easy adaptation of its proof in the classical case.

THEOREM 5.5.7

Let A 2 Ĉ�h(T2). Then �N (A)! A in norm.

PROOF Let KN be the Fej�er kernel,

KN (t) =

NX
n=�N

�
1� jnj

N + 1

�
eint =

1

N + 1

�
sin((N + 1)t=2)

sin(t=2)

�2

:

Then

A =
1

(2�)2

Z �

��

Z �

��
AKN (s)KN(t) dsdt
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since
R �
��KN (s)ds = 2�. Also

�N (A) =
1

(2�)2

Z �

��

Z �

��
�̂s;t(A)KN (s)KN (t) dsdt

by Proposition 5.5.6. Therefore

A� �N (A) =
1

(2�)2

Z Z
(A� �̂s;t(A))KN (s)KN (t) dsdt

=
1

(2�)2

Z Z
(A� �̂s;0(A))KN (s)KN (t) dsdt

+
1

(2�)2

Z Z
�̂s;0(A� �̂0;t(A))KN (s)KN (t) dsdt

=
1

2�

Z
(A� �̂s;0(A))KN (s) ds

+
1

(2�)2

Z
�̂s;0

�Z
(A� �̂0;t(A))KN (t) dt

�
KN (s) ds:

This reduces the problem to showing that both of the last two integrals
go to zero as N !1.

The �rst integral is small for large N since the map s 7! (A� �̂s;0(A))
is norm continuous and is zero for s = 0, while 1

2�

R jKN (s)jds = 1 and
for any � > 0 we have

R
jsj�� jKN(s)jds ! 0 as N ! 1. The same

argument shows that the inner part of the second integral is small, from
which it follows that the whole second integral is small because �̂s;0 is
an isometry and 1

2�

R jKN (t)jdt = 1.

Unlike the quantum plane, quantum tori cannot be scaled onto each
other for di�erent values of �h. In fact, the C*-algebras C�h(T2) are
generally not �-isomorphic for di�erent values of �h. We will not prove
the full uniqueness result, but only the fact that C�h(T2) 6�= C�h0(T2) if �h
is a rational multiple of � and �h0 is an irrational multiple of �. We need
the following interesting fact.

THEOREM 5.5.8

Let H be a Hilbert space, suppose �h is an irrational multiple of �, and
let ~U; ~V 2 B(H) be unitaries which satisfy ~U ~V = e�i�h ~V ~U . Then the
C*-algebra C�( ~U; ~V ) generated by ~U and ~V has no proper C*-ideals. In
particular, this is true of C�h(T2).

PROOF For each m;n 2 Z and A 2 C�( ~U; ~V ) de�ne

~�s;t(A) = ( ~Um ~V n)A( ~Um ~V n)�1
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where s = ��hn + 2�k, t = �hm + 2�l, and k and l are arbitrary. Note
that since �h=� is irrational, distinct values of k and n give rise to distinct
values of s and distinct values of l and m give rise to distinct values of
t, so ~�s;t is well-de�ned. We have ~�s;t( ~U) = e�is ~U and ~�s;t( ~V ) = e�it ~V
for all s; t (so it agrees with the automorphism �̂s;t on Ĉ�h(T2)).

The values of s and t for which ~�s;t is de�ned are dense inR. Moreover,

it is clear that the map (s; t) 7! ~�s;t(A) extends to a norm continuous

map from R2 into C�( ~U; ~V ) if A = ~U or ~V . Norm continuity of the sum
and product in B(H) implies that the same is true of any polynomial in
~U and ~V , and it then holds for every A 2 C�( ~U; ~V ) by an �=3 argument.
Thus, ~�s;t extends to an action of R2 on C�( ~U; ~V ) by automorphisms,

which we also denote by ~�s;t.

Consider the map � : C�( ~U; ~V )! C�( ~U; ~V ) de�ned by

�(A) =
1

(2�)2

Z 2�

0

Z 2�

0

~�s;t(A) dsdt:

We have �(I) = I and �( ~Um ~V n) = 0 when m and n are not both zero.
By continuity, �(A) is a complex multiple of I for every A 2 C�( ~U; ~V ).
Now let I be a nonzero C*-ideal of C�( ~U; ~V ) and choose A 2 I, A 6= 0.

Let v 2 H satisfy Av 6= 0. Then

h~�0;0(A�A)v; vi = hA�Av; vi = kAvk2 > 0;

and

h~�s;t(A�A)v; vi = h~�s;t(A)�~�s;t(A)v; vi = k~�s;t(A)vk2 � 0

for all s; t. Since h~�s;t(A�A)v; vi is a continuous function of s and t, it
follows that h�(A�A)v; vi > 0. In particular, �(A�A) 6= 0.
But the integral which de�nes �(A�A) is approximated in norm by

�nite sums of the form
1

N

X
~�s;t(A

�A)

where (s; t) ranges over a discrete N -element subset of T2; as each term
of such a sum belongs to I, we must have �(A�A) 2 I. We conclude
that I contains a nonzero multiple of the identity operator, and hence
that I = C�( ~U; ~V ).

COROLLARY 5.5.9

Under the same hypotheses as the theorem, C�( ~U; ~V ) �= C�h(T2).

PROOF For k = 1; 2 suppose ~Uk; ~Vk 2 B(Hk) are unitaries which
satisfy ~Uk ~Vk = e�i�h ~Vk ~Uk. Then let A � B(H1 �H2) be the C*-algebra
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generated by the unitary operators ~U1 � ~U2 and ~V1 � ~V2. These oper-
ators satisfy the commutation relations required by the theorem, so we
conclude that A has no proper C*-ideals.
Consider the restriction maps �k : A ! C�( ~Uk; ~Vk). These are unital

�-homomorphisms, and �k(A) contains ~Uk and ~Vk, so the kernel of �k
is not all of A. Since A has no proper C*-ideals, it follows that �k has
null kernel, and hence is a �-isomorphism. Therefore

C�( ~U1; ~V1) �= A �= C�( ~U2; ~V2):

In particular, this is true if we take ~U1 = U and ~V1 = V to be the
generators of C�h(T2).

The theorem and corollary both fail when �h is a rational multiple of
�. Suppose �h = 2�p=q with p; q 2 N and consider the operators ~U and
~V acting on l2((Z=q)2) by the some formulas as Û and V̂ , namely

~Uem;n = e�i�hn=2em+1;n and ~V em;n = ei�hm=2em;n+1;

but now with m;n 2 Z=q. It is easy to check that ~U ~V = e�i�h ~V ~U still
holds, so Corollary 5.5.9 clearly fails, as C�( ~U; ~V ) is �nite dimensional.
We claim that there is a �-homomorphism from Ĉ�h(T2) to C�( ~U; ~V )

which takes Û to ~U and V̂ to ~V ; this will imply that Ĉ�h(T2) has a
proper C*-ideal, and hence is not �-isomorphic to Ĉ�h0(T2) for �h0 any
irrational multiple of �.

Since ~U and ~V obey the same commutation relation as Û and V̂ ,
the map Û 7! ~U , V̂ 7! ~V extends �-homomorphically to the �-algebra
generated by Û and V̂ . To prove the claim we must show that this map
is contractive, i.e., kf( ~U; ~V )k � kf(Û ; V̂ )k for any function f of the
form f(x; y) =

P
jkj;jlj�N ak;lx

kyl. Now given w = (bm;n) 2 l2((Z=q)2)

(0 � m;n < q) and M > 0, de�ne wM 2 l2(Z2) by

wM
m+kq;n+lq =

n
bm;n for jkj; jlj �M
0 otherwise.

Then

kf(Û ; V̂ )wMk=kwMk ! kf( ~U; ~V )wk=kwk
as M ! 1. This implies that kf( ~U; ~V )k � kf(Û ; V̂ )k, as desired. We
have proven:

COROLLARY 5.5.10

If �h is a rational multiple of � then C�h(T2) has a proper C*-ideal. If
also �h0 is an irrational multiple of � then C�h(T2) 6�= C�h0(T2).
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5.6 The GNS construction

We have seen several instances of apparently di�erent C*-algebras which
turned out to be �-isomorphic. In such cases it can be helpful to draw a
distinction between the abstract C*-algebra, viewed as a Banach space
equipped with a product and an involution, and its realization(s) as a
C*-subalgebra of B(H).
In keeping with this point of view, we now present a general technique

for �nding �-homomorphisms from a given C*-algebra into some B(H).
Here the order structure in C*-algebras becomes important.

DEFINITION 5.6.1 For A;B 2 B(H) we de�ne A � B if hAv; vi �
hBv; vi for all v 2 H. We say A is positive if A � 0.

A multiplication operator Mf is positive if and only if f � 0 almost
everwhere, and it follows from the spectral theorem that A � kAkI for
all self-adjoint A 2 B(H). It is also easy to see that A � B implies
C�AC � C�BC for all A;B;C 2 B(H).

PROPOSITION 5.6.2

Let A 2 B(H). The following are equivalent:

(a) A is positive;
(b) A is self-adjoint and sp(A) � [0;1); and
(c) A = B�B for some B 2 B(H).

PROOF

(a) ) (b): Suppose hAv; vi � 0 for all v 2 H. Then by polarization

hAv;wi =
3X

k=0

(�i)k 
A(v + ikw); (v + ikw)
�

=

3X
k=0

(�i)k 
A(w + (�i)kv); (w + (�i)kv)�
= hAw; vi;

so A is self-adjoint. By the spectral theorem we may suppose A is
multiplication by some bounded real-valued function f on some L2(X);
then positivity easily implies that f � 0 almost everywhere, so that
sp(A), which is the essential range of f (Example 3.2.2), is contained in
[0;1).
(b) ) (c): Suppose A is self-adjoint and sp(A) � [0;1). Then with-

out loss of generality A =Mf , and the spectrum condition implies that
f � 0 almost everywhere. Thus A =M2

g =M�
gMg where g =

p
f .
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(c) ) (a): Suppose A = B�B. Then for any v 2 H we have

hAv; vi = hB�Bv; vi = hBv;Bvi = kBvk2 � 0;

so A � 0.

By functional calculus, if A belongs to a unital C*-algebra A and
A � �I is invertible in B(H), then (A � �I)�1 2 A. Thus, part (b)
of Proposition 5.6.2 shows that positivity of an element of an abstract
C*-algebra A is independent of the realization of A in B(H). That is,
positivity is well-de�ned in abstract C*-algebras.
Next we describe the objects that are used to construct representa-

tions.

DEFINITION 5.6.3 Let A be a C*-algebra. A state on A is a
bounded linear functional ! 2 A� such that k!k = 1 and A � B implies
!(A) � !(B).
More generally, a weight on A is a linear map ! from a dense �-

subalgebra of A into C with the property that A � B implies !(A) �
!(B).

Observe that by functional calculus any self-adjoint operator A can
be written as a di�erence of positive operators, so !(A) must be real for
any state or weight !.
If A is unital, states can equivalently be de�ned as linear functionals

! which preserve positivity and satisfy !(IA) = 1. This can be shown
as follows. If ! preserves positivity then for any self-adjoint A 2 A we
have

!(A) � !(kAkIA) = kAk!(IA);
then for any A 2 A, letting a = !(A) we have

j!(A)j2 = !(aA) = !(Re aA+ iImaA)
= !(Re aA) � kRe aAk!(IA) � jaj!(IA)kAk:

Thus k!k � !(IA). The reverse inequality is automatic, so we conclude
that in the presence of positivity and a unit we have k!k = !(IA).

Example 5.6.4

Let X be a compact Hausdor� space and let � be a regular Borel
measure on X with the property that any x 2 X has a neighborhood
O such that �(O) <1. Then integration against � de�nes a weight
on C(X) whose domain is L1(�) \ C(X). It is a state if and only if
� is a probability measure.
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Example 5.6.5

Let A � B(H) be a C*-algebra and let v 2 H be a unit vector. Then
A 7! hAv; vi is a state on A.

As the second example indicates, the concept of a state on a C*-
algebra is related to the physical notion of a state. The next theorem,
which describes the so-called GNS construction, is a kind of converse.
Let A be a C*-algebra and ! : A0 ! C a weight. De�ne a pseudo

inner product on A0 by setting hA;Bi = !(B�A). Let H! denote the
Hilbert space formed by factoring out null vectors and completing, and
write �A for the element of H! corresponding to A 2 A0.

THEOREM 5.6.6

Let A be a C*-algebra and let ! : A0 ! C be a weight on A. Then there
is a unique �-homomorphism � : A ! B(H!) such that �(A) �B = AB
for all A;B 2 A0. If A is unital and ! is a state, then �IA is a unit vector
in H! and we have !(A) = h�(A)�IA; �IAi.

PROOF Let A 2 A0. We show �rst that the map �B 7! AB de�nes a
bounded operator �(A) on H! of norm at most kAk. This is so because
B�A�AB � kA�AkB�B, and hence

kABk2 = !(B�A�AB) � kA�Ak!(B�B) = kAk2k �Bk2:

Thus we have a contraction � : A0 ! B(H!). It is clearly linear, and it
preserves products and adjoints because

�(AB) �C = ABC = �(A)�(B) �C

and

h�(A) �B; �Ci = !(C�AB) = !((A�C)�B) = h �B; �(A�) �Ci

for all A;B;C 2 A0. Since � is contractive on A0 it extends to a
�-homomorphism from A into B(H!). Uniqueness of � follows from
density of A0 in A.
If A is unital and ! is a state, the remark made after De�nition 5.6.3

implies that k�IAk2 = !(IA) = 1. The �nal assertion is trivial.

It follows from this theorem that if ! is a state on a unital C*-algebra
A then there is a representation of A on a Hilbert space H (i.e., a �-
homomorphism from A into B(H)) which contains a unit vector that
gives rise to the state in the manner of Example 5.6.5.
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Next we indicate how some of the representations we have been using
can be obtained from the GNS construction.

Example 5.6.7

(a) Consider the quantum torus algebra Ĉ�h(T2) � B(l2(Z2)). The
map !(A) = hAe0;0; e0;0i is a state on Ĉ�h(T2), and the GNS con-
struction gives rise to a representation of Ĉ�h(T2) which is equivalent
to the original representation on l2(Z2). The identi�cation of H!

with l2(Z2) takes �Lk;l to ek;l.

The state ! can also be de�ned on C�h(T2) in terms of the automor-
phisms ~� used in the proof of Theorem 5.5.8: we have � (A) = !(A)I.
This de�nition is less circular than the one above because it does not
depend on already having the l2(Z2) representation.

(b) For the noncommutative plane algebra C�h
0 (R

2), we have a weight
de�ned by !(Lf ) = 2�f̂ (0; 0) =

R
f for f 2 S(R2). Then the GNS

construction gives rise to our representation of C�h
0 (R

2) on L2(R2).
In particular, for f; g 2 S(R2) we have

!(L�gLf ) = !(L�g��hf ) =

Z
f�g;

so the correspondence of �Lf 2 H! with f 2 S(R2) � L2(R2) is
isometric.

We now indicate why we call the L2(R2) model of the quantum plane
the \tracial" representation. For certain Hilbert space operators it is
possible to de�ne a trace in a way that generalizes the trace of �nite
dimensional matrices (see Section 6.3). The operators ~Lf 2 B(L2(R))

fall into this category, and we have tr(~Lf ) =
1

2��h

R
f for f 2 S(R2).

Thus, 2��h times the trace on B(L2(R)) restricts to a weight on C�h
0 (R

2)
such that the resulting GNS representation is the L2(R2) model.
C*-algebras can be characterized abstractly. They are just those

Banach algebras equipped with an antilinear involution � such that
(��)� = ���� and k���k = k�k2 for all �; �. This result, known as
the Gelfand-Neumark theorem, is proven by using the GNS construction
to �nd a Hilbert space representation of such an abstractly given alge-
bra. It is presented in nearly every standard exposition of C*-algebras;
we will not prove it here, because it requires signi�cant Banach algebra
preliminaries that we prefer to avoid.
Actually, one often does not need to use the Gelfand-Neumark theo-

rem, because C*-algebras are usually de�ned in terms of their represen-
tations, or can at least be given a representation without much e�ort.
The most prominent exception is the quotient construction, which is
not evidently represented on any Hilbert space but is in fact always an
abstract C*-algebra. One can prove this using the Gelfand-Neumark
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theorem, but it is not much more diÆcult to prove it directly from The-
orem 5.6.6; we do this now.
For any C*-ideal I of a C*-algebra A, write

kA+ Ik = inffkA+Bk : B 2 Ig
for the quotient norm in A=I.

LEMMA 5.6.8

Let I be a C*-ideal of a unital C*-algebra A and let A 2 A. Then
kA�A+ Ik = kA+ Ik2.

PROOF One inequality is easy: for any B 2 I we have

kA�A+ Ik � k(A� +B�)(A+B)k = kA+Bk2;
and taking the in�mum over B 2 I yields kA�A+ Ik � kA+ Ik2.
For the converse, observe �rst that if A is self-adjoint then

kA+ Ik = inffkA+ Bk : B 2 I; B = B�g
because for any B we have

kA+ReBk � 1

2
(kA+Bk+ kA+B�k) = kA+Bk:

Thus let A 2 A and B 2 I be self-adjoint and let � > 0. For any real-
valued f 2 C(sp(B)) such that f(0) = 0, 0 � f(x) � 1 for all x, and
f(x) = 1 for jxj � � we have

kA�A+Bk � k(A�A+B)(IA � f(B))k
� kA�A(IA � f(B))k � kB(IA � f(B))k
� kA�A(IA � f(B))k � �
� k(IA � f(B))A�A(IA � f(B))k � �
= kA(IA � f(B))k2 � �
� kA+ Ik2 � �:

Finally, taking the in�mum over all self-adjoint operators B 2 I yields
kA�A+ Ik � kA+ Ik2 � �, which is enough.

We need one other, slightly more technical lemma.

LEMMA 5.6.9

Let I be a C*-ideal of a unital C*-algebra A and let A 2 A be positive.
Then

kA+ bIA + Ik � ��kA+ Ik+ b
��
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for all b 2 R.

PROOF Say A � B(H). First consider the case b � �kA+ Ik. Let
B 2 I; as in Lemma 5.6.8, we may assume B = B�. Fix � > 0 and a
real-valued function f 2 C(sp(B)) such that f(0) = 0, 0 � f(x) � 1 for
all x, and f(x) = 1 for jxj � �, just as in the proof of Lemma 5.6.8. Let
U = f(B). Find a unit vector v0 2 H such that

h(I � U)A(I � U)v0; v0i � k(I � U)A(I � U)k � �

and let w0 = (I � U)v0=k(I � U)v0k. Then choose g 2 C(sp(B)) such
that g(x) = 0 for jxj � �, 0 � g(x) � 1 for all x, and g(x) = 1 for
jxj � 2�. Let V = g(B). Then (1� g)(1� f) = 1� f , so

k(A+ bI)(I � V )k � h(A+ bI)(I � V )w0; (I � V )w0i
= h(A+ bI)(I � U)v0; (I � U)v0i=k(I � U)v0k2
� k(I � U)A(I � U)k+ b� �
� kA+ Ik+ b� �:

But

kA+ bI +Bk � k(A+ bI +B)(I � V )k � k(A+ bI)(I � V )k � 2�

as in Lemma 5.6.8, so we conclude that kA+bI+Bk � kA+Ik+b�3�.
Taking �! 0 completes the proof in the case b � �kA+ Ik.
If b < �kA+Ik then let B0 2 I satisfy B�0 = B0 and kA+B0k < �b.

Then A0 = kA+B0kI � (A+B0) is positive, so the b � �kA+ Ik case
implies

kA+ bI +B0 �Bk = kA0 � (kA+B0k+ b)I +Bk
� kA0 + Ik � (kA+B0k+ b)
� ��kA+B0k+ b

��
for all B 2 I. Thus

kA+ bI + Ik � ��kA+B0k+ b
��;

and taking the in�mum over B0 yields the desired inequality.

THEOREM 5.6.10

Let I be a C*-ideal of a C*-algebra A. Then there is a Hilbert space H
and a �-isomorphism from A=I into B(H).

PROOF It is clear that the product and �-operation on A descend to
A=I. We will �nd a Hilbert space H and a �-homomorphism � : A ! H
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such that ker(�) = I and k�(A)k = kA + Ik for all A 2 A. If A has
no unit we can adjoin one without loss of generality, because I will still
be an ideal of A+ and A=I will be a C*-subalgebra of A+=I. Thus, we
assume A is unital.
For any positive element A 2 A, let

E = faA+ bIA +B : a; b 2 R; B 2 I; B = B�g
be the self-adjoint part of the span of the ideal I and the elements A
and IA. Then de�ne !1 : E ! R by

!1(aA+ bIA +B) = a � kA+ Ik+ b:

(This map is not obviously well-de�ned if A = b0IA+B0 for some b0 2 C
and B0 2 I. One can either prove that it indeed is well-de�ned even
in this case using Lemma 5.6.9 with A = 0, or one can observe that
this particular case is not actually needed in the sequel.) Lemma 5.6.9
implies that k!1k � 1, and since !1(IA) = 1 we have k!1k = 1. By
the Hahn-Banach theorem we can extend !1 to a real linear functional
!2 on the self-adjoint part of A with k!2k = 1. Moreover, if B 2 A is
positive then kBkIA �B has norm at most kBk, so

kBk � !2(B) = !2(kBkIA �B) � kBk;
and hence !2(B) � 0. Thus the complex linear extension ! of !2 to A
is a state.
For each positive A 2 A let ! be such a state and let �! : A ! B(H!)

be the �-homomorphism given by Theorem 5.6.6; then let

� =
M

�! : A ! B
�M

H!

�
be the direct sum of these �-homomorphisms. It is clearly itself a �-
homomorphism and hence a contraction, and its kernel contains I, so
it descends to a contraction from A=I into B(

LH!). Conversely, for
each A 2 A we have

h�!(A�A)�IA; �IAi = !(A�A) = kA�A+ Ik
for some !, so

k�(A)k2 = k�(A�A)k � kA�A+ Ik = kA+ Ik2

(using Lemma 5.6.8). Thus � is isometric for the quotient norm. This
completes the proof.

Thus, quotients of C*-algebras are themselves C*-algebras.
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Since separable Hilbert spaces are better-behaved than nonseparable
ones, it is worth pointing out that we can take H to be separable in
Theorem 5.6.10 provided A is a separable C*-algebra. For it is suÆcient
to ensure that � be isometric on a countable dense subset of A, so that
we only need to use countably many states !, and it is also easy to see
that each H! is separable if A is. So H =

L
H! will also be separable.

5.7 Notes

Basic material on C*-algebras is covered in many texts. Besides the
books cited in earlier chapters, we also mention [40] on this topic.
For more on the quantum plane see [60], and for more on quantum tori

see [60] and [16]. The latter are also called irrational rotation algebras
when �h=� is irrational, the case of greatest interest. Our treatment
of K(H) in Section 5.4 follows [3]. The discussion of Fourier series on
noncommutative tori in Section 5.5 follows [71].
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Chapter 6

Von Neumann algebras

6.1 The algebras l1(X)

In this chapter we discuss quantum measure theory. This is formally
rather similar to quantum topology; in both cases we treat the given
structure (topological or measure theoretic) in terms of the algebra of
complex-valued functions which are compatible with that structure. The
algebras which arise in the latter case are actually a special case of the
former: every von Neumann algebra is a C*-algebra (although this is
not always the best way to think about them).

We begin with the functional analytic objects which re
ect pure set
theoretic structure, the algebras l1(X). The theory of these algebras
closely parallels that of the algebras C(X) presented in Section 5.1. The
key di�erence is that l1(X) �= l1(X)� is always a dual space, and the
weak* topology is favored over the norm topology.

Two observations about the weak* topology on l1(X) will be used
repeatedly. First, if (f�) is a bounded net in l1(X) then f� ! f weak*
if and only if f� ! f pointwise. The forward direction follows by pairing
with the characteristic functions �x 2 l1(X): we have

f�(x) =
X

f��x !
X

f�x = f(x)

for all x 2 X . Conversely, if f� ! f pointwise then
P

f�g !
P

fg for
every �nitely supported function g 2 l1(X); since (f�) is bounded, an
�=3 argument then shows that

P
f�g !

P
fg for all g 2 l1(X).

Second, we require the Krein-Smulian theorem, which states that a
linear subspace E of a dual Banach space V is weak* closed if and only
if the intersection of E with the closed unit ball of V is weak* closed.
That is, E is weak* closed if it is stable under weak* convergence of
bounded nets. This means that we usually only need to consider weak*
topologies on bounded sets, where they are typically easier to describe,
as we just saw for l1(X).
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126 Chapter 6: Von Neumann algebras

The following are the basic concepts surrounding l1 spaces. As in
De�nition 5.1.1, we immediately formulate the fundamental de�nitions
at a level of generality that encompasses the noncommutative (quantum)
setting.

DEFINITION 6.1.1 Let M be a dual Banach space equipped with
a product and an involution.

A W*-subalgebra of M is a weak* closed C*-subalgebra of M.

A W*-ideal of M is a weak* closed C*-ideal of M.

If M is unital, the weak* spectrum of M is the set sp�(M) of all
weak* continuous, unital �-homomorphisms from M to C.

The main tool we need in this section is a version of the Stone-
Weierstrass theorem for l1(X). It follows easily from the next lemma.

LEMMA 6.1.2

Let M be a unital W*-subalgebra of l1(X), let f 2 M be real-valued,
and let S � R. Then �f�1(S) 2 M.

PROOF Let a = kfk1 and let (g�) � C[�a; a] be a bounded net of
continuous functions which converges pointwise to �S on [�a; a]. By the
Stone-Weierstrass theorem, we may assume every g� is a polynomial.
Then the net (g� Æ f) is bounded in M and converges pointwise to
�S Æ f = �f�1(S), so this limit also belongs to M by weak* closure of
M in l1(X).

PROPOSITION 6.1.3

Let X be a set and let M be a unital W*-subalgebra of l1(X) which
separates points. Then M = l1(X).

PROOF Let g 2 l1(X) and let x; y 2 X be distinct. Then there
exists f 2M such that f(x) 6= f(y), and by the lemma the characteristic
function of some set which contains x but not y will belong to M. By
taking products of such functions, for any �nite set S � X not containing
x we can �nd in M a characteristic function which vanishes on S and
takes the value 1 on x. But �x is a weak* limit of such functions, so
�x 2M. As this is true for every x 2 X , we conclude that M contains
every �nitely supported function, and hence, by weak* closure, it equals
l1(X).

Now we proceed to the relation between algebraic structure in l1(X)
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and set theoretic structure in X . Quotients and subalgebras are related
in the l1(X) setting in the same way they are related in the C(X)
setting.

Example 6.1.4

Let � : X ! Y be a surjection. Then the map C� : f 7! f Æ �
weak* continuously and �-isomorphically embeds l1(Y ) in l1(X),
and C�(l

1(Y )) is a unital W*-subalgebra of l1(X).

In this example the fact that C�(l
1(Y )) is weak* closed in l1(X) is a

consequence of the Krein-Smulian theorem. If (C�f�) is a bounded net
in C�(l

1(Y )) and C�f� ! g pointwise, then (f�) is bounded in l1(Y )
so we can pass to a subnet which converges pointwise to f 2 l1(Y ), and
then weak* continuity implies that C�f = g. Thus C�(l

1(Y )) is weak*
closed.

PROPOSITION 6.1.5

Let X be a set and let M be a unital W*-subalgebra of l1(X). Then
there is a set Y and a surjection � : X ! Y such that M = C�(l

1(Y )).

PROOF For x; y 2 X let x � y if f(x) = f(y) for all f 2 M. Take
Y = X= � and let � : X ! Y be the projection map. Then the map
C� : f 7! f Æ � takes l1(Y ) �-isomorphically into l1(X), and as every
function in M respects � it follows that M is contained in the image
of l1(Y ) under C�. Also, C�

�1 takes M onto a unital W*-subalgebra
of l1(Y ) which separates points, and hence onto l1(Y ) by Proposition
6.1.3. Thus M = C�(l

1(Y )).

Next, we turn to ideals and subsets.

Example 6.1.6

Let X be a set and let K � X. Then I = ff 2 l1(X) : f jK = 0g is
a W*-ideal of l1(X).

PROPOSITION 6.1.7

Let X be a set and let I be a W*-ideal of l1(X). Then there is a subset
K � X such that I = ff 2 l1(X) : f jK = 0g.

PROOF LetK = fx 2 X : f(x) = 0 for all x 2 Ig and let g 2 l1(X)
satisfy gjK = 0; we must show that g 2 I. Let I+ = I +C � 1X ; then
I+ is a unital W*-subalgebra of l1(X). Observe that if x; y 62 K then
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x and y are not identi�ed by the equivalence relation in the proof of
Proposition 6.1.5. Thus, that result implies g 2 I+. If K 6= ; then this
immediately yields g 2 I.
However, if K = ; then the ideal property implies that for every

x 2 X the characteristic function �x belongs to I. Thus every �nitely
supported function on X belongs to I, and weak* closure then implies
I = l1(X).

The following three corollaries are all routine; their proofs are similar
to, but easier than, those of the corresponding results in Section 5.1.

COROLLARY 6.1.8

If I is a W*-ideal of l1(X) then l1(X)=I �= l1(K), where K � X is
the set of points on which every function in I vanishes.

For each x 2 X let x̂ : f 7! f(x) be the corresponding evaluation
functional on l1(X).

COROLLARY 6.1.9

The correspondence x$ x̂ is a bijection between X and sp�(l1(X)).

COROLLARY 6.1.10

The weak* continuous, unital �-homomorphisms from l1(X) to l1(Y )
are in a natural bijection with the functions from Y to X .

6.2 The algebras L1(X)

There are results for L1(X) (for X a �-�nite measure space) which are
analogous to some of the results of the last section for l1(X). The main
di�erence is that the role of a \quotient" of X is played here by a coarser
�-algebra on X .
If X is �-�nite then L1(X) �= L1(X)�, and for a bounded net (f�)

in L1(X) we have f� ! f weak* if and only if
R
S
f� !

R
S
f for all

�nite measure subsets S of X . The forward implication is simply a
consequence of the fact that �S 2 L1(X), because

R
S f =

R
f�S is the

pairing of f 2 L1(X) with �S . For the reverse implication, observe
that if

R
S f� !

R
S f for all S � X of �nite measure, then

R
f�g !

R
fg

for all simple functions g 2 L1(X), by linearity; then density of the
simple functions in L1(X) and the fact that (f�) is bounded imply thatR
f�g !

R
fg for all g 2 L1(X), i.e., f� ! f weak*.

Again, before proceeding we need a Stone-Weierstrass theorem for
L1(X).
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LEMMA 6.2.1

Let X be a �-�nite measure space, let M be a unital W*-subalgebra of
L1(X), let f 2 M be real-valued, and let S � R be Borel measurable.
Then �f�1(S) 2M.

PROOF Let a = kfk1. The map � 7! �(S) is a bounded linear
functional of norm one on M [�a; a] �= C[�a; a]�, so there is a bounded
net (g�) � C[�a; a] which converges to it weak*. That is, we haveR
g�d�! �(S) for all � 2M [�a; a]. By the Stone-Weierstrass theorem

we may assume each g� is a polynomial.

Let h 2 L1(X). Then the map g 7! R
X
(g Æ f)h is a bounded linear

functional on C[�a; a], so there is a measure � 2 M [�a; a] such thatR
X(g Æ f)h =

R
gd� for all g. Then �(K) =

R
f�1(K) h holds for any

closed set K � [�a; a] and hence for every Borel set. Therefore

Z
X

(g� Æ f)h =

Z
g�d�! �(S) =

Z
X

�f�1(S)h:

This shows that g� Æ f ! �f�1(S) weak*, and so �f�1(S) 2M.

PROPOSITION 6.2.2

Let X be a �-�nite measure space and suppose M is a unital W*-
subalgebra of L1(X) which measurably separates points. Then M =
L1(X).

PROOF Let 
 be the smallest �-algebra with respect to which every
function in M is measurable and let 
0 be the collection of sets S � X
such that �S 2 M. The lemma implies that 
0 generates 
 as a �-
algebra. But 
0 is a �-algebra itself, so 
0 = 
. By the de�nition of
measurable separation of points (De�nition 5.2.3), it follows that M
contains the characteristic function of every measurable set, and hence
M = L1(X).

Now we show how W*-subalgebras correspond to sub �-algebras.

Example 6.2.3

Let X and Y be �-�nite measure spaces and let � : X ! Y be a
measurable surjection such that ��1(S) is null in X if and only if
S is null in Y . De�ne M = ff Æ � : f 2 L1(Y )g; this is a unital
W*-subalgebra of L1(X), and the map C� : f 7! f Æ � is a weak*
continuous �-isomorphism from L1(Y ) onto M.
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In this example the map C� is well-de�ned because the inverse image
under � of a null set is null, and it is an isometry because the inverse
image of a positive measure set has positive measure.

To see that M is weak* closed in the example, let 
 be the �-algebra


 = f��1(S) : S � Y is measurableg:

It is contained, perhaps properly, in the �-algebra of measurable subsets
of X . Let � and � be the original measures on X and Y , and let �0

be the inverse image of �, de�ned on 
. Possibly replacing � and �
with equivalent measures, we may assume that � is �nite and �(S) =
�(��1(S)) for all measurable S � Y , so that �0 = �j
. Then M =
L1(X;�0). (It is clear that every function in M is �0-measurable, and
converselyM contains the characteristic function of every �0-measurable
set, so it contains L1(X;�0).)

Now let (f�) be a bounded net in M and suppose f� ! f weak* in
L1(X). Since � is assumed to be �nite, we have L2(X;�) � L1(X;�).
Then hf; gi = 0 for every g 2 L2(X;�) which is orthogonal toM because
hf�; gi = 0 for every such g, for all �. Thus f belongs to the closure
of M in L2(X;�), which is clearly L2(X;�0), and since f is essentially
bounded this implies f 2 M. Thus, M is weak* closed.

PROPOSITION 6.2.4

Let X be a �-�nite measure space and let M be a W*-subalgebra of
L1(X). Then there is a �-�nite measure space Y and a measurable
surjection � : X ! Y such that ��1(S) is null in X if and only if S is
null in Y , and M = C�(L

1(Y )).

PROOF Let � be the given measure on X ; possibly replacing it
with an equivalent measure, we may assume it is �nite. Let 
 be the
�-algebra generated by the sets f�1(S) for S � R Borel measurable and
f 2 M; let � = �j
; and let Y be the set X equipped with the measure
�. The identity map � : X ! Y is then a measurable surjection for
which ��1(S) is null in X if and only if S is null in Y .

It is clear thatM� L1(Y ), and the reverse containment follows from
Proposition 6.2.2.

Next we characterize W*-ideals.

Example 6.2.5

Let X be a �-�nite measure space and let K � X be a measurable
subset. Then
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I = ff 2 L1(X) : f jK = 0g

is a W*-ideal of L1(X).

PROPOSITION 6.2.6

Let I be a W*-ideal of L1(X). Then there is a measurable subset K of
X such that I = ff 2 L1(X) : f jK = 0g.

PROOF Let � be the collection of subsets S � X with the property
that �S 2 I. Ordered by inclusion, it is easy to see that � is directed
upwards. Then the net (�S) for S 2 � converges weak* because every
function in L1(X) can be written as a linear combination of positive
functions in L1(X), and

R
�Sh converges for every positive h 2 L1(X).

So there must exist f 2 I such that �S ! f weak*.

Now f is the characteristic function of a set K 0 � X with the property
that every S 2 � is almost everywhere contained inK 0. LettingK = X�
K 0, the fact that �K0 2 I and the ideal property of I imply that every
function which vanishes almost everywhere on K is in I. Conversely, if
f 2 I and f does not vanish almost everywhere on K then (again using
the ideal property of I) it follows that I contains the characteristic
function of some positive measure subset of K. But this contradicts the
de�nition of K, so every function in I must vanish on K.

PROPOSITION 6.2.7

Let I = ff 2 L1(X) : f jK = 0g be a weak* closed ideal of L1(X).
Then L1(X)=I �= L1(K).

The last proposition is trivial.

6.3 Trace class operators

Like l1(X) and L1(X), B(H) is a dual space. The goal of the present
section is to prove this result. Then we will discuss its W*-subalgebras
and ideals in the following sections.

It is not too hard to prove that B(H) is a dual space using abstract
methods. However, we prefer to spend a little time describing its predual
concretely. The predual of B(H) is naturally realized as an ideal (but
not weak* closed, or even norm closed) in B(H), much as l1(X) is an
ideal in l1(X). It is called the \ideal of trace class operators on H."
We develop the properties of trace class operators through a series of

lemmas.
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LEMMA 6.3.1

Let A 2 B(H) be positive. If the sum
P hAe�; e�i is �nite for some

orthonormal basis (e�) of H then it is �nite, and converges to the same
value, for every orthonormal basis. If this happens then A is compact.

PROOF Let (e�) and (~e~�) be orthonormal bases of H. Then
X
�

hAe�; e�i =
X
�

kA1=2e�k2 =
X
�;~�

hA1=2e�; ~e~�i2

where A1=2 is de�ned by functional calculus, and similarly we haveP
~� hA~e~�; ~e~�i =

P
�;~� hA1=2~e~�; e�i2. Thus the two sums are equal; in

particular, if one is �nite so is the other.
Now suppose A is not compact. By Proposition 5.4.9 it follows that

there exists � > 0 such that E(S) is in�nite dimensional, where E is
the spectral measure of A and S = fx 2 sp(A) : jxj � �g. Letting (e�)
be an orthonormal basis of H which contains an orthonormal basis of
E(S), we then have hAe�; e�i � � for every e� 2 E(S). This shows thatP hAe�; e�i does not converge.

For any A 2 B(H) we de�ne tr(A) to be the sum
P hAe�; e�i, pro-

vided that it converges absolutely, and to the same value, for every
orthonormal basis (e�) of H. Otherwise we say that tr(A) is not well-
de�ned.
The rank of an operator is the dimension of its range, and an operator

has �nite rank if its range is �nite dimensional. Equivalently, F 2 B(H)
has �nite rank if its kernel has �nite codimension. Since ran(F )? =
ker(F �), it follows that F � has �nite rank if F does.

LEMMA 6.3.2

Suppose F 2 B(H) has �nite rank. Then tr(F ) is well-de�ned.

PROOF Let K = ker(F )?_ ran(F ). We can write F as F = F jK�0
on K � K?. Then F jK 2 B(K) can be decomposed into its real and
imaginary parts, each of which can then be written as a di�erence of
two positive operators. So F can be expressed as a linear combination
of four positive �nite rank operators. Each of these has a well-de�ned
trace by Lemma 6.3.1, so the same must be true of F .

LEMMA 6.3.3

Let A;F 2 B(H) and suppose F has �nite rank. Then tr(AF ) = tr(FA)
and jtr(AF )j � tr(jAj)kFk.
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PROOF It is clear that AF and FA both have �nite rank, so tr(AF )
and tr(FA) are well-de�ned. For the �rst statement it suÆces to take F
self-adjoint. In that case let (e�) be an orthonormal basis ofH consisting
of eigenvectors of F and let �� be the corresponding eigenvalues (all but
�nitely many of which are zero). Then

X
hAFe�; e�i =

X
��hAe�; e�i =

X
hFAe�; e�i;

so tr(AF ) = tr(FA) as claimed.

For the second statement, if tr(jAj) =1 we are done. Otherwise jAj
is compact and we can �nd an orthonormal basis (~e~�) of H consisting of
eigenvectors of jAj, with corresponding eigenvalues ~�~�. Write A = U jAj
as in Lemma 5.4.7; then

jtr(FA)j =
���X hFU jAj~e~�; ~e~�i

��� �X ~�~�kFk = tr(jAj)kFk;

as desired.

LEMMA 6.3.4

Let A;F 2 B(H) and suppose F has �nite rank. Then

tr(jAj) = supfjtr(AF )j : F has �nite rank and kFk � 1g
= supfjtr(FA)j : F has �nite rank and kFk � 1g:

PROOF We will show that tr(jAj) � supfjtr(FA)jg; Lemma 6.3.3
implies the rest. Let (e�) be an orthonormal basis of H, write A = U jAj
as in Lemma 5.4.7, and let P be the orthogonal projection onto the
span of some �nite set of basis vectors. Then, taking F = PU�, we have
tr(FA) = tr(P jAj); and as P tends to I the right side tends to tr(jAj),
which is enough.

We are now ready for the following de�nition.

DEFINITION 6.3.5

Let A 2 B(H). Then A is trace class if its trace norm kAkTC = tr(jAj)
is �nite. The set of all trace class operators is denoted TC(H).

LEMMA 6.3.6

Let A 2 TC(H) be self-adjoint. Then we can write A = A+�A� where
0 � A+; A� � jAj and tr(A+); tr(A�) � tr(jAj).
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PROOF De�ne A+ = 1
2 (jAj + A) and A� = 1

2 (jAj � A); regarding
A as a multiplication operator, it is clear that 0 � A+; A� � jAj, and
this immediately implies that tr(A+); tr(A�) � tr(jAj).

PROPOSITION 6.3.7

TC(H) is a vector space and k � kTC is a complete norm. If A 2 TC(H)
and B 2 B(H) then A�, AB, and BA all belong to TC(H).

PROOF Everything but completeness is a straightforward conse-
quence of Lemma 6.3.4. To prove completeness, let (An) � TC(H) and
suppose

P kAnkTC < 1; by Lemma 2.1.7, it will suÆce to show thatP
An converges in TC(H). Observe �rst that kReAnkTC ; kImAnkTC �

kAnkTC . Thus by decomposing into real and imaginary parts we can
reduce to the case where each An is self-adjoint. Then by Lemma 6.3.6
we can reduce to the case where each An is positive.

Now kAnk � tr(An) in this case, so
P

An converges in B(H). Let
A be its limit. Then we have hAv; vi = P hAnv; vi for all v 2 H , and
summing over an orthonormal basis yields tr(A) =

P
tr(An) and

tr(A�
NX
n=1

An) = tr(

1X
n=N+1

An)! 0:

So A 2 TC(H) and PAn = A, and we conclude that TC(H) is com-
plete.

LEMMA 6.3.8

For any A 2 TC(H), tr(A) is well-de�ned. For any A 2 TC(H) and
B 2 B(H) we have tr(AB) = tr(BA) and jtr(AB)j � kAkTCkBk. The
�nite rank operators are dense in TC(H), and TC(H) � K(H).

PROOF It follows from Lemmas 6.3.6 and 6.3.7 that every trace
class operator can be expressed as a linear combination of positive trace
class operators. This implies the �rst assertion; together with the easy
fact that positive trace class operators are approximated by �nite rank
operators, it implies density of the �nite rank operators in TC(H); and
together with Lemma 6.3.1 it implies that every trace class operator is
compact. The remainder is proven exactly as in Lemma 6.3.3.

The preceding results give a fairly complete picture of TC(H), and
we can now use them to identify the dual of TC(H) with B(H).
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THEOREM 6.3.9

For all B 2 B(H) the map !B : A 7! tr(AB) de�nes a bounded linear
functional on TC(H). The map B 7! !B isometrically identi�es B(H)
with TC(H)�. On bounded subsets of B(H) the weak* topology agrees
with the weak operator topology.

PROOF Boundedness of !B follows from Lemma 6.3.8; in fact, this
shows k!Bk � kBk. Conversely, for any vectors v; w 2 H let Av;w be the
operator Av;wu = hu;wiv; then kAv;wkTC = kvkkwk and jtr(BAv;w)j =
jhBv;wij. Taking the supremum over all unit vectors v and w yields
k!Bk � kBk.
Next, given ! 2 TC(H)�, the map (v; w) 7! !(Av;w) is a bounded

sesquilinear form, and hence there exists B 2 B(H) such that hBv;wi =
!(Av;w) for all v; w 2 H. Thus !B(Av;w) = tr(BAv;w) = !(Av;w). But
the operators Av;w span the �nite rank operators, and by density of the
latter in TC(H) we have ! = !B . So every bounded linear functional
on TC(H) is of the form !B for some B 2 B(H).
If (B�) is a bounded net in B(H), then B� ! B weak* if and only

if tr(B�A) ! tr(BA) for all A 2 TC(H), which holds if and only if
tr(B�Av;w) ! tr(BAv;w) for all v; w 2 H by density of the �nite rank
operators in TC(H). That is, B� ! B weak* if and only if hB�v; wi !
hBv;wi for all v; w 2 H.

The weak* topology on B(H) is also called the ultraweak or �-weak
topology.

6.4 The algebras B(H)

Now that we have a weak* topology on B(H), we can consider W*-
subalgebras and ideals. We will discuss general W*-subalgebras in the
next section. W*-ideals, however, are trivial:

PROPOSITION 6.4.1

Let I be a W*-ideal of B(H). Then I = 0 or I = B(H).

PROOF Suppose I 6= 0 and let A 2 I be nonzero. Then for a
suitable operator B the product AB 2 I has rank one. Multiplying AB
on the left and right by appropriate rank one operators shows that I
contains every rank one operator, and hence I contains all �nite rank
operators.
Now if A 2 TC(H) and the map B 7! tr(AB) annihilates every �-

nite rank operator then we must have kAkTC = 0 and hence A = 0.
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This shows that the �nite rank operators are weak* dense in B(H), and
therefore we conclude that I = B(H).

Although this result is somewhat disappointing, there is a substitute
for the notion of an ideal which yields a better analog of Propositions
6.1.7 and 6.2.6. First we introduce the substitute notion and show that
it is the same thing as an ideal in the commutative case.

DEFINITION 6.4.2 Let A be a C*-algebra and let B � A be a
C*-subalgebra. B is hereditary if A 2 A, B 2 B, and 0 � A � B imply
A 2 B.

PROPOSITION 6.4.3

LetA be an abelian C*-algebra. Then a C*-subalgebra ofA is hereditary
if and only if it is an ideal.

PROOF By Theorem 5.3.5 (and the comment following it) we may
assume that A = C(X) for some compact Hausdor� space X . Since
any C*-ideal of C(X) consists of all functions which vanish on some
closed subset K � X , it is easy to see that every C*-ideal is hereditary.
Conversely, suppose B � A is a hereditary C*-subalgebra and let f 2
A and g 2 B; we must show that fg 2 B. Let f =

P3
k=0 i

kfk and

g =
P3

k=0 i
kgk be decompositions of f and g into positive functions. By

functional calculus each gk belongs to B, and it will suÆce to show that
fjgk 2 B for all j; k. But for � = 1=kfjk1 we have 0 � �fjgk � gk, and
hence fjgk 2 B as desired.

Now we show that the hereditary W*-subalgebras of B(H) correspond
to closed subspaces of H.

Example 6.4.4

Let P be a projection in B(H). Then

PB(H)P = fPAP : A 2 B(H)g

is a hereditary W*-subalgebra of B(H).

PROPOSITION 6.4.5

Let M be a hereditary W*-subalgebra of B(H). Then M = PB(H)P
for some projection P 2 M.
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PROOF Let A 2 M be self-adjoint and de�ne jAj1=n by functional
calculus. Then jAj1=n converges weak operator, and hence weak*, to
�R�f0g(A). So if A 2 M is self-adjoint, then the projection onto its
range also belongs to M.
If P1 and P2 are projections and v ? ran(P1 + P2) then

kP1vk2 = hP1v; vi � h(P1 + P2)v; vi = 0:

This shows that the range of P1 is contained in the closure of the range
of P1 + P2. Thus, by the �rst paragraph of the proof the sequence
(P1 + P2)

1=n converges to a projection in M which is larger than P1,
and likewise it is larger than P2. So the set of projections in M is
directed upwards, and by weak* closure its limit belongs to M. Let P
be this limit.
Now if A 2 B(H) is positive, then PAP is also positive and 0 �

PAP � kAkP , so PAP 2 M. This shows that PB(H)P � M. Con-
versely, if A 2 M is positive then P dominates the projection onto
the range of A, and hence A = PAP . By linearity we conclude that
M� PB(H)P as well.

We conclude this section by classifying the weak* continuous automor-
phisms of B(H). With a little more work the assumption of weak* conti-
nuity can be dropped, and one can actually classify all �-homomorphisms
from B(H) into B(K), but we will not do this. Our result resembles
Corollary 6.1.10 in the special case that Y = X , when the latter implies
that the unital �-isomorphisms from l1(X) onto itself are in one-to-
one correspondence with the automorphisms of X . The following is the
corresponding construction for B(H).

Example 6.4.6

Let U 2 B(H) be unitary. Then the map A 7! UAU� is a weak*
continuous unital �-isomorphism from B(H) onto itself.

PROPOSITION 6.4.7

Let � : B(H) �= B(H) be a weak* continuous unital �-isomorphism.
Then �(A) = UAU� for some unitary U 2 B(H).

PROOF Fix a a rank one projection P 2 B(H) and unit vectors
v 2 ran(P ) and w 2 ran(�(P )). Observe that for any A 2 B(H) we
have PAP = f(A)P for some complex number f(A). Thus

k�(A)wk2 = k�(AP )wk2 = h�(PA�AP )w;wi
= f(A�A)h�(P )w;wi = f(A�A);
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and kAvk2 = f(A�A) by a similar computation. So if A;B 2 B(H)
satisfy Av = Bv then k�(A�B)vk2 = k(A�B)vk2 = 0, and this shows
that the map U : Av 7! �(A)w is well-de�ned. The preceding also shows
that U is an isometry.
For any A;B 2 B(H) we have

UAU�(�(B)w) = UABv = �(AB)w = �(A)(�(B)w):

Thus �(A) = UAU�. Finally, if U is not surjective then �(A)v = 0 for
any v orthogonal to the range of U , contradicting surjectivity of �. Thus
U is surjective, and hence unitary.

6.5 Von Neumann algebras

A von Neumann algebra (or W*-algebra) is a W*-subalgebra of some
B(H). As with C*-algebras, sometimes we will consider them as abstract
spaces. In fact, they have a simple abstract characterization, the easy
direction of which is the following.

PROPOSITION 6.5.1

Every von Neumann algebra is a dual space.

This proposition follows from standard Banach space facts. If M �
B(H) is a von Neumann algebra then M�= (TC(H)=E)� where

E = fA 2 TC(H) : tr(AB) = 0 for all B 2Mg

is the preannihilator of M.
The above property actually characterizes abstract von Neumann al-

gebras: an abstract C*-algebra is an abstract von Neumann algebra if
and only if it is a dual space. This result is known as Sakai's theorem;
we will not prove it here. Note, however, that the slightly stronger as-
sumption that the C*-algebra A has an order predual (i.e., an ordered
Banach space whose dual is isometrically isomorphic to A as an ordered
Banach space) easily implies that A is a von Neumann algebra. For in
this case there trivially exist a family of weak* continuous states on A
suÆcient, using the GNS construction, to weak* continuously embed A
as a W*-subalgebra of some B(H).
Next we determine the structure of abelian von Neumann algebras.

Example 6.5.2

Let X be a �-�nite measure space, let X be a measurable Hilbert
bundle over X, and let H = L2(X;X ). Then M = fMf : f 2
L1(X)g is a von Neumann algebra, and it is �-isomorphic to L1(X).
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THEOREM 6.5.3

Suppose H is separable and let M� B(H) be an abelian von Neumann
algebra. Then there is a probability measure � on sp(M), a measur-
able Hilbert bundle X over sp(M), and an isometric �-isomorphism
U : L2(sp(M);X ) �= H such that M = UL1(sp(M))U�1.

PROOF Let 
 be the �-algebra on sp(M) generated by the contin-
uous functions, i.e., the Baire �-algebra. Apply Theorem 5.3.5 to M;
this provides a spectral measure on the Borel sets of sp(M) which re-
stricts to a spectral measure E on 
. Then by Corollary 3.4.3 there is
a probability measure � on 
, a measurable Hilbert bundle X , and a
surjective isometry U : L2(sp(M);X ) ! H such that U�SU

�1 = E(S)
for every Baire set S. As every continuous function on sp(M) can be
approximated by Baire measurable simple functions, this implies that
M = UC(sp(M))U�1. But C(sp(M)) �= M is a W*-subalgebra of
L1(sp(M)) which measurably separates points, so we have C(sp(M)) =
L1(sp(M)) by Proposition 6.2.2.

In the nonseparable case, as one might expect,M is still �-isomorphic
to some L1(Y ).

The usual remark about invariants and unitary equivalence also ap-
plies here; see the comments following Theorems 3.5.1 and 5.3.5.

Now we turn to W*-ideals and hereditary W*-subalgebras. These
have particularly simple structures.

Example 6.5.4

Let M be a von Neumann algebra and let P 2 M be a projection.
Then PMP is a hereditary W*-subalgebra. If P belongs to the
center of M, i.e., PA = AP for all A 2 M, then PMP = PM is a
W*-ideal of M.

PROPOSITION 6.5.5

Let M be a von Neumann algebra. If N is a hereditary W*-subalgebra
of M then there is a projection P 2 N such that N = PMP . If N is a
W*-ideal then P is in the center of M.

PROOF The proof that every hereditary W*-subalgebra has the
form PMP exactly follows the proof of the same result for B(H) (Propo-
sition 6.4.5). The same argument also applies to anyW*-idealN to show
that there is a maximal projection P 2 N and N � PMP . Conversely,
PMP � N follows immediately from the ideal property.
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To show that P is central, let A 2 M and let E be the range of
P . Since AP 2 N we must have AP = PBP for some B 2 M, and
therefore A(E) � E. We have A�(E) � E similarly, which implies that
A(E?) � E?. Thus A and P commute.

In particular, since every von Neumann algebra is a W*-ideal of itself,
there always exists a projection P 2 M which satis�es AP = A for all
A 2 M. That is, every von Neumann algebra has a unit (although it
need not be the identity operator in B(H)).
Next, we present von Neumann's celebrated \double commutant" the-

orem, which provides a fundamental algebraic characterization of von
Neumann algebras.

DEFINITION 6.5.6 Let M be a subset of B(H). Its commutant
Mc is the set of all operators in B(H) which commute with every oper-
ator in M.

THEOREM 6.5.7

Let M � B(H) be a unital C*-algebra. Then M is a von Neumann
algebra if and only if M =Mcc.

PROOF Suppose (A�) is a bounded net in B(H) and A� ! A
weak*. If B 2 B(H) commutes with each A� then B commutes with A,
because

hABv;wi = lim hA�Bv;wi = lim hA�v;B
�wi = hBAv;wi

for all v; w 2 H. This shows that the commutant of any set is weak*
closed. Also, if M is a �-algebra it is easy to check that Mc is also a
�-algebra. So if M = Mcc then M is a weak* closed �-algebra, i.e., a
von Neumann algebra.
For the converse, we �rst prove a seemingly modest density result.

Let A0 2 Mcc and v 2 H, and let P be the projection onto Mv. If
A;B 2 M then

AP (Bv) = ABv = PA(Bv);

so AP and PA agree on vectors in Mv. But also, if w ?Mv then

hAw;Bvi = hw;A�Bvi = 0;

so that Aw ?Mv; thus AP and PA are both zero onMv
?
. This shows

that P 2 Mc, so we must have PA0 = A0P . Applying this equation to
v we get PA0v = A0Pv = A0v, which means that A0v 2 Mv. Thus, for
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any � > 0 we can �nd A 2M such that k(A�A0)vk � �.

Now it is clear that M � Mcc; to prove equality we will show that
M is weak* dense in Mcc. Thus let A0 2 Mcc, B 2 TC(H), and � > 0;
we must �nd A 2M such that jtr(AB)� tr(A0B)j � �. We may assume
B > 0.

Let (e�) be a basis of H consisting of eigenvectors of B and say
Be� = ��e�. Since

P
�� < 1, it follows that v =

Lp
��e� be-

longs to the direct sum H1 of in�nitely many copies of H. (This could
even be an uncountable sum.) Let M1 �= M be the set of operators
on H1 of the form A1 = A � A � � � � for A 2 M, and observe that
the corresponding operator A10 belongs to the double commutant of
M1. (The commutant of M1 consists of operators C on H1 such
that P�CP~� 2 Mc for all �; ~� where P� is the projection of H1 onto
the �th copy of H.) By the last paragraph there exists A 2 M such that
k(A1 �A10 )vk � �=kvk, and hence

jtr(AB)� tr(A0B)j = h(A1 �A10 )v; vi � �;

for any � > 0. This shows that M is weak* dense in Mcc.

We conclude this section with the factor decomposition of an arbitrary
von Neumann algebra. A von Neumann algebra is a factor if it has no
proper W*-ideals, or equivalently (Proposition 6.5.5) no proper central
projections. The idea of factor decomposition is to express any von
Neumann algebra as a \measurable direct sum" of factors.

Given a measurable Hilbert bundle X =
S
(Xn�Hn) overX , a �eld of

operators on X is a function ~A on X such that ~A(x) 2 B(Hx) for almost
every x, where Hx is the Hilbert space lying over x. It is weakly meas-
urable if for any v; w 2 Hn the function x 7! h ~A(x)v; wi is measurable
on Xn.

We require the following fact: ifM� B(H) is a von Neumann algebra
and H is separable then M is both separable and �rst countable for the
weak* topology. This follows from the fact that the predual of M is a
quotient of TC(H) and hence is separable; weak* separability and �rst
countability of M are then general Banach space facts.

THEOREM 6.5.8

Let M� B(H) be a von Neumann algebra and suppose H is separable.
Then there is a �-�nite measure spaceX , a measurable Hilbert bundle X
overX , and a family of factor von Neumann algebrasMx � B(Hx) such
that H can be identi�ed with L2(X ;X ) andM with the bounded weakly
measurable �elds of operators which lie in Mx almost everywhere.
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PROOF The center of M,

Z(M) = fA 2 M : AB = BA for all B 2 Mg;

is an abelian W*-subalgebra of M. Find X , X =
S
(Xn � Hn), and

U as in Theorem 6.5.3 and identify H with L2(X;X ) and Z(M) with
L1(X) � B(L2(X ;X )) acting as multiplication operators.
Let fAkg be a countable weak* dense subset of M; we may sup-

pose this set is closed under sums, products, adjoints, and multipli-
cation by scalars in Q + iQ. For each k, n, and 1 � i � n write
Ak(1Xnei) =

P
fki;jej ; then de�ne a weakly measurable �eld of opera-

tors ~Ak by ~Ak(x) : ei 7!
P

j f
k
i;j(x)ej . As each f

k
i;j is well-de�ned almost

everwhere, so is ~Ak. Each ~Ak is essentially bounded because for almost
every x and all v 2 Hx we have ~Ak(x)v = (Akv)(x). Let Nx be the
weak* closure in B(Hx) of the set f ~Ak(x)g.
By the choice of the family fAkg, it is clear that almost every Nx

is a von Neumann algebra. Let N be the set of bounded measurable
�elds of operators ~B such that ~B(x) 2 Nx for almost every x, and let
� : N ! B(L2(X ;X )) be the natural action of N on L2(X ;X ). It
is routine to verify that � is a �-isomorphism and that �(N ) is a von
Neumann algebra. Next we claim that �( ~Ak) = Ak for all k. By the
de�nition of ~Ak, equality holds when both sides are applied to vectors
of the form 1Xnei; since both sides commute with L1(X) �= Z(M), it
follows that

�( ~Ak)(fei) =Mf�( ~Ak)(1Xnei) =MfAk(1Xnei) = Ak(fei)

for all f 2 L1(X), and taking linear combinations yields that �( ~Ak) =
Ak on a dense set of vectors in L2(X ;X ). So the claim is proven.
It follows that M� �(N ). Conversely, if B 2Mc then we can de�ne

~B in the same way we de�ned the ~Ak, and BAk = AkB implies that
~B(x) and ~Ak(x) commute almost everywhere. Thus B = �( ~B) 2 �(N )c,
and by Theorem 6.5.7 we conclude that M = �(N ).
Finally, we must show that almost every Nx is a factor. The idea is

that if Z(Nx) were nontrivial on a set of positive measure then there
would be a nontrivial �eld of operators in Z(Nx) and this would con-
tradict the fact that Z(N ) = Z(M) = L1(X). To prove this rigorously
we must ensure that it is possible to �nd a nontrivial measurable �eld of
operators. This can be done as follows.
Suppose Z(Nx) is nontrivial, i.e., it contains an operator which is

not a scalar multiple of the identity, on a set S of positive measure.
Without loss of generality we can assume S � Xn for some n. Let D
be a countable dense subset of Hn. Then for each x 2 S there exists
Bx 2 Z(Nx), v; w 2 D, and � > 0 such that kBxk � 1, kBxv � wk < �,
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and kav � wk � 2� for every a 2 C. Since D is countable and � can
be assumed rational, by restricting S we can ensure that there exists
a single triple (v; w; �) such that for every x 2 S, some Bx 2 Z(Nx)
satis�es the preceding. Thus, writing D = fvi : i 2 Ng, for each x and
each m 2 N there is a �nite linear combination ~Bm(x) =

P
ak ~Ak(x)

with coeÆcients ak 2 Q+iQ such that k ~Bm(x)k � 1, k ~Bm(x)v�wk < �,
and

jh( ~Bm(x) ~Ak(x)� ~Ak(x) ~Bm(x))vi ; vjij < 1

m
kvikkvjk

for all i; j; k � m. Also, for each such coeÆcient sequence (ak) � Q+ iQ
(with only �nitely many terms nonzero) the set of x such that

P
ak ~Ak(x)

has the above property is measurable; we can therefore �nd, for each m,
a sequence fmk 2 L1(S) such that

P
fmk

~Ak = ~Bm has the desired
property almost everywhere. Then Bm =

P
fmk Ak belongs to M, and

kBmk � 1 for all m, so there is a weak* cluster point B 2 M of the
sequence (Bm), and ��1(B) = ~B evidently satis�es ~B(x) 2 Z(Nx) but
~B(x)v 6= av, for almost every x and all a 2 C. Thus B 2 Z(M) but
B 62 L1(X), a contradiction. So almost every Nx must be a factor.

Measure theoretic complications make it diÆcult to formulate a mean-
ingful version of this theorem in the nonseparable case, but it seems
morally true in general.

6.6 The quantum plane and tori

We return to the quantum plane and tori. The operator analog of the
set of bounded measurable functions is the weak* closure of the operator
analog of the set of continuous functions (which vanish at in�nity). This
motivates the following de�nition.

DEFINITION 6.6.1 Let L1�h (R2) and L1�h (T2) respectively be the
weak* closures of the C*-algebras C�h

0 (R
2) � B(L2(R2)) and C�h(T2) �

B(L2(T2)) de�ned in Sections 5.4 and 5.5. Also let L̂1�h (T2) be the

weak* closure of Ĉ�h(T2) � B(l2(Z2)).

Thus L̂1�h (T2) and L1�h (T2) are unitarily equivalent via the Fourier
transform on the torus.
Our �rst result follows from Propositions 5.4.4 and 5.5.2, together

with Proposition 6.2.2.

PROPOSITION 6.6.2

If �h = 0 then L1�h (R2) �= L1(R2) and L1�h (T2) �= L1(T2).
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Recall the automorphisms �s;t of B(L2(R2)) and �̂s;t of B(l2(Z2))
introduced in Sections 5.4 and 5.5. These were shown to restrict to
automorphisms of C�h

0 (R
2) and Ĉ�h(T2) in Propositions 5.4.5 and 5.5.5,

respectively. We now note the corresponding statement for L1�h (R2) and

L̂1�h (T2).

PROPOSITION 6.6.3

For each s; t 2 R the map �s;t restricts to a weak* continuous auto-

morphism of L1�h (R2) and the map �̂s;t restricts to a weak* continu-

ous automorphism of L̂1�h (T2). This de�nes actions of R2 by automor-

phisms of L1�h (R2) and L̂1�h (T2). Moreover, for every A 2 L1�h (R2) and

B 2 L̂1�h (T2) the maps (s; t) 7! �s;t(A) and (s; t) 7! �̂s;t(B) are weak*
continuous.

Most of the proof of this proposition resembles the proofs of Proposi-
tions 5.4.5 and 5.5.5. Each �s;t and �̂s;t is weak* continuous because it
is given by conjugation with a unitary. Weak* continuity of the maps
(s; t) 7! �s;t(A) and (s; t) 7! �̂s;t(B) follows from the fact that the as-
sociated unitaries Us;t converge \strongly" to I as s; t! 0 in the sense
that Us;tv ! v for all v 2 H.
We will now show how Ĉ�h(T2) is distinguished inside of L̂1�h (T2). Un-

fortunately, no such result is available for C�h
0 (R

2), but we will indicate
a substitute.
For A 2 L̂1(T2) de�ne Fourier coeÆcients ak;l(A), partial sums

sN (A), and Ces�aro means just as in De�nition 5.5.4. We have the fol-
lowing characterization of L̂1�h (T2) (cf. Proposition 5.5.3).

PROPOSITION 6.6.4

An operator A 2 B(l2(Z2)) belongs to L̂1�h (T2) if and only if

hAem;n; em+k;n+li = ei�h(ml�nk)=2hAe0;0; ek;li
for all k; l;m; n 2 Z. The partial Fourier sums sN (A) converge weak
operator to A for all A 2 L̂1�h (T2).

PROOF It is easy to verify that the stated equality is satis�ed
for A = ÛmV̂ n and hence for any polynomial in Û and V̂ . Since these
polynomials are weak* dense in L̂1�h (T2), the forward implication follows.
Conversely, let A 2 B(l2(Z2)) and suppose A satis�es the stated equal-

ity. Then sN (A)! A weak operator because

hAv;wi =
X

k;l;m;n

hv; ek;lihAek;l; em;nihem;n; wi
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and

hsN (A)v; wi =
X

jk�mj;jl�nj�N

hv; ek;lihAek;l; em;nihem;n; wi

for any v; w 2 l2(Z2). Since sN (A) belongs to L̂1�h (T2) for all N , this

implies that A belongs to the weak operator closure of L̂1�h (T2). But

the double commutant theorem (Theorem 6.5.7) implies that L̂1�h (T2) is

weak operator closed. So A 2 L̂1�h (T2).

PROPOSITION 6.6.5

Let

A1 = fA 2 L̂1�h (T2) : (s; t) 7! �̂s;t(A) is norm continuousg
A2 = fA 2 L̂1�h (T2) : kA� �N (A)k ! 0g:

Then Ĉ�h(T2) = A1 = A2.

PROOF It is straightforward to check that A1 is a C*-algebra which
contains Û and V̂ , and therefore Ĉ�h(T2) � A1. The fact that A2 �
Ĉ�h(T2) is trivial because Ĉ�h(T2) is norm closed and every �N (A) 2
Ĉ�h(T2). It remains to show that A1 � A2. But the only property of

Ĉ�h(T2) used in the proof of Theorem 5.5.7 was the fact that �̂s;t(A)

is norm continuous for all A 2 Ĉ�h(T2). Thus that argument actually
shows A1 � A2.

The corresponding statement for C�h
0 (R

2) and �s;t already fails in the
�h = 0 case: the functions in L1(R2) for which translations are norm
continuous are precisely the bounded uniformly continuous functions,
not the continuous functions vanishing at in�nity. Following this model,
we can de�ne the corresponding algebra C�h

b (R
2) for �h 6= 0 to be the

set of A 2 L1�h (R2) for which (s; t) 7! �s;t(A) is norm continuous. It is
straightforward to check that this is a C*-algebra, and in some respects
it is nicer than C�h

0 (R
2). Its principal drawback is that it is not separable.

Finally, we examine the structure of the algebrasL1�h (R2) and L1�h (T2)
when �h 6= 0. The former is quite simple:

PROPOSITION 6.6.6

If �h 6= 0 then L1�h (R2) �= B(L2(R)).

PROOF We showed in Theorem 5.4.13 that ~C�h
0 (R

2), realized as
a subalgebra of B(L2(R)), is precisely the ideal K(L2(R)) of compact
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operators. Thus its weak* closure equals B(L2(R)). Conjugation by
the unitary W in Proposition 4.2.2 yields L1�h (R2) �= B(L2(R)) 
 I �=
B(L2(R)).

The algebras L1�h (T2) are mutually �-isomorphic for all positive values
of �h, despite the fact that the corresponding algebras C�h(T2) are not.
We will not prove this result, but we will show that L1�h (T2) is not
isomorphic to any B(H). Interestingly, however, like B(H) it is a factor:
any operator A 2 B(l2(Z2)) that commutes with Û and V̂ must satisfy

hAem;n; em+k;n+li = e�i�h(ml�nk)=2hAe0;0; ek;li

for all k; l;m; n 2 Z, and it follows from Proposition 6.6.4 that the center
of L̂1�h (T2) is trivial. So the same must be true of L1�h (T2).

PROPOSITION 6.6.7

L1�h (T2) is not �-isomorphic to any B(H) for any value of �h.

PROOF Since L1�h (T2) �= L̂1�h (T2) we can work with the latter. Con-

sider the weak* continuous linear functional � : L̂1�h (T2) ! C de�ned
by

�(A) = hAe0;0; e0;0i:

If A and B are polynomials in Û and V̂ then �(AB) = �(BA), so by
continuity this equality holds for all A;B 2 L̂1�h (T2). Also �(I) = 1.
If H is in�nite dimensional there is no weak* continuous linear func-

tional on B(H) with the above properties. To see this let P and Q

be rank one projections in B(H). Then there is a unitary W such
that W �PW = Q. So if � 2 B(H)� satis�es �(AB) = �(BA) for all
A;B 2 B(H) then �(P ) = �(Q) for all rank one projections P and Q.
Let � be an orthonormal basis of H and for any �nite subset S � �

let PS be the projection onto its span. Then (PS) is a net of �nite
rank projections which converges weak* to the identity operator. But
�(PS) = an where n is the cardinality of S and a is the value of � on
any rank one projection. So weak* continuity is inconsistent with the
condition �(I) = 1.

6.7 Notes

[19] and [66] are good references on von Neumann algebras. Most of the
material in Section 6.6 was taken from [71].
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Chapter 7

Quantum Field Theory

7.1 Fock space

The subject matter of this chapter lies outside the main line of the
book. Elsewhere we use physics only as motivation for our treatment
of mathematical topics, but here we take the reverse attitude. In this
chapter we will apply the ideas of previous chapters to the problem of
modelling free quantum �elds. We choose this topic because it is here
that the best argument can be made for the relevance of C*-algebras
to physics. As we will explain in Section 7.5, C*-algebras are needed
to construct relativistically invariant models of free quantum �elds in
curved spacetime.

The construction of successful models of quantum �elds is predicated
on a fundamental understanding of �eld dynamics. Unfortunately, rela-
tivistic dynamical problems are extremely diÆcult even in the simplest
�eld systems, and despite half a century of heroic mathematical e�orts,
this area still seems not to be fully understood at a basic level.1 For this
reason we will discuss only systems with trivial dynamics, i.e., the case
of free (noninteracting) �elds.

We begin with nonrelativistic �elds. Consider a classical real scalar
�eld on R3: such a �eld is described by a real value at each point of
space. By contrast, for example, the electromagnetic �eld is a vector �eld
and is described at each point by a vector with six real dimensions, three
electric and three magnetic. Fields with more than one component can
be built up from the scalar case without any fundamental obstruction,
so we will consider only this simplest case.

It is easier to conceptualize the transition to quantum mechanics if
we temporarily replace R3 with a discrete set X . We can model a
classical �eld on X by a collection of one-dimensional particles indexed
by the points of X , where the \position" of the nth particle is the �eld

1In the words of [48] it is a \deep gloomy mess."
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148 Chapter 7: Quantum Field Theory

strength at the nth point. Thus, the quantum mechanical version of
the �eld is modelled at each point of X by the Hilbert space L2(R) of
a one-dimensional quantum mechanical particle (see Section 4.1), and
described as a whole by the tensor product of a set of copies of L2(R)
indexed by the set X .
If X is in�nite, taking this tensor product requires the selection of a

distinguished unit vector in each factor (De�nition 2.5.1). This suggests
that at each point we use the l2(N) model of a one-dimensional particle
discussed in Section 4.3. We can then take the tensor power of l2(N)
as in Example 2.5.7, and the result is the symmetric Fock space over
l2(X). Thus, the Hilbert space of a quantum real scalar �eld over the
discrete set X is Fsl2(X).
When the underlying space is not discrete (e.g., X = R

3), we can,
as discussed in Section 2.5, retain the intuition of a \measurable tensor
product over X" by taking the Hilbert space to be FsL2(X). This is
the Hilbert space of a free scalar Boson �eld over X . Similarly, the
antisymmetric Fock space FaL2(X) is the Hilbert space of a free scalar
Fermion �eld; here the classical version involves a two-state system at
each point in space, so that the Hilbert space of the quantum system
is intuitively a measurable tensor product of two-dimensional Hilbert
spaces. For the sake of simplicity we will discuss only Boson �elds in
this chapter; much of what we do can be transferred to the Fermionic
case by a simple substitution of antisymmetric Fock spaces for symmetric
Fock spaces.
Fock spaces are constructed as direct sums of symmetric and anti-

symmetric tensor powers of a Hilbert space, in our case L2(R3) (De�ni-
tion 2.5.8). This leads to a particle interpretation of quantum �elds
which has no classical analog. Namely, we interpret an element of
L2(R3)
ns � FsL2(R3) as describing a system of n identical particles.
L2(R3)
ns is called the n-particle space.
To complete the basic model of a free nonrelativistic �eld, we must

describe its dynamics. This can be done by going back to the discrete
model and letting X be a lattice in R3. Then we can treat the classical
�eld as a discrete family of one-dimensional particles, write an expression
for their total energy, follow the standard prescription from physics for
obtaining the quantum Hamiltonian (i.e., i�h times the generator of time
evolution) from the classical energy, and �nally pass to a continuous
limit. Of course some care must be taken to ensure that the limit exists;
we will not go into the details. The result can be expressed in terms of
the unitary operator Ut 2 B(L2(R3)) de�ned by

(Utf)^(p) = e�i�h�
2jpj2tf̂(p);

where f̂ is the three-dimensional Fourier transform; namely, the n-

© 2001 by Chapman & Hall/CRC



149

particle subspace L2(R3)
s � � �
sL
2(R3) � Fsl2(R3) evolves according

to Ut 
 � � � 
 Ut. Here � is a constant which arises from the strength
of the coupling between adjacent particles in the discrete approximation
and is interpreted as wave velocity in the continuous limit.
By comparison, a single free nonrelativistic particle in R3 evolves

according to

(Utf)^(p) = e�i�hjpj
2t=2mf̂(p);

where m is its mass. Thus the free nonrelativistic �eld behaves dynami-
cally like an ensemble of free particles, with the wave velocity � playing
the role of (2m)�1=2.
This completes our initial discussion of free nonrelativistic quantum

�elds. Now we want to introduce a di�erent model of symmetric Fock
space which will be useful in the sequel. First we record some basic facts
about FsH (similar statements hold for FaH).

PROPOSITION 7.1.1

Let H be a Hilbert space.

(a) If E is a closed subspace of H then there is a natural isometric
isomorphism between FsH and FsE
FsE?, and FsE naturally embeds
in FsH by the map v 7! v 
 1. More generally, if H =

L
E� then

FsH �=NFsE�.
(b) We can identify FsH with the completion of the directed unionSFsE of the symmetric Fock spaces over all �nite dimensional subspaces
E of H.

The in�nite tensor product in part (a) is taken with respect to the
unit vectors 1 2 C � FsE� (see De�nition 2.5.1). Proposition 7.1.1 is
a routine consequence of Proposition 2.5.3 and De�nition 2.5.8. Notice
that part (a) implies FsL2(X) �= FsL2(S)
FsL2(X�S) for any S � X ,
in keeping with the idea that FsL2(X) is a measurable tensor product
of Hilbert spaces indexed by X .
Now FsC can be identi�ed with l2(N) and subsequently with L2(R)

(Proposition 4.3.1). By Proposition 7.1.1 (a), taking �nite tensor powers
then yields a natural isometric isomorphism of FsCn with L2(Rn). Our
next goal is generalize this to in�nite dimensions and model any sym-
metric Fock space as a kind of space of L2 functions. In general, let HR
be a real Hilbert space and let H = HR � iHR be its complexi�cation.
We want to say FsH �= L2(HR). Of course L2(HR) does not imme-
diately make sense since HR does not carry a natural measure, but it
can be de�ned as a limit over �nite dimensional subspaces of HR. This
requires us to coordinate the L2 functions on di�erent �nite dimensional
subspaces.
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Let �h be a �xed positive real number.

DEFINITION 7.1.2 Let HR be a real Hilbert space. On each �nite
dimensional subspace ER of HR de�ne the function hER(v) = e�kvk

2=2�h

and let � = �ER be (�h�)�n=2 times Lebesgue measure, where n is the
dimension of ER. Then khERk = 1 in L2(ER; �), and if ER = E1

R
�E2

R

then hER = hE1

R


 hE2

R

. Thus the map f 7! f 
 hE2

R

isometrically em-

beds L2(E1
R
; �) in L2(ER; �) and these embedding maps are consistent.

We therefore de�ne L2(HR) to be the completion of the directed unionS
L2(ER) over all �nite dimensional subspaces ER of HR.

Observe that hER can actually be de�ned on any subspace of HR.
Thus, for any f 2 L2(ER; �) (ER �nite dimensional) let ~f : HR ! C

be the function ~f = f 
 hE?

R

. The map f 7! ~f is consistent with the

embeddings in De�nition 7.1.2, so it is possible to regard L2(HR) as the
completion of the set of functions of the form ~f for f 2 L2(ER; �) with
ER a �nite dimensional subspace of HR. Thus, although L2(HR) is not
actually a space of functions of HR, it has a dense subspace which is.
Also note that each L2(ER; �) is naturally isometric to L2(ER;m),

where m is Lebesgue measure, by the map f 7! (�h�)�n=4f . By the
comment made after Proposition 7.1.1, we see that there is a natural
isomorphism FsE �= L2(ER; �) for any �nite dimensional real Hilbert
space ER, where E = ER � iER. Taking direct limits and applying
Proposition 7.1.1 (b) yields the following.

PROPOSITION 7.1.3

Let HR be a real Hilbert space and let H = HR � iHR. Then there is
a natural isomorphism between FsH and L2(HR).

7.2 CCR algebras

The L2(HR) model of Fock space allows us to de�ne �eld observables
which are analogous to the position and momentum operators of the
one-dimensional particle. Namely, for each v 2 HR de�ne operators Qv

and Pv on L2(HR) by

Qf(w) = hw; vif(w) Pf(w) = �i�h@f
@v

(w);

where f 2 L2(HR) is a function on HR of the type described in the
remark following De�nition 7.1.2. Equivalently, given a complex Hilbert
space H and v 2 H, let E be the complex span of v and write Fs(H) �=
Fs(E) 
 Fs(E?); then Qv = Q 
 I and Pv = P 
 I , after the usual

© 2001 by Chapman & Hall/CRC



151

identi�cation of Fs(E) �= Fs(C) with L2(R). This second de�nition
makes sense for any v in H, not just HR, and is clearly independent
of the decomposition H = HR � iHR. However, the �rst de�nition is
probably easier to visualize. We think of Qv as measuring the strength
of the v component of the �eld and we think of Pv as measuring its rate
of change.
For the one-dimensional particle we went beyond Q and P and con-

structed C*- and von Neumann algebras of observables (Sections 5.4 and
6.6). (This is a slight abuse of language. Only the self-adjoint elements
of the algebras, at most, should be regarded as genuine observables.)
Now we would like to do the same thing for a scalar �eld, but we en-
counter the following diÆculty. In the case of a one-dimensional particle
the classical phase space is R2, and classical observables are functions
on the plane. For the corresponding quantum mechanical system we
have a C*-algebra C�h

0 (R
2) of observables which reduces, in the case

�h = 0, to the continuous functions on R2 which vanish at in�nity. But
for �elds, the classical phase space is in�nite dimensional and hence not
locally compact. So there is no sensible notion of \continuous functions
vanishing at in�nity."
Thus, we need to �nd a substitute for the classical algebra C0(X). In

order to do this we must take into account the structure of the phase
space of a free classical �eld. Namely, it is always a symplectic space.
That is, it is a real vector space V equipped with a symplectic form, an
antisymmetric bilinear map f�; �g : V � V ! R. We topologize V with
the weakest topology that makes the map w 7! fv; wg continuous for all
v 2 V .
Generally, in the nonrelativistic case we can take V to be a complex

Hilbert space, with symplectic form fv; wg = Imhv; wi. For the free
scalar �eld V would just be L2(R3), where we identify the real functions
in L2(R3) with the possible con�gurations of the classical �eld and the
purely imaginary functions with their time derivatives. This is analogous
to identifying the phase space of a one-dimensional particle with the
complex plane, taking position to be the real axis and momentum to be
the imaginary axis.
However, this construction is not canonical, and as we will see in

Section 7.5, in curved spacetime it breaks down completely. At that
point V will really have only a symplectic structure, but even then we
will be able to embed it as a real linear subspace of a complex Hilbert
space, in such a way that the symplectic form agrees with the imaginary
part of the inner product. So this is the most general class of symplectic
spaces we will need to consider. In this situation we always take fv; wg =
Imhv; wi.
Now on any symplectic space there is a rich supply of well-behaved

exponential functions "v : w 7! eifv;wg. We can use these functions to
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build a nice algebra of continuous functions which can then be deformed
to yield a C*-algebra of observables for a quantum �eld.

The functions "v do not vanish at in�nity, but they are periodic. More-
over, linear combinations of the "v are still \almost" periodic in the
following sense.

DEFINITION 7.2.1 Let V be a symplectic space. For v 2 V de�ne
Tv : l1(V) ! l1(V) by (Tvf)(w) = f(w � v). A function f 2 l1(V)
is almost periodic if the set fTvf : v 2 Vg is precompact in sup norm.
The set of continuous almost periodic functions is denoted AP (V).

The point is that when V is in�nite dimensional we can use AP (V) in
place of (the nonexistant) C0(V).
Observe that Tu"v = e�ifv;ug"v, so the set fTu"v : u 2 Vg is home-

omorphic to a circle, and hence is compact. Thus "v is indeed almost
periodic. The fact that linear combinations of the "v are also almost
periodic follows from the next result.

PROPOSITION 7.2.2

Let V be a symplectic space. Then AP (V) is a unital C*-subalgebra of
l1(V).

PROOF First we show that AP (V) is a �-algebra. It is clear that
any scalar multiple of an almost periodic function is almost periodic, as
is its complex conjugate. If f and g are almost periodic then the set

f(Tvf; Twg) : v; w 2 Vg � l1(V)� l1(V)

is precompact, so its images under the sum and product maps, which
contain fTv(f + g) : v 2 Vg and fTv(fg) : v 2 Vg, are also precompact.
We conclude that f + g and fg are also almost periodic, and this shows
that AP (V) is a �-algebra.
Next we prove norm closure. Let (fn) be a sequence of almost periodic

functions which converges in norm to f 2 l1(V). Given � > 0, choose n
such that kf � fnk � �=3 and �nd v1; : : : ; vk 2 V such that every Tvfn
(v 2 V) is within �=3 of Tvifn for some i. Then we have

kTvf � Tvifk � kTv(f � fn)k+ kTvfn � Tvifnk+ kTvi(fn � f)k � �:

This shows that fTvf : v 2 Vg is totally bounded and hence precompact.
Thus AP (V) is closed in norm, so it is a C*-subalgebra of l1(V). It is

© 2001 by Chapman & Hall/CRC



153

clear that AP (V) is unital.

In fact, if H is a complex Hilbert space with the standard symplec-
tic form Imh�; �i, then AP (H) is precisely the closed linear span of the
functions "v. One direction of this assertion is clear, as every "v belongs
to AP (H). For the converse direction one needs to develop a theory
of Fourier expansion of almost periodic functions. It turns out that
any almost periodic function has a countably supported Fourier trans-
form de�ned on H, and can be approximated in norm by functions with
�nitely supported Fourier transforms, i.e., linear combinations of the "v.

Now suppose V is only a real linear subspace of a complex Hilbert
space H with the inherited symplectic form. We next de�ne an algebra
of quantum observables, analogous to AP (V), which acts on FsH, and
then we show that these algebras depend only on V , not on H.

DEFINITION 7.2.3 Let H be a complex Hilbert space and let V be
a real linear subspace ofH. For each v 2 V letWv = eiQv whereQv is the
�eld operator introduced at the beginning of this section. Equivalently,
let E be the complex span of v, let ER be the real span of v, and
identify FsE with L2(ER); then Wv is de�ned on FsH �= FsE 
FsE?

by Wv = Mf 
 I where f(tv) = eitkvk and Mf is the multiplication
operator acting on L2(ER). These are called Weyl operators. The CCR
algebra is the C*-algebra CCR(V) generated by the operators Wv for
v 2 V .

The preceding construction is more subtle than it �rst appears. Sup-
pose H = C is one-dimensional and let fe1; e2g be its canonical real
basis, so that e2 = ie1. Then We1 and We2 can both be represented as
the multiplication operatorMeix , but this is by way of di�erent identi�-
cations of FsC with L2(R). The Hermite function hn in the e1 picture
corresponds to the vector e
n1 2 FsC, whereas hn in the e2 picture cor-
responds to e
n2 = ine
n1 . So the two identi�cations are related by the
unitary map U : L2(R)! L2(R) which takes the nth Hermite function
hn to inhn.

By considering the actions ofQ and P on the Hermite functions (which
can be deduced from the expressions for (Q + iP)hn and (Q � iP)hn
given after Proposition 4.3.1), it is easily seen that U�1QU = P . Thus
in the e1 picture we have We1 = eiQ and We2 = U�1eiQU = eiP .

This analysis allows us to deduce commutation relations for the Weyl
operators. If v and w are (complex) orthogonal, or if w is a real multiple
of v, it is easy to see that Wv and Ww commute. On the other hand, if
kvk = 1 then the preceding comment (together with Theorem 4.1.3 (c))
shows that WsvWitv = e�i�hstWitvWsv . By linearity this generalizes to
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the following result:

PROPOSITION 7.2.4

Let V be as in De�nition 7.2.3. For any v; w 2 V we have WvWw =
ei�hfv;wgWwWv .

This is a generalization of the Weyl form of the canonical commutation
relations presented in Theorem 4.1.3 (c).
Next we show that the algebra CCR(V) is uniquely determined by

the Weyl relations. This fact requires that V be a real linear subspace of
a complex Hilbert space and that V be nondegenerate in the sense that
for every nonzero v 2 V there exists w 2 V such that fv; wg 6= 0.

THEOREM 7.2.5

Let V be a nondegenerate real linear subspace of a complex Hilbert space
and let ~Wv (v 2 V) be unitary operators which act on some other Hilbert
space and satisfy ~Wv

~Ww = ei�hfv;wg ~Ww
~Wv. Then the C*-algebra the ~Wv

generate is �-isomorphic to CCR(V).

PROOF Let A be the C*-algebra generated by the ~Wv . Our proof of
uniqueness uses the notion of A-valued almost periodic functions on V .
These can be de�ned as functions from V to A whose composition with
any ! 2 A� is almost periodic, or one can directly mimic De�nition 7.2.1,
replacing l1(V) with the set of bounded A-valued functions on V . The
key fact that we need is that every continuous almost periodic function
f possesses a mean value �(f) 2 A with the following properties: (1)
k�(f)k � kfk; (2) f � 0 implies �(f) � 0; (3) �(af+bg) = a�(f)+b�(g)
for any a; b 2 C; (4) �(Tvf) = �(f) for all v; and (5) if f(v) = A
constantly then �(f) = A. This is a general fact which is true of almost
periodic functions from any group into a Banach space.
Now de�ne an action � of V on A by letting �w be conjugation with

~Ww, i.e., �w(A) = ~W�1
w A ~Ww. For each v 2 V the map f ~Wv

: w 7!
�w( ~Wv) is periodic, and an argument like the one in Proposition 7.2.2
then shows that the map fA : w 7! �w(A) is almost periodic for all
A 2 A. So it has a mean value �(fA). We have k�(fA)k � kAk, so the
map A 7! �(fA) is continuous. Also, when A = ~Wv we have fA = "�hvA,
and properties (3) and (4) of the mean value imply

�(fA) = �(TwfA) = ei�hfw;vg�(fA);

so that nondegeneracy of V implies �(fA) = 0 unless v = 0, when
�(fA) = I by property (5). By continuity it follows that �(fA) 2 C�I for
any A 2 A. Also, A � 0 implies �(fA) � 0. We can now prove that A
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has no proper C*-ideals by the reasoning used in the proof of Theorem
5.5.8, and conclude that A �= CCR(V) just as in Corollary 5.5.9.

This uniqueness result shows in particular that the construction of
CCR(V) in De�nition 7.2.3 depends only on V , and not on the ambient
Hilbert space H. However, it is important to note that embeddings of
V in di�erent Hilbert spaces will generally give rise, via De�nition 7.2.3,
to representations of CCR(V) which are not unitarily equivalent. In
particular, the von Neumann algebra generated by the Weyl operators
does depend on H.
We can now introduce a representation of CCR(V) which is similar to

the L2(R2) representation given in Section 4.2. For v 2 V � H de�ne a
unitary operator Lv on L2(H) (in the sense of De�nition 7.1.2, treating
H as a real Hilbert space) by

Lvf(w) = eiImhv;wi=2f(w � �hv):

These are analogous to the operators Lt1;t2 , although our conventions
here are slightly di�erent. Since they obey the same commutation rela-
tions as the Wv, it follows from Theorem 7.2.5 that the C*-algebra they
generate is �-isomorphic to CCR(V). But, as in the case of the quantum
plane, this representation allows a de�nition of CCR(V) when �h = 0.
(The above formula also de�nes a representation of CCR(V) on the

non-separable Hilbert space l2(H); this is the GNS representation con-
struction analogous to the one in Example 5.6.7 (a).)
If we set �h = 0 then Lv is just multiplication by "v=2. So the next

result is a consequence of the comment following Proposition 7.2.2.

PROPOSITION 7.2.6

Let H be a complex Hilbert space. If �h = 0 then CCR(H) �= AP (H).

Thus, for �h > 0 the C*-algebra CCR(H) is a \deformation" of AP (H)
in the same way that C�h

0 (R
2) and C�h(T2) are deformations of C0(R

2)
and C(T2).

7.3 Relativistic particles

In this section we address the question of how free particles behave in
Minkowski spacetime. The corresponding �eld theory will be described
in Section 7.4.
In special relativity, each inertial observer sees a three-dimensional

slice of spacetime at each instant of time. Thus the state of a spinless
particle at any moment is described by a normalized function in L2(R3).
(Spin is accomodated by instead using a direct sum of some number
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of copies of L2(R3); for simplicity we will stick to the spinless case.)
Furthermore, complete knowledge of the particle's state at any given
moment determines its entire past and future. Thus L2(R3) models the
phase space of the system, just as in nonrelativistic quantum mechanics.
We must now describe how a state given at time t = 0 evolves as t
changes, and also how it will appear to other inertial observers.
The time evolution of a free relativistic particle is similar to the non-

relativistic case (Section 7.1). As there, the evolution operators Ut are
diagonal (i.e., appear as multiplication operators) in the Fourier trans-
form picture; the appropriate relativistic formula is

(Utf)^(p) = e�i(�h
2c2jpj2+m2c4)1=2t=�hf̂(p) = e�ip0tf̂(p)

where c is the speed of light, m is the mass of the particle (assumed
throughout to be strictly positive), and p0 = (c2jpj2 + m2c4�h�2)1=2 is
�h�1 times the relativistic energy of a quantum mechanical particle with
mass m and momentum �hp = �h(p1; p2; p3).
Now we must say how states transform under Lorentz transformations.

That is, if L is a 4� 4 matrix which leaves the relativistic length c2x20�
x21 � x22 � x23 invariant (here x0 = t is the time coordinate), then we
must determine how the state of a particle given on the t = 0 slice in
the old frame appears on the t = 0 slice in the new frame, i.e., the set of
points fL�1(0; x) : x = (x1; x2; x3) 2 R3g. We assume throughout that
L preserves the direction of time and the orientation of space.
The way to proceed is partially clari�ed by considering \momentum

eigenstates" of the form eip�x where x = (x1; x2; x3) is the space variable
and p = (p1; p2; p3) is �xed. Of course, these functions do not belong
to L2(R3), so they are not really states at all, but we can imagine
them as being approximated by L2 functions if we wish. In the Fourier
transform picture these momentum eigenstates appear as delta functions
concentrated at p. Now the point is that under time evolution they
remain delta functions, and we expect that in any frame, at any time
they will appear as momentum eigenstates. In particular, in a new frame
related to the original one by a Lorentz transformation L, we expect an
eigenstate of momentum �hp to transform into one of momentum �hp0 such
that (p00; p

0) = ~L(p0; p), where ~L = (L�1)T is the inverse transpose of L.
(The transpose arises because we have taken the Fourier transform.)
It may seem that the preceding completely determines how states

should transform: given a state f , one might think, we simply have to
take the Fourier transform of f , transform each momentum value in the
above manner, and �nally apply the inverse Fourier transform. However,
there is an ambiguity due to the fact that momentum eigenstates are
not L2 functions. If they were, we would have to normalize them before
carrying out the above prescription. Thus, we actually expect only to
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transform N(p)eip�x to N(p0)eip
0�x where N(p) is some \normalizing"

factor.
The value of N(p) is determined by the requirement that transforma-

tion of states must be unitary. It is helpful here to consider the mass
shell

Xm = f(p0; p) : p0 = (c2jpj2 +m2c4�h�2)1=2g;
which is an orbit of the group of Lorentz transformations acting in mo-
mentum space in the inverse transpose manner described above. Pro-
jection onto the p coordinates de�nes a homeomorphism between Xm

and R3, so Lebesgue measure dp on R3 can be transferred to Xm. How-
ever, this measure is not Lorentz invariant; the measure dp=p0 is. Thus,
composition with any ~L de�nes a unitary map on L2(Xm; dp=p0).
(The sense of the notation dp=p0 is the following. If a function f(p0; p)

is de�ned on Xm then its integral with respect to the measure dp=p0 isR
R3 f(p0; p) dp=p0.)
Therefore, we de�ne a unitary map T : L2(R3)! L2(Xm; dp=p0) by

(Tf)(p0; p) =
p
p0f̂(p);

we let VL : L2(Xm)! L2(Xm) be the operator of composition with ~L�1,
and we de�ne the action of L on the original L2(R3) by UL = T�1VLT .
That is, ULf is de�ned by passing to L2(Xm) via T , composing with
~L�1, and then passing back to L2(R3). This is manifestly a unitary
transformation, and it permutes momentum eigenstates in the desired

manner. We see that the scalar N(p) equals p
�1=2
0 .

This completes our description of relativistic particles. But the time
evolution operators Ut de�ned near the beginning of this section have a
peculiar property which is worth discussing. Suppose f 2 L2(R3) has

unit norm and is supported on a compact set. Then f̂ 2 L2(R3) is real
analytic, meaning that it is the restriction to R3 of the function

f̂(z) =
1

(2�)3=2

Z
f(x)e�ix�z dx

on C3, which is separately analytic in z1, z2, and z3. (This follows from
the fact that f 2 L1(R3) and so we can di�erentiate under the integral
sign.) Now if this is the case, then (Utf)^ cannot be real analytic for
any nonzero value of t, because of the square root in the exponent which
de�nes Ut. Thus the state which equals f at time t = 0 will not be
supported in any compact subset of position space for any t 6= 0.
This phenomenon has serious implications. Let K1 and K2 be two

well-separated compact spatial regions and let P1 and P2 be the orthog-
onal projections of L2(R3) onto L2(K1) and L

2(K2). Then �x t small
enough that light cannot travel from K1 to K2 in time t, and de�ne
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P 0
2 = U�1

t P2Ut. We claim that P1 and P 0
2 do not commute in general.

To see this, �nd a state f which is supported on K1 at time 0 and has a
nonzero component in K2 at time t; if P1P

0
2f = P 0

2P1f = P 0
2f then P 0

2f
would be supported on K1 at time 0 and on K2 at time t, violating the
conclusion of the preceding paragraph.
One can show that an agent located in K1 could use this e�ect to send

a faster-than-light signal to an agent located in K2, violating relativistic
causality. This is because, given a particle whose prior state is known,
merely measuring whether the particle is in K1 at time 0 can alter the
probability that it is in K2 at time t in such a way that the second agent
could infer that a measurement had been made, regardless of the result
of the �rst measurement.
The moral is that one cannot make local measurements of individ-

ual particles in relativistic quantum mechanics! This point will become
more clear in the next section when we discuss the quantum �eld ob-
servables which actually can be measured locally. It turns out that these
local measurements, when applied to a quantum �eld in a single-particle
state, always yield a result which has a nonzero many-particle compo-
nent (though this component can be made arbitrarily small by making
the measurement over a large enough region). The phenomenon is simi-
lar to what happens when one measures whether a diagonally polarized
photon is horizontally polarized: the result of such a measurement is ei-
ther a horizontally or vertically polarized photon, so the photon cannot
remain in a diagonally polarized state. The di�erence is that in the pho-
ton example there is no locality requirement which prevents one from
directly measuring diagonal polarization.
Thus, while we do have a single-particle special relativistic theory, it

is incompatible with local observers. (General relativity is more severely
inconsistent with single particles; see Section 7.5.)
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Figure 7.1 \A particle which travels faster than the speed of light appears
twice in some frame"

Other, incorrect inferences have also been drawn. For instance, the
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argument is sometimes made that a particle that travels faster than
light must appear twice in some reference frame, and hence one cannot
have a single-particle relativistic model. A related argument claims to
demonstrate that relativity implies the existence of antiparticles. The
idea here is that if a particle localized in region K1 travels faster than
light to another region K2, then in some other frame it would appear
as an antiparticle travelling from K2 to K1. Although it undeniably
stimulates the imagination, this argument too is wrong. The model
presented in this section is an explicit counterexample to both of these
suggestions: although it does exhibit the kind of superluminal travel at
issue, it is manifestly a single-particle model, with no other particles or
antiparticles. Thus, the most one can say is that relativity implies the
existence of phenomena which are reminiscent of multiple particles or
antiparticles. But even this seems misleading.

7.4 Flat spacetime

The free scalar �eld in 
at (Minkowski) spacetime is easily described. As
in the nonrelativistic case (Section 7.1), its Hilbert space is FsL2(R3).
Its dynamics are based on the operators Ut and UL given in Section 7.3.
These give rise to unitary operators on FsL2(R3) in the natural way:
time evolution and Lorentz transformations act on the n-particle space
L2(R3)
ns by U
n

t and U
n
L .

Also as in the nonrelativistic case (Section 7.2), we have observables
Qv and Pv and Weyl operators Wv for v 2 L2(R3). The intuition for
Qv and Pv mentioned in Section 7.2, that they respectively measure
the strength and rate of change of the v component of the �eld, is still
valid. However, this does not tell us which observables can be measured
in which regions of space, an issue of some urgency given the paradox
discussed at the end of Section 7.3. To answer this question we will need
to correlate quantum observables with elements of classical phase space;
then a quantum observable will be measurable within some region K if
and only if the corresponding classical �eld state is supported in K.
Any state of the classical �eld can be described at a given time by the

�eld strength f and its time derivative f�. For de�niteness let us suppose
f and f� are real-valued functions in C1

c (R3). Thus the classical phase
space V is the set of all such pairs (f; f�).
Now given (f; f�) we want to identify a vector v = T q(f; f�) 2 L2(R3)

such that Qv and Pv can be interpreted as the strength and rate of
change of the classical mode (f; f�) of the quantum �eld. In this way
we will correlate quantum observables with elements of classical phase
space much as the operators Q and P correspond to classical position
and momentum.
There are three natural consistency conditions that can be placed
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on this classical labelling T q : V ! L2(R3) of quantum observables:
it should respect time evolution, the action of the Lorentz group, and
symplectic structure. It turns out that these requirements completely
determine T q.
The dynamics of the classical �eld are described by the Klein-Gordon

equation
1

c2
@2f

@x20
� @2f

@x21
� @2f

@x22
� @2f

@x23
= �

�mc
�h

�2
f:

It follows that in the Fourier transform picture the time derivative of f̂
is f̂� and the time derivative of f̂� is �p20f̂ . Lorentz transformations act
in both the classical and quantum pictures by composition. Finally, the
symplectic structure on V is given by

f(f; f�); (g; g�)g =
Z
R3

f�g � fg�

and on L2(R3) it is the imaginary part of the inner product.
The unique (up to multiplication by a scalar of modulus one) quanti-

zation map T q which satis�es the three consistency conditions is

T q(f; f�)^ = p
1=2
0 f̂ + ip

�1=2
0 f̂�:

Consistency with time evolution follows from the computations

T q(ft; (f�)t)^ = p
1=2
0 f̂t + ip

�1=2
0 (f̂�)t = �ip3=20 f̂ + p

1=2
0 f̂�

and
(T q(f; f�)^)t = �ip0(p1=20 f̂ + ip

�1=2
0 f̂�):

Invariance under Lorentz transformations follows from the computation

T q(f Æ L�1; f� Æ L�1)^ = T q(f; f�)^ Æ LT = T q(f; f�)^ Æ ~L�1:

Finally, preservation of symplectic structure follows from the computa-
tions

f(f; f�); (g; g�)g =
Z
f�g � fg� =

Z
f̂��̂g � f̂ �̂g�

and

ImhT q(f; f�); T q(g; g�)i = Im

Z
(p

1=2
0 f̂ + ip

�1=2
0 f̂�)(p

1=2
0 ĝ + ip

�1=2
0 ĝ�)

= Im

Z
(p0f̂ �̂g + if̂��̂g � if̂ �̂g� + p�10 f̂��̂g�):

Thus T q has the desired properties and this enables us to associate to
any (f; f�) 2 V an element of L2(R3) which then gives rise to a Weyl
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operator on FsL2(R3). The important point here is that if (f; f�) and
(g; g�) are disjointly supported then f(f; f�); (g; g�)g = 0 and so the cor-
responding Weyl operators commute. Moreover, since classical solutions
of the Klein-Gordon equation propagate at the speed of light, this re-
mains true for Weyl operators associated to classical �elds supported on
spatial regions at di�erent times that are suÆciently separated to pre-
vent light travelling between them. The commutation of these \local"
operators implies that one cannot use the measurement process to send
a faster-than-light signal.

7.5 Curved spacetime

Free quantum �eld theory can also be formulated against a curved space-
time background. This means that we replace Minkowski spacetime with
a four-manifoldM satisfying the following conditions: (1) M is smooth;
(2) M is Lorentzian, meaning that its tangent bundle is equipped with
a smooth bilinear form [�; �] which can be expressed in local coordinates
as

[x; y] = c2x0y0 � x1y1 � x2y2 � x3y3;

and (3) the Lorentz form satis�es Einstein's �eld equations. We must
also require that M be globally hyperbolic; this means that there exists
a Cauchy surface, i.e., a smooth three-manifoldM0 �M such that every
point inM lies in the past or future of exactly one point onM0. In other
words, any point in M can be connected to a point in M0 by a curve
all of whose tangent vectors v satisfy [v; v] > 0. Global hyperbolicity
is essential to our approach because Cauchy surfaces will play the role
that constant t slices play in 
at spacetime. However, it is a strong
restriction: it implies that M is homeomorphic to M0�R and is in fact
foliated by Cauchy surfaces.

The restriction of the negation of the Lorentz form to any Cauchy sur-
face M0 makes M0 a Riemannian manifold, so it has a unique volume
measure and there is a canonical L2(M0). Following the construction
of free quantum �elds in 
at spacetime, it seems natural to take the
Hilbert space of a free scalar �eld on M to be FsL2(M0), with one-
particle space L2(M0). However, here we run into diÆculties because
this construction is not relativistically invariant. In particular, an ele-
ment of the one-particle space on a Cauchy surface M0 will in general
not evolve into an element of the one-particle space on a di�erent Cauchy
surface M 0

0. In other words, there simply is no relativistically invariant
model of a single particle on general globally hyperbolic spacetimes (and
it seems that this is the case even in Minkowski spacetime, if one allows
noninertial observers). Even worse, the Fock space constructions on dif-
ferent Cauchy surfaces are in general not unitarily equivalent, in a sense
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that we will explain below. That is, general relativistic dynamics not
only fail to take the one-particle space of a given Cauchy surface to the
one-particle space of another Cauchy surface, they fail to take the Fock
space of states on one surface to the Fock space of states on another!

For these reasons, it seems hopeless to try to �nd a canonical Hilbert
space construction of free �elds in curved spacetimes. However, it is
still possible to formulate a general model of free �elds if one adopts the
point of view that the CCR algebras of observables are primary. We
now describe this approach.

LetM be a globally hyperbolic spacetime and for any Cauchy surface
M0 let V0 be the set of pairs (f; f�) with f and f� real-valued functions
in C1

c (M0). The dynamics of classical �elds are described by the Klein-
Gordon equation

r2� = �
�mc
�h

�2
�;

where r2 = r �r is the four-dimensional divergence of the gradient, so
that in local coordinates which diagonalize the Lorentz form at a point
we have

r2 =
1

c2
@2

@x20
� @2

@x21
� @2

@x22
� @2

@x23
:

The general theory of partial di�erential equations implies that for any
Cauchy surface M0, any pair (f; f�) 2 V0 is the initial data of a unique
solution � of the Klein-Gordon equation such that �jM0

= f and the
forward normal derivative of � on M0 is f�. Moreover, � will be smooth
and have spatially compact support in the sense that its restriction to
any Cauchy surface has compact support. Thus, if we let the classical
phase space V of a free scalar �eld be the set of all smooth solutions
of the Klein-Gordon equation with spatially compact support, then for
any M0 there is a natural bijection between V and V0.
There is a natural symplectic form on V de�ned by

f(f; f�); (g; g�)g =
Z
M0

f�g � fg�:

It is independent of M0. To see this let M 0
0 be another Cauchy surface

that lies in the future of M0 and let M1 be the four-dimensional region
bounded by M0 and M

0
0. Let � and  be solutions of the Klein-Gordon

equation with respective data (f; f�) and (g; g�) on M0 and (f 0; f 0�) and
(g0; g0�) on M

0
0. Then

Z
M 0

0

(f 0�g
0 � f 0g0�)�

Z
M0

(f�g � fg�) =

Z
@M1

( r� � �r ) � n
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where n is the outward normal vector. By the divergence theorem this
equals Z

M1

r � ( r� � �r ) =
Z
M1

( r2�� �r2 ) = 0

since r2 = �m2c2�h�2 and r2� = �m2c2�h�2�. Thus
R
M0

(f�g �
fg�) =

R
M 0

0

(f 0�g
0 � f 0g0�). This was shown for a surface M 0

0 lying in the

future ofM0, but given any two Cauchy surfaces we can �nd a third lying
in both of their futures, so we conclude that the symplectic form is the
same on every Cauchy surface. Thus V is equipped with a well-de�ned
symplectic form.

Figure 7.2 M0, M
0

0, and M1

M0

M 0
0

M1

Now it is possible to embed V in a complex Hilbert space in such a
way that its symplectic form agrees with the imaginary part of the inner
product. For example, mimicking the corresponding construction in 
at
spacetime, we can embed V �= V0 in L2(M0) by

T q(f; f�) = A1=4f + iA�1=4f�

where A = �c2r2
M0

+m2c4�h�2, r2
M0

being the three-dimensional Rie-
mannian Laplacian on M0. However, the consistency conditions which
provided motivation for this de�nition in 
at spacetime are no longer
meaningful, and the resulting CCR(V) representations (De�nition 7.2.3)
for di�erent Cauchy surfaces are not unitarily equivalent. Nonetheless,
this does allow us to de�ne CCR(V) and to know that it has at least
one Hilbert space representation. Recall that by Theorem 7.2.5 the C*-
algebra CCR(V) is independent of M0.
Let us take stock of the situation. We now have a well-de�ned algebra

of observables CCR(V), but we do not have a canonical embedding of
CCR(V) in a \one-particle" Hilbert space because the latter concept
does not have a relativistically invariant meaning. But suppose we are
given any representation of CCR(V) on a Hilbert space H. Then for any
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Cauchy surface M0 and any (f; f�) 2 V0, there is a unique � 2 V with
initial data (f; f�) and a corresponding Weyl operator W� 2 CCR(V)
which acts on H. We can therefore do quantum mechanics in the usual
way, and by correlating the Weyl operators with various Cauchy surfaces
we are able to interpret the results of observations made by di�erent
observers. In particular, for any region S �M0 the observables that can
be measured in S are precisely those in the sub-C*-algebra of CCR(V)
generated by the operatorsW� such that the corresponding f and f� on
M0 are supported in S.
Thus, if we accept that there simply is no canonical Hilbert space

construction, we can still be satis�ed with interpreting di�erent rep-
resentations of CCR(V) as di�erent realizations of a free �eld on M .
There is not even any good reason to restrict ourselves to Fock space
constructions, although there are various other physically and mathe-
matically motivated restrictions on which representations ought to be
allowed. On this view, among the allowed representations of CCR(V)
none is accorded a fundamental status. The cleanest mathematical ex-
pression of this approach is to take C*-algebraic states in the sense of
De�nition 5.6.3 as primary, giving rise to Hilbert space representations
via the GNS construction. The drawback is that a particle interpretation
becomes diÆcult in general. But this seems to be a feature of general
relativity that one just has to accept. Presumably one should still be
able to de�ne particles locally via a 
at spacetime approximation.
The fact that representations of in�nite dimensional CCR algebras

are not unique up to unitary equivalence has been put forward as an ar-
gument for the value of C*-algebraic methods in quantum �eld theory.
Using the CCR algebra point of view, one is able to recognize di�erent
representations of the same algebra as being realizations of the \same"
quantum �eld; moreover, the language of C*-algebraic states is conve-
nient for constructing representations. Quantum �eld theory in curved
spacetime provides an even stronger version of this argument because
here the Hilbert space constructions of di�erent observers are generally
inequivalent, and it is only through the C*-algebra CCR(V) that one
is able to relate the experience of states on di�erent Cauchy surfaces.
That is, the theory cannot be formulated in a relativistically invariant
manner at the level of Hilbert spaces, only at the level of C*-algebras.

7.6 Notes

A thorough treatment of nonrelativistic �elds is given in [36]. For a
Fermionic version of the L2(H) construction see [6]. [2] is another good
mathematical reference on quantum �eld theory.
Standard references on CCR and CAR algebras (the Fermionic version

of CCR algebras) are [10] and [32]. Almost periodic functions are treated
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in [14], and their relation to CCR algebras is discussed in [72].
Relativistic single-particle systems, including spin, are treated in [68].

For more on localizability and superluminal signalling see [76] and [35].
Special relativistic quantum �eld theory is treated in [33], with em-

phasis on the use of C*- and von Neumann algebras to describe the
observables which can be measured locally.

Free �elds in curved spacetime are extensively discussed in [30] and
[69]. The embedding of T q : V ! L

2(M0) described in Section 7.5 was
given in [4]; the fact that there exist spacetimes in which it has undesir-
able properties follows from [42]. Also see [4] for further discussion of the
conceptual basis of the Cauchy surface approach to quantum mechanics
in curved spacetime. The argument that shows the symplectic form is
independent of the Cauchy surface was shown to me by Renato Feres.
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Chapter 8

Operator Spaces

8.1 The spaces V (K)

The topics in Chapters 2, 3, 5, and 6 constitute the \elementary" theory
of mathematical quantization. In the remaining chapters we will intro-
duce some more advanced topics. This chapter is about operator spaces,
which are norm closed linear subspaces of B(H) and are thought of as
a quantum version of Banach spaces.

In order to make sense of this interpretation, we need to take a con-
crete view of Banach spaces. We will accomplish this by introducing a
class of objects called \dual unit balls" and de�ning, for each dual unit
ball K, a space of functions V (K) � l1(K), such that the spaces V (K)
are concrete realizations of Banach spaces. Then operator spaces will
be the corresponding subspaces of B(H).

DEFINITION 8.1.1 A subsetK of a topological vector space (TVS)
is balanced if x 2 K and a 2 C, jaj = 1, implies ax 2 K. A dual unit
ball is then a compact, convex, balanced subset of a locally convex TVS.

For any dual unit ball K, let V (K) be the space of continuous func-
tions f from K into C which are linear in the sense that f(ax + by) =
af(x) + bf(y) whenever x; y; ax + by 2 K. Give V (K) the supremum
norm it inherits from l1(K).

Note that this de�nition of linearity is equivalent to asserting that f
extends to a linear function on the span of K.

It is easy to see that V (K) is a norm closed subspace of l1(K), so it
is a Banach space.

We write (V)1 for the closed unit ball of a Banach space V .

Example 8.1.2

Let V be a Banach space and let K = (V�)1 be the unit ball of the
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dual space V�. Then K is a dual unit ball.

PROPOSITION 8.1.3

Let K be a dual unit ball. Then K is linearly homeomorphic to the unit
ball of V (K)�.

PROOF Let V = V (K) and for x 2 K de�ne x̂ 2 (V�)1 by x̂(f) =
f(x). It is easy to check that the map x 7! x̂ is linear and that it
is continuous going into the weak* topology on V�. It is also one-to-
one since local convexity implies that the continuous linear functionals
separate points of K. Thus K is linearly homeomorphic to a weak*
compact, convex subset of (V�)1.
To show that the map x 7! x̂ is onto, suppose ! 2 V� is not in its

image. Then by a standard separation theorem there exists a weak*
continuous linear functional T on V� such that

ReT (x̂) � 1 < ReT (!)

for all x 2 K. It is also standard that there exists f 2 V such that
T (�) = �(f) for all � 2 V�, so we have

Re f(x) � 1 < Re!(f)

for all x 2 K. Since K is balanced and f is linear, this implies that
kfk � 1, and hence k!k > 1. We conclude that K �= (V�)1.

The preceding result shows that every abstract dual unit ball gives
rise to a Banach space of which it is the dual unit ball. Conversely, we
have the following result.

PROPOSITION 8.1.4

Let V be a Banach space and let K = (V�)1. Then V is isometrically
isomorphic to V (K).

PROOF The weak* continuous linear functionals on V� are precisely
the maps �̂ : ! 7! !(�) for � 2 V . Each �̂ restricts to a continuous linear
function on K, and conversely, by the Krein-Smulian theorem every
continuous linear function on K extends to a weak* continuous linear
functional on V�. Thus the map � 7! �̂jK is a linear isomorphism of V
onto V (K). It is isometric by the Hahn-Banach theorem.

Next we observe that maps between Banach spaces correspond to
maps between their dual unit balls.
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Example 8.1.5

Let K and L be dual unit balls and let � : K ! L be a continuous lin-
ear map (in the same sense as in De�nition 8.1.1). Then composition
with � de�nes a linear contraction from V (L) into V (K).

Example 8.1.6

Let V and W be Banach spaces and let T : V ! W be a linear
contraction. Then composition with T de�nes a weak* continuous
linear map from (W�)1 into (V�)1.

The veri�cation of both examples is routine.

8.2 Matrix norms and convexity

We found in Section 8.1 that every Banach space can be realized con-
cretely as a space of continuous linear functions on a dual unit ball, and
thus Banach spaces are the abstract version of the spaces V (K).
Each V (K) is a norm closed linear subspace of l1(K), and conversely,

every norm closed linear subspace of any l1(X) is a Banach space. This
motivates the following de�nition.

DEFINITION 8.2.1 An operator space is a norm closed linear sub-
space of some B(H).

Operator spaces are the quantum version of dual unit balls in the same
way that C*-algebras are the quantum version of topological spaces and
von Neumann algebras are the quantum version of measure spaces. In
each case we have a classical object (topological space, measure space,
dual unit ball), a function theoretic parallel (C(X), L1(X), V (K)), and
an operator analog (C*-algebra, von Neumann algebra, operator space).
Now every operator space is a Banach space, so at �rst it appears that

there is no di�erence between operator spaces and Banach spaces. How-
ever, B(H) has an extra level of structure which we have not discussed
yet, and this extra structure is inherited by operator spaces. Namely,
any n�n matrix of bounded operators [Aij ], with each Aij in B(H), can
be viewed as operating on the n-fold direct sum Hilbert space Hn. Thus
the matrix [Aij ] has a natural norm, and this norm is compatible with
matrices of di�erent sizes in a certain way. This suggests the following
de�nition.
To simplify notation, we will write Mn for Mn(C). We will also write

Mm;n for the space of all m� n complex matrices. Note that Mm;n can
be identi�ed with the set of linear maps from Cn to Cm; we therefore
take the norm of an element in Mm;n to be its operator norm.
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DEFINITION 8.2.2 For any vector space V and any n 2 N, let
Mn(V) be the vector space of all n � n matrices with entries in V .
We can multiply matrices over V with scalar matrices using the usual
formula for matrix products.

A matrix norm on V is a sequence of norms de�ned on each Mn(V)
with the property that

kA�Bk � kAkk�kkBk

for all A 2Mm;n, B 2Mn;m, and � 2Mn(V).
Any linear map T : V ! W induces a linear map T (n) : Mn(V) !

Mn(W) de�ned entrywise. If V andW are matrix normed spaces, then a
linear map T : V ! W is completely bounded if its completely bounded
(CB) norm kTkcb = supn kT (n)k is �nite. T is completely contractive if
kTkcb � 1 and completely isometric if each T (n) is isometric.

We present two examples of matrix norms.

Example 8.2.3

Let V � B(H) be an operator space. GiveMn(V) the norm it inherits
from Mn(B(H)) �= B(Hn). This is a matrix norm on V.

Example 8.2.4

Let V be a Banach space. Then V �= V (K) where K = (V�)1,
and V (K) � l1(K). De�ne the norm of any matrix F = [fij ] 2
Mn(V (K)) by

kFk = sup
x2K

kF (x)k = sup
x2K

k[fij (x)]k;

where k[fij(x)]k is the usual operator norm of a scalar matrix. This
is a matrix norm on V (K) �= V.

The matrix norm in Example 8.2.4 agrees with the matrix norm in
Example 8.2.3 when we embed l1(K) in B(l2(K)) in the usual way as
multiplication operators.

Next we give examples of complete contractions.

Example 8.2.5

LetA and B be C*-algebras and let � : A ! B be a �-homomorphism.
Then � is a contraction by the comment following De�nition 5.3.1.
But Mn(A) and Mn(B) are also C*-algebras and �(n) : Mn(A) !
Mn(B) is a �-homomorphism for all n, so � is in fact completely
contractive.
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This example shows why matrix norms have not played a role in ear-
lier chapters. When one is dealing with �-homomorphisms, the higher
matrix levels are typically irrelevant. However, in the setting of gen-
eral linear maps between operator spaces the CB norm is usually more
important than the �rst level (Banach space) norm.
The simplest example where the Banach space and CB norms di�er

is the transpose map on M2. The map�
a b
c d

�
7!
�
a c
b d

�

is isometric, but its completely bounded norm is 2.
We have now de�ned the basic concepts surrounding operator spaces.

Next we want to characterize these spaces abstractly. This requires
a separation theorem whose proof is a bit technical but which is quite
useful. It involves separating points from compact convex sets. However,
the desired result does not just accomplish this on a single level (that
could be done using classical separation theorems); rather, we consider
convex sets on all levels. We need the following de�nition.

DEFINITION 8.2.6 Let V be a locally convex TVS. A balanced
matrix convex set over V is a sequence K = (Kn) of subsets of Mn(V)
such that

(a) X 2 Km and Y 2 Kn implies

�
X 0
0 Y

�
2 Km+n, and

(b) if A 2 (Mm;n)1, B 2 (Mn;m)1, and X 2 Kn, then AXB 2 Km.

K is closed if each Kn is closed in Mn(V), giving Mn(V) the natural
topology arising from the topology on V (nets in Mn(V) converge if and
only if they converge entrywise).

Observe that each Kn must be convex, for if X;Y 2 Kn and s+ t = 1
(s; t � 0) then

sX + bY = [
p
sIn

p
tIn ]

�
X 0
0 Y

� �p
sInp
tIn

�
;

where In is the n� n identity matrix, belongs to Kn as well. Property
(b) also implies that each Kn is balanced.
We now proceed to prove the desired separation theorem. A function

f on a convex set K is aÆne if

f(tx+ (1� t)y) = tf(x) + (1� t)f(y)

for all x; y 2 K and all t 2 [0; 1]. A cone is a subset of a vector space that
is closed under addition of vectors and multiplication by nonnegative real
numbers.
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LEMMA 8.2.7

Let K be a compact convex subset of a TVS and let E be a cone of real
continuous aÆne functions on K. Suppose that for each � 2 E there
exists x 2 K such that �(x) � 0. Then there exists x0 2 K such that
�(x0) � 0 for all � 2 E.

PROOF By compactness it will suÆce to show that for any �nite set
of functions �1; : : : ; �n 2 E there exists x 2 K such that �i(x) � 0 for
1 � i � n. Suppose this fails for some �1; : : : ; �n. Let � : K ! Rn be
the direct sum map � =

L
�i. Then �(K) is a compact convex subset

of Rn, and by assumption it does not intersect the closed convex set
[0;1)n. So by a standard separation theorem there is a linear function
! : Rn ! R such that !(�(K)) < 0 and !([0;1)n) � 0. We have
! Æ � =

P
ai�i where ai = !(ei) � 0 (ei being the ith basis vector

in Rn), so that ! Æ � 2 E. But then !(�(K)) < 0 contradicts the
hypothesis of the lemma, so we have reached a contradiction.

LEMMA 8.2.8

Let K = (Kn) be a closed balanced matrix convex set over a locally
convex TVS V . Let X0 2 Mn(V) and suppose X0 62 Kn. Then there is
a continuous linear map F : Mn(V) ! C and a pair of states ! and �
on Mn such that

jF (X)j � 1 < jF (X0)j
for all X 2 Kn and

jF (AXB)j � (!(AA�)�(B�B))1=2

for all A 2Mn;m, B 2Mm;n, and X 2 Km (m 2 N).

PROOF The existence of F such that jF (X)j � 1 < jF (X0)j for all
X 2 Kn follows from a standard separation theorem and the fact that
Kn is a closed balanced convex set in Mn(V).
Let Sn be the set of states on Mn. Then S2n = Sn � Sn is a compact

convex set. Given any X 2 Km and any A 2 Mn;m and B 2 Mm;n,
de�ne a real continuous aÆne function � = �A;X;B on S2n by

�(!; �) = !(AA�) + �(B�B)� 2ReF (AXB):

Let E be the set of all such functions �A;X;B . We have aE � E for all
a � 0 since a�A;X;B = �A0;X;B0 where A0 = a1=2A and B0 = a1=2B. We
also have E + E � E because �A1;X1;B1

+ �A2;X2;B2
= �A;X;B where

A = [A1 A2 ], B =

�
B1

B2

�
, and X = X1 �X2 2 Km1+m2

. Thus E is a

cone.
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Moreover, for each � 2 E there exists a point (!; �) 2 S2n such that
�(!; �) � 0. To see this �x A;X;B and �nd states ! and � on Mn such
that

!(AA�) = kAA�k = kAk2 and �(B�B) = kB�Bk = kBk2:

Then
�A;X;B(!; �) = kAk2 + kBk2 � 2ReF (AXB) � 0

since
ReF (AXB) � jF (AXB)j � kAkkBk:

Thus Lemma 8.2.7 applies, and we conclude that there exist states !
and � on Mn such that �A;X;B(!; �) � 0 for any A 2Mn;m, B 2Mm;n,
and X 2 Km.
For this choice of ! and � we have

2ReF (AXB) � !(AA�) + �(B�B)

for all A 2 Mn;m, B 2 Mm;n, and X 2 Km. Replacing A by b1=2A and
B by b�1=2B where b = !(AA�)�1=2�(B�B)1=2 then yields

ReF (AXB) � !(AA�)1=2�(B�B)1=2:

Finally, replacing A with (jF (AXB)j=F (AXB))A yields the desired in-
equality.

A state ! on a C*-algebra is faithful if !(A�A) = 0 implies A = 0.

LEMMA 8.2.9

Under the hypotheses of Lemma 8.2.8, we can obtain the same conclusion
with ! and � faithful.

PROOF Let F , !, and � be as in Lemma 8.2.8. The normalized trace
� = 1

n tr onMn is faithful, so for any � 2 (0; 1) the states !0 = (1��)!+��
and �0 = (1 � �)� + �� are faithful. Let F 0 = (1 � �)F ; for suÆciently
small � we still have

jF 0(X)j � 1 < jF 0(X0)j

for all X 2 Kn, and for A 2 Mn;m, B 2 Mm;n, and X 2 Km we also
have

jF 0(AXB)j � (1� �)!(AA�)1=2�(B�B)1=2

� 1

2
(1� �)(!(AA�) + �(B�B))
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� 1

2
(!0(AA�) + �0(B�B)):

Then replacing A and B by b1=2A and b�1=2B as in the proof of Lemma
8.2.8 yields

jF 0(AXB)j � (!0(AA�)�0(B�B))1=2;

as desired.

THEOREM 8.2.10

Let K = (Kn) be a closed balanced matrix convex set over a locally
convex TVS V . Let X0 2 Mn(V) and suppose X0 62 Kn. Then there is
a continuous linear map 
 : V ! Mn such that k
(m)(X)k � 1 for all
m 2 N and X 2 Km but k
(n)(X0)k > 1.

PROOF Let F , !, and � be as in Lemma 8.2.8 with ! and � faithful.
Apply the GNS construction (Theorem 5.6.6) to ! and � to get repre-
sentations � : Mn ! B(H!) and � : Mn ! B(H�). Faithfulness of !
and � implies that � and � are �-isomorphisms. Let v0 = �In 2 H! and
w0 = �In 2 H�, so that !(A) = h�(A)v0; v0i and �(A) = h�(A)w0; w0i
for all A 2Mn.
For any 1 � n scalar matrix A = [ a1 : : : an ] let ~A be the n � n

scalar matrix

~A =

2
664
a1 a2 � � � an
0 0 � � � 0
...

...
. . .

...
0 0 � � � 0

3
775 :

Let E be the set of all n � n matrices of this form, and de�ne H =
�(E)v0 � H! and K = �(E)w0 � H�. We have dim(H) = dim(K) = n.
For x 2 V de�ne a sesquilinear form on K �H by

f�( ~B)w0; �( ~A)v0g = F (A�xB):

Then let 
(x) : K ! H be the linear map for which fw; vg = h
(x)w; vi.
The set of linear maps from K into H can be completely isometrically
identi�ed with Mn, so we may regard 
 as a map from V into Mn.
Let feig be the standard basis of Cn �=M1;n. For X = [xij ] 2Mn(V)

we have X =
P

ij e
�
i xijej , so

F (X) =
X

h
(xij)�(~ej)w0; �(~ei)v0i = h
(n)(X)w1; v1i
where

v1 =

2
64
�(~e1)v0

...
�(~en)v0

3
75 and w1 =

2
64
�(~e1)w0

...
�(~en)w0

3
75
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(both in Cn2). A short computation shows that kv1k = kw1k = 1. Since
jF (X0)j > 1, this shows that k
(n)(X0)k > 1 also.
Finally, let X 2 Km and �x v and w in Cmn. Write

v =

2
64
�( ~A1)v0

...
�( ~Am)v0

3
75 and w =

2
64
�( ~B1)w0

...
�( ~Bm)w0

3
75

for some 1 � n matrices Ai and Bi. Then kvk2 = !(A�A) and kwk2 =
�(B�B) where

A =

2
4
A1
...

Am

3
5 and B =

2
4
B1
...

Bm

3
5

are m� n matrices. Thus

jh
(m)(X)w; vij = jF (A�XB)j
� (!(A�A)�(B�B))1=2

= kvkkwk:

As v and w were arbitrary, this shows that k
(m)(X)k � 1.

The abstract characterization of operator spaces is an easy conse-
quence of the preceding result. An L1-matrix norm on a vector space
V is a matrix norm which satis�es





�
� 0
0 H

�



 = max(k�k; kHk)

for � 2 Mm(V) and H 2 Mn(V). It is easy to see that the matrix
norm on B(H) is an L1-matrix norm, and hence the same is true of
any operator space. The converse is also true; this is known as Ruan's
theorem.

THEOREM 8.2.11

Let V be a complete L1-matrix normed space. Then V is completely
isometric to an operator space.

PROOF Let T be the direct sum of all complete contractions from
V into Mn (n 2 N). It is clear that T is a complete contraction, and to
show that it is a complete isometry we must �nd, for each �0 2Mn(V)
with k�0k > 1, a complete contraction 
 : V ! Mm for some m 2
N such that k
(n)(�0)k > 1. But the sequence of unit balls Km =
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(Mm(V))1 is a closed balanced matrix convex set over V , so Theorem
8.2.10 implies the existence of a continuous linear map 
 : V !Mn such
that k
(m)(�)k � 1 for all � 2 Km (m 2 N) but k
(n)(�0)k > 1. That
is, 
 is a complete contraction, and we conclude that T is a complete
isometry. Finally, we have assumed that V is a Banach space, so T (V)
is closed and hence is an operator space.

8.3 Duality

Every operator space V has a dual V� which is also an operator space.
These behave much like Banach space duals; for example, V completely
isometrically embeds in V�� (Proposition 8.3.3). We will use operator
space duals to formulate a de�nition of \dual matrix unit balls" which
are the operator space analog of the dual unit balls discussed in Section
8.1.

DEFINITION 8.3.1 Let V be an operator space. Its dual is the
Banach space dual V�, with matrix norms de�ned by taking the norm of
an element of Mn(V�) to be the completely bounded norm of the map
it induces from V into Mn. Thus, for X = [xij ] 2Mn(V�) we have

kXk = supfkX(m)(�)k : m 2 N and � 2 (Mm(V))1g
= supfk[xij(�kl)]k : m 2 N and � = [�kl] 2 (Mm(V))1g:

When n = 1 this norm agrees with the Banach space norm on V�. To
see this let � 2 (Mn(V))1, let x 2 V�, and let v; w 2 Cn �=Mn;1. Then

jhx(n)(�)v; wij = jx(w��v)j � kxkkvkkwk;

which shows that kx(n)(�)k � kxk. Thus the operator space norm of x
is at most its Banach space norm, and the reverse inequality is clear.

The dual of an operator space is itself an operator space. One can
show this by means of Ruan's theorem (Theorem 8.2.11), but it is easier
to give a direct proof.

PROPOSITION 8.3.2

Let V be an operator space. Then there is a completely isometric and
weak* homeomorphic isomporphism of its dual space V� with a weak*
closed subspace of some B(H).

PROOF Let � be the set of all pairs (m;�) such that m 2 N and
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� 2 (Mm(V))1, and let

H =
M

(m;�)2�

Cm:

Then de�ne T : V� ! B(H) by T (x) =
L

x(m)(�). For X 2 Mn(V�)
we have

kT (n)(X)k =







M

(m;�)2�

X(m)(�)







 = sup
(m;�)2�

kX(m)(�)k = kXkcb;

so the matrix norms on V� and T (V�) agree, and hence T is a complete
isometry.

If (x�) is a bounded net in V� and x� ! x weak*, then x
(m)
� (�) !

x(m)(�) in each entry, for each � 2 (Mm(V))1. It follows that Tx� ! Tx
weak* in B(H). Therefore, since T is an isometry, the unit ball of T (V�)
is weak* compact, and hence by the Krein-Smulian theorem T (V�) is a
weak* closed subspace of B(H). Moreover, this shows that for bounded
nets the weak* topology on V� agrees with the induced weak* topology
on T (V�), which implies that the two weak* topologies are equal.

Next we prove that any operator space completely isometrically em-
beds in its double dual. This result is an easy consequence of the sepa-
ration theorem proven in Section 8.2.

PROPOSITION 8.3.3

Let V be an operator space. Then the natural map � 7! �̂ completely
isometrically embeds V in V��.

PROOF A straightforward computation shows that the map � 7! �̂
is a complete contraction. To prove that it is a complete isometry, let
� = [�ij ] 2 Mm(V) and suppose k�k > 1; we must show that k�̂k =

k[�̂ij ]k > 1. To do this it will suÆce to �nd X 2 Mm(V�) such that

k�̂(m)(X)k = kX(m)(�)k > 1. But taking Kn = (Mn(V))1 in Theorem
8.2.10 yields precisely this.

Next we consider the abstract characterization of dual operator spaces.
Concretely, Proposition 8.3.2 shows that these are precisely the weak*
closed subspaces of B(H). Abstractly, one might expect that any opera-
tor space which is a dual Banach space should be a dual operator space;
however, a slightly stronger assumption is needed.
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PROPOSITION 8.3.4

Let V be an operator space which is a dual Banach space and suppose
that the unit ball of Mn(V) is weak* closed for all n. Then V is a dual
operator space.

PROOF We may assume that V = W� for some Banach space W .
Then W isometrically embeds in V�, and inherits an operator space
structure from this space. We must show that V = W� as operator
spaces.

Let � be the set of all pairs (m;�) such that m 2 N and � 2
(Mm(W))1, and apply the construction of Proposition 8.3.2 to get a
weak* continuous complete contraction T : V ! B(H). It will suÆce
to show that T is a complete isometry. To do this, let X 2 Mn(V) and
suppose kXk > 1; we must �nd � 2 Mm(W) such that k�k � 1 but
kX(m)(�)k > 1. De�ne Kn = (Mn(V))1 and apply Theorem 8.2.10 to
V equipped with the weak* topology. Then we get a matrix 
 of weak*
continuous maps from V into C such that k
k � 1 but k
(n)(X)k > 1.
However, every weak* continuous map from V intoC is obtained by pair-
ing with an element of W , so we have 
 = �̂ for some � 2 (Mm(W))1,
as desired.

Now we are ready to present the matrix version of the dual unit balls
discussed in Section 8.1.

DEFINITION 8.3.5 A dual matrix unit ball is a balanced matrix
convex set K = (Kn) such that each Kn is compact.

Since K is a balanced matrix convex set, each Kn must be a balanced
convex set (see the comment following De�nition 8.2); as we are now
also assuming that the Kn are compact, it follows that each Kn is a
dual unit ball in the sense of De�nition 8.1.1. The prototypical example
of a dual matrix unit ball is the sequence of matrix unit balls over a dual
operator space.

Example 8.3.6

Let V be an operator space and let Kn = (Mn(V
�))1 be the sequence

of matrix unit balls of the dual operator space. Giving V� the weak*
topology, each Kn is compact, and K = (Kn) is a dual matrix unit
ball.

If K and L are dual matrix unit balls, we will use the term com-
pletely linear map from K to L to mean a linear map � : K1 ! L1
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such that �(n)(Kn) � Ln for all n. We will say that � is a complete
homeomorphism if each �(n) is a homeomorphism.

PROPOSITION 8.3.7

Let K = (Kn) be a dual matrix unit ball. Then K is completely linearly
homeomorphic to the sequence of matrix unit balls of some dual operator
space.

PROOF As we noted above, each Kn is a dual unit ball. Let V =
span(K). Condition (b) of balanced matrix convexity implies that each
entry of any element in Kn belongs to K1, so Mn(V) = span(Kn) for all
n. De�ne a matrix norm on V by letting the unit ball of Mn(V) be Kn.

This does de�ne a norm on each Mn(V) by Proposition 8.1.3, and it
makes V into an operator space by Theorem 8.2.11. As the unit ball of
each Mn(V) is Kn, which is weak* compact, it follows from Proposition
8.3.4 that V is a dual operator space. SoK is identi�ed with the sequence
of matrix unit balls over a dual operator space.

We now have a way of passing from operator spaces to dual matrix
unit balls, and vice versa, just as we can pass between Banach spaces
and dual unit balls. As in the Banach space case, morphisms between
the two types of objects also correspond.

Example 8.3.8

Let V and W be operator spaces and let Kn = (Mn(V
�))1 and

Ln = (Mn(W
�))1 be the corresponding dual matrix unit balls. If

T : V ! W is a complete contraction then composition with T de-
�nes a continuous completely linear map from L to K.

PROPOSITION 8.3.9

Let V and W be operator spaces and let K and L be the corresponding
dual matrix unit balls. Then any continuous completely linear map
� : L! K is given by composition with a complete contraction from V
to W .

PROOF By Proposition 8.1.4 and Example 8.1.5 there is a contrac-
tion T : V ! W such that � is composition with T . If T fails to be a
complete contraction then for some n it does not take the unit ball of
Mn(V) into the unit ball of Mn(W) for some n, and then composition
with T cannot take Ln into Kn, contradicting complete linearity of �.
So T is a complete contraction.
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8.4 Matrix-valued functions

The notion of a dual matrix unit ball, introduced in the previous section,
provides the basis for a di�erent approach to operator spaces which
relates them to C*- and von Neumann algebras. The basic idea is this.
If V is a Banach space then we can identify V with V (K), and as the dual
unit ball K is a compact Hausdor� space we can write V (K) � C(K) �
l1(K). For operator spaces there will be an analogous construction in
which C(K) and l1(K) are replaced by noncommutative C*- and von
Neumann algebras. We give the von Neumann algebra construction �rst.

DEFINITION 8.4.1 Let K be a dual matrix unit ball. We de�ne
the matrix l1-space l1mat(K) to be the set of sequences f = (fn) of
bounded functions from Kn into Mn such that

(a) supn kfnk1 �1;

(b) X 2 Kn and Y 2 Km implies

fn+m

��
X 0
0 Y

��
=

�
fn(X) 0

0 fm(Y )

�
;

and

(c) if X 2 Kn and A 2Mn is unitary then fn(A
�XA) = A�fn(X)A.

This is supposed to be a matrix version of l1 appropriate to the
context of dual matrix unit balls. In fact, the functions at the �rst level
do constitute precisely l1(K1). The higher level functions take values
in matrix algebras rather than C and are also required to satisfy the
compatibility conditions (b) and (c) which relate to the structure of K.

Observe that l1mat(K) has a natural algebraic structure with opera-
tions de�ned pointwise. It is not commutative, of course, because the
functions fn take values in matrix algebras.

DEFINITION 8.4.2 For any dual matrix unit ball K let Vmat(K)
be the subspace of l1mat(K) consisting of those sequences f = (fn) such
that

(a) f1 : K1 ! C is linear and continuous and

(b) fn[xij ] = [f1(xij)] for all n 2 N and [xij ] 2 Kn, i.e., fn = f
(n)
1 .

We think of Vmat(K) as the space of \continuous linear functions" in
l1mat(K).

Now we present the basic facts about Vmat(K) and l1mat(K).
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LEMMA 8.4.3

Let K be a dual matrix unit ball and suppose X 2 Kn is nonzero. Then
there exists f 2 Vmat(K) such that fn(X) 6= 0.

PROOF Since X is nonzero it must have a nonzero entry xij . Let
f1 : K1 ! C be a continuous linear map such that f1(xij) 6= 0. Then

de�ning f = (fn) by fn = f
(n)
1 immediately yields fn(X) 6= 0, and it is

straightforward to verify that f 2 l1mat(K) and hence in Vmat(K).

THEOREM 8.4.4

Let V be an operator space and let K be the corresponding dual matrix
unit ball. Then

(a) l1mat(K) is a von Neumann algebra;

(b) Vmat(K) is an operator space which is completely isometric to V ;
and

(c) Vmat(K) generates l1mat(K) as a von Neumann algebra.

PROOF

(a) Regard l1mat(K) as a subalgebra of B(H) where H =
L
Cm, the

sum being taken over all m 2 N and all X 2 Km as in the proof of
Proposition 8.3.2. It is easy to see that l1mat(K) is a unital �-subalgebra
of B(H), and the conditions (b) and (c) of De�nition 8.4.1 are clearly
preserved by bounded weak operator limits, so l1mat(K) is a von Neu-
mann algebra.

(b) This follows from Proposition 8.3.3.

(c) Call an elementX 2 Kn �Mn(V�) reducible if there is a nontrivial
projection P 2 Mn such that PX = XP ; also, say that X;Y 2 Kn are
unitarily equivalent if there exists a unitary matrix U 2 Mn such that
Y = U�XU .

Let M be the W*-subalgebra of l1mat(K) generated by Vmat(K). We
�rst claim that for any irreducible X 2 Kn, the C*-algebra ffn(X) :
f 2 Mg equals Mn. Suppose not; then by the double commutant theo-
rem (Theorem 6.5.7) there is a nontrivial projection P 2 Mn such that
Pfn(X) = fn(X)P for all f 2 M, and hence for all f 2 Vmat(K). By
linearity this implies fn(PX � XP ) = 0 for all f 2 Vmat(K), and the
lemma then yields PX � XP = 0, contradicting irreducibility. This
proves the �rst claim.

We next claim that if X 2 Km, Y 2 Kn are irreducible and (in
case m = n) unitarily inequivalent then the C*-algebra A = ffm(X)�
fn(Y ) : f 2 Mg equals Mm �Mn. To see this, consider the natural
�-homomorphisms �1 : A ! Mm and �2 : A ! Mn; note that they
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are surjective by the �rst claim, and the intersection of their kernels is
zero. If m 6= n, this implies that A =Mm�Mn (cf. Theorem 11.1.2 and
Proposition 6.4.1). If m = n then it is also possible that A = Mm. By
Proposition 6.4.7, there then exists a unitary matrix U 2Mm such that
�2 = U��1U , i.e. fm(Y ) = U�fm(X)U for all f 2 M. But this implies
fm(Y � U�XU) = 0 for all f 2 Vmat(K), and hence Y � U�XU = 0
by the lemma. That is, X and Y are unitarily equivalent, contradicting
our assumption. This proves the second claim.

Now let f be any self-adjoint element of l1mat(K); we will show that
f 2 M. This is suÆcient to verify that l1mat(K) = M. For any �nite
set � of irreducible, unitarily inequivalent elements Xi,

� = fXi 2 Kni
: 1 � i � rg;

it is a consequence of the second claim that there exists f� 2 M such
that f�ni

(Xi) = fni
(Xi) for 1 � i � r. By taking its real part we may

assume f� is self-adjoint, and by truncation using functional calculus
we may then assume kf�k � kfk.
It follows from conditions (b) and (c) in the de�nition of l1mat(K)

that f is determined by its values on irreducible, unitarily inequivalent
elements of K. Thus the net (f�) eventually agrees with f on any
�nite subset of K, where this net is ordered by setting � � �0 if every
element of � is unitarily equivalent to some element of �0. Now consider
the natural action of l1mat(K) on the Hilbert space H =

L
Cm which

appeared in the proof of part (a) of this theorem. We have just shown
that hf�v; wi ! hfv; wi for any elements v and w of the algebraic direct
sum of the Cm, and since this is a dense subspace of H and the net (f�)
is bounded, we therefore have f� ! f weak*. Thus f belongs to the von
Neumann algebra generated by Vmat(K), and this completes the proof.

Next, we de�ne a matrix version of C(K).

DEFINITION 8.4.5 For any dual matrix unit ball K, let Cmat(K)
be the unital C*-algebra generated by Vmat(K) in l1mat(K).

Note that this is not the same as the set of f 2 l1mat(K) such that each
fn is continuous. Indeed, it is easy to see that for any f 2 Cmat(K) the
sequence (fn) must be uniformly continuous. Even this condition is not
suÆcient to imply f 2 Cmat(K), however. But the next theorem does
give us an abstract characterization of Cmat(K).

If A and B are unital C*-algebras, we use the notation hom(A;B) to
denote the set of unital �-homomorphisms from A into B. Note that if
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B = C then this is just the spectrum of A.

THEOREM 8.4.6

Let V be an operator space and let K be the corresponding dual matrix
unit ball. Then

(a) Cmat(K) is the universal unital C*-algebra which completely isomet-
rically contains V , and
(b) hom(Cmat(K);Mn) is canonically homeomorphic to Kn for all n.

PROOF

(a) By de�nition, Kn consists of all completely contractive linear maps
from V into Mn. Recalling the identi�cation of V with Vmat(K) in The-
orem 8.4.4 (b), we see that Cmat(K) is just the C*-algebra generated by
the image of V in the direct sum of all of its �nite dimensional completely
contractive representations.

Thus, we need to know that any C*-algebra which completely isomet-
rically contains V is residually �nite in the following sense. Given any
completely contractive representation T : V ! B(H) of V , the norm of
any element of the �-algebra generated by T (V) must be approximated
by the norms of the corresponding operators in �nite dimensional rep-
resentations of V . In other words, if p is a �-polynomial in elements
of V then kTpk (interpreting this notation in the obvious way) must
be approximated by kT 0pk for completely contractive representations
T 0 : V !Mn.

Fix a completely contractive representation T : V ! B(H) and a �-
polynomial p in the elements of V . Given � > 0, choose a unit vector
v 2 H such that kTp(v)k � kTpk � �. Let K be the �nite dimensional
subspace of H spanned by v and the vectors Tp0(v) as p0 ranges over all
subpolynomials of p; let P be the orthogonal projection onto K; and let
T 0 = PT jK be the induced completely contractive representation of V
on K. Then T 0p(v) = Tp(v), and hence kT 0pk � kTpk � �. Thus the
norm of p in the arbitrary representation T is approximated by its norm
in the �nite dimensional representation T 0, as we needed to show.
(b) For any X 2 Kn let X̂ : Cmat(K) ! Mn be evaluation at X ,

i.e., X̂(f) = fn(X). Then de�ne � : Kn ! hom(Cmat(K);Mn) by
�(X) = X̂. It is easy to see that this map is one-to-one and continuous.
As hom(Cmat(K);Mn) is clearly Hausdor�, � is a homeomorphism, so
we only need to show surjectivity.

Let � : Cmat(K)!Mn be any �-homomorphism. Then the restriction
of � to Vmat(K) is a completely contractive linear map. Hence there
exists X 2 Kn such that � agrees with X̂ on Vmat(K). But Vmat(K)
generates Cmat(K), so � = X̂. This shows that � is surjective.
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COROLLARY 8.4.7

Let V and W be operator spaces and let K and L be the corresponding
dual matrix unit balls. Then any completely contractive linear map from
V to W extends uniquely to a unital �-homomorphism from Cmat(K)
to Cmat(L) and to a weak* continuous unital �-homomorphism from
l1mat(K) to l1mat(L).

PROOF The �rst statement follows immediately from the universal-
ity of Cmat(K) proven in part (a) of the theorem. (It can also be shown
by the following argument.)

Let T : V ! W be a completely contractive linear map and let T# :
L! K be the adjoint continuous completely linear map given by compo-
sition with T . Then de�ne ~T : l1mat(K)! l1mat(L) by ~Tf(X) = f(T#X)
for f 2 l1mat(K) and X 2 L. It is now straightforward to check that ~T is
a weak* continuous unital �-homomorphism which extends T . Unique-
ness follows from the fact that Vmat(K) generates l1mat(K).

8.5 Operator systems

As we have seen, operator spaces are quantum versions of dual unit balls,
i.e., compact balanced convex sets. In this section we will discuss the
quantum version of a compact convex set, which is called an operator
system. The classical analogs of operator systems are function systems,
which are de�ned as follows.

DEFINITION 8.5.1 A real ordered vector space is a real vector
space V equipped with a partial ordering for which � � � implies �+� �
� + � and a� � a� for all � 2 V and a � 0.

Let V be a real ordered vector space. An Archemedian order unit for
V is an element " 2 V such that

(a) for each � 2 V there is a real number a > 0 such that a� � ", and

(b) if � � a" for all a > 0 then � � 0.

A (real) function system is a real ordered vector space together with a
distinguished Archimedian order unit ", such that the order norm

k�k = inffa � 0 : �a" � � � a"g

is complete.

A state on a function system V is a positive (i.e., order preserving)
linear functional ! : V ! R such that k!k = 1. The state space of V is
the set S(V) of all states on V .
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Observe that the Archimedian property implies

�k�k" � � � k�k"

for all � 2 V .
It is also possible to de�ne complex function systems. To do this,

we start with a complex vector space V equipped with an antilinear
involution � 7! ��. Then we require that the real part of V , that is, the
set ReV of self-adjoint elements of V , satisfy the previous de�nition. We
norm V by setting

k�k = sup
jaj=1

kRea�k;

where the norm on the right side is the order norm on ReV . It is
easy to see that the complexi�cation of any real function system is a
complex function system, and there is a perfect equivalence between the
two de�nitions. We will work with real function systems because in the
present setting the complex part is super
uous; however, when we pass
to operator systems there is a very good reason for using complex scalars
(see the comment following De�nition 8.5.7).

Example 8.5.2

Let S be a compact convex subset of a locally convex TVS. Then
the space A(S) of real continuous aÆne functions on S is a function
system.

Example 8.5.3

The self-adjoint part of any unital C*-algebra A is a function system,
and the states on this function system are precisely the restrictions
of the states on A in the sense of De�nition 5.6.3.

As per the comment following De�nition 5.6.3, states can equivalently
be de�ned as positive linear functionals ! such that !(") = 1. Moreover,
any linear functional ! : V ! R which satis�es k!k = !(") = 1 must be
positive and hence a state, since � � 0 implies

��k�k � !(�)
�� = !(k�k"� �) � !(k�k") = k�k

and therefore !(�) � 0. Thus, of the three conditions that ! be positive,
that k!k = 1, and that !(") = 1, any two imply the third.

The next result justi�es the term \function system," and together
with Example 8.5.2 it also establishes a correspondence between function
systems and compact convex sets.
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PROPOSITION 8.5.4

Let V be a function system. Then S = S(V) is a compact convex subset

of V�, and the natural map � 7! �̂ is an isometric order isomorphism of
V onto the space A(S) of real continuous aÆne functions on S.

PROOF It is straightforward to check that S(V) is compact and

convex. Also, the map � 7! �̂ is clearly contractive and preserves order.
For any � 2 V de�ne

j�j� = supfa 2 R : a" � �g
and

j�j+ = inffa 2 R : � � a"g:
Then for any j�j� � a � j�j+, a short computation shows that the linear
functional !0 de�ned on span(�; ") by setting !0(") = 1 and !0(�) = a
satis�es k!0k = 1. So !0 extends to a state ! on V by the Hahn-
Banach theorem and the comment which preceded this proposition. In
particular, taking a to be either k�k or �k�k (one of them must lie

between j�j� and j�j+), this shows that k�̂k � k�k. So the map � 7! �̂ is
isometric. Also, if � 2 V and � 6� 0, then we can take a < 0 and obtain
�̂ 6� 0, and this shows that � 7! �̂ is an order isomorphism.
We must show that this map is onto. Let f 2 A(S). Then de�ne

T : V� ! R by setting

T (a! � b�) = af(!)� bf(�)

for all a; b � 0 and !; � 2 S. This map is well-de�ned by the following
argument. Suppose a! � b� = a0!0 � b0�0. Applying both sides to "
yields a� b = a0 � b0, and we also have

a0!0 + b�

a0 + b
2 S:

Thus

af(!) + b0f(�0) = (a+ b0)f

�
a! + b0�0

a+ b0

�

= (a0 + b)f

�
a0!0 + b�

a0 + b

�

= a0f(!0) + bf(�);

and we conclude that af(!) � bf(�) = a0f(!0) � b0f(�0). So T is well-
de�ned.
Next, we claim that T is de�ned on all of V�. To see this let

S0 = ft! � (1� t)� : !; � 2 S and t 2 [0; 1]g:
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This set is weak* compact because it is a continuous image of the com-
pact set S � S � [0; 1], and it is also convex. So for any ! 2 V� not
belonging to S0, there exists � 2 V such that �(�) � 1 for all � 2 S0 but

!(�) > 1. Using the fact that the map � 7! �̂ is isometric, and since
S � S0 = �S0, we obtain that k�k � 1, so we must have k!k > 1. Thus
S0 contains the unit ball of V� (in fact the two are equal), and so T is
de�ned everywhere on V�.
Now T is weak* continuous on S, so it is weak* continuous on S0 and

therefore on all of V� by the Krein-Smulian theorem. Thus there exists
� 2 V such that T (!) = !(�) for all ! 2 V�. In particular, for any ! 2 S
we have

�̂(!) = !(�) = T (!) = f(!):

So f = �̂, and we have shown that the map � 7! �̂ takes V onto A(S).

There is also a correspondence between aÆne maps of compact convex
sets and positive unital maps between function systems.

Example 8.5.5

Let V and W be function systems and let T : V ! W be a positive
unital map. Then composition with T de�nes a weak* continuous
aÆne map from S(W) into S(V).

Example 8.5.6

Let S and S0 be compact convex sets in locally convex TVSs and let
� : S ! S0 be a continuous aÆne map. Then composition with �

de�nes a positive unital map from A(S0) into A(S).

Now we de�ne the Hilbert space analog of classical function systems.

DEFINITION 8.5.7 If E is a vector space equipped with an invo-
lution, we say that a subspace of E is self-adjoint if it is stable under
the involution.

An operator system is a self-adjoint, unital operator space V . In other
words, it is a closed subspace V � B(H) such that I 2 V , and � 2 V
implies �� 2 V .
A linear map T : V ! W between operator systems is completely

positive if T (n) :Mn(V)!Mn(W) is positive for all n 2 N.

Unlike the case of classical function systems, here there is no equiv-
alent real version of the de�nition because positive elements of Mn(V)
may contain non self-adjoint entries for n > 1, and so the notion of com-

© 2001 by Chapman & Hall/CRC



188 Chapter 8: Operator Spaces

plete positivity involves non self-adjoint elements of V in an essential
way.
The same example which distinguishes boundedness from complete

boundedness also distinguishes positivity from complete positivity: the
transpose map on M2 is positive but not completely positive.
We conclude this section with an abstract characterization of operator

systems. If the vector space V is equipped with an antilinear involution
� (i.e., a map � : V ! V such that (a�)� = �a�� and ��� = � for all
� 2 V), then we de�ne a corresponding involution on Mn(V) by taking
the transpose of a matrix and applying � to each entry.

DEFINITION 8.5.8 A matrix ordered space is a complex vector
space V equipped with an antilinear involution � 7! �� together with a
vector space ordering on the self-adjoint part of each Mn(V), such that
if � 2Mn(V) and A 2Mn;m then � � 0 implies A��A � 0. It is unital
if there is a distinguished Archimedian order unit " 2 V such that

En =

2
4 " � � � 0
...

. . .
...

0 � � � "

3
5

is an Archimedian order unit for Mn(V), for all n.
The matrix order norm on a unital matrix ordered space V is de�ned

by

k�k = inf

�
a � 0 :

�
aEn �
�� aEn

�
� 0

�

for � 2Mn(V).

Complete positivity for maps between matrix ordered spaces is de�ned
just as for maps between operator systems.
The above de�nition of the matrix order norm is based on the fact that

it gives the correct norm in B(H) (and hence in any operator system),
as a short computation shows. Thus:

Example 8.5.9

Every operator system is a unital matrix ordered space.

For self-adjoint elements of V , the matrix order norm of De�nition
8.5.8 also agrees with the order norm on Mn(V) given in De�nition

8.5.1. For if

�
En �
� En

�
� 0 then

2(En � �) = [ In �In ]
�
En �
� En

� �
In
�In

�
� 0

© 2001 by Chapman & Hall/CRC



189

and

2(En +�) = [ In In ]

�
En �
� En

��
In
In

�
� 0;

and hence �En � � � En; while conversely, if �En � � � En then

2

�
En �
� En

�
=

�
In In
In �In

��
En + � 0

0 En � �

��
In In
In �In

�
� 0:

Also, observe that if V is a matrix ordered space and ! : V ! C is
positive, then ! is completely positive. To see this let � 2 Mn(V) and
suppose � � 0. Then for any v 2 Cn �=Mn;1 we have

h!(n)(�)v; vi = !(v��v) � 0;

and therefore !(n)(�) � 0.

THEOREM 8.5.10

Let V be a unital matrix ordered space which is complete for the matrix
order norm. Then V is completely order isomorphic to an operator
system via a completely isometric unital map.

PROOF Let T be the direct sum of all completely positive unital
maps from V into Mn for n 2 N. It is clear that T is unital and that it
preserves order. We must show that it is a complete order isomorphism;
the fact that it is completely isometric will then follow because order
and the unit determine the norm. Thus, let � 2 Mn(V) and suppose
� 6� 0. We must �nd a completely positive unital map T0 : V ! Mm

such that T
(n)
0 (�) 6� 0.

Mn(V) is a complex function system, so Proposition 8.5.4 (together
with the �rst comment preceding this theorem) implies the existence of
a state 
 : Mn(V) ! C such that 
(�) 6� 0. By the second comment
preceding this theorem, 
 is completely positive. Say 
 = [!ij ] with

!ij 2 V� and de�ne ~
 : V !Mn by ~
(�) = [!ij(�)]. We claim that ~
 is
also completely positive. To see this, let H = [�ij ] 2Mm(V) be positive
and de�ne ~H = [~�ikp;jlq ] 2Mmn2(V) by

~�ikp;jlq =

�
�i;j if k = p and l = q
0 otherwise;

then ~H is positive because we have ~H = A�HA where A = [ai;jlq ] 2
Mm;mn is the matrix

ai;jlq =
n
1 if i = j and l = q
0 otherwise.
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So ~
(m)(H) = 
(mn)( ~H) � 0 in Mmn, and this shows that ~
 is com-
pletely positive. Moreover, in the case m = n we have

~
(n)(�) = 
(n2)(A��A) = 
(�)A�

A 6� 0:

Thus ~
 is a completely positive map from V to Mn and ~
(n)(�) 6� 0.
Finally, ~
(") is a positive matrix inMn, so there is a matrix B 2Mn;m

such that B� ~
(")B is the identity in Mm, where m is the rank of ~
(").
Then T0 = B� ~
B is the desired completely positive unital map.

8.6 Notes

See [22] for more on operator spaces generally.
Ruan's theorem (Theorem 8.2.11) was proven in [62]. The separation

theorem presented in Theorem 8.2.10 is taken from [23]. There is also a
Hahn-Banach theorem for completely bounded maps of operator spaces
into B(H), known as the Arveson-Wittstock extension theorem; see [77].
For more on the dual of an operator space see [9]. Proposition 8.3.4

is from [44]; that paper also contains an example of an operator space
which is a dual Banach space but not a dual operator space. Section 8.4
is based on [70].
Our treatment of function systems follows [21]. The abstract charac-

terization of operator systems is from [11].
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Chapter 9

Hilbert Modules

9.1 Continuous Hilbert bundles

Measurable Hilbert bundles were introduced in Chapter 2 (De�nition
2.4.8), and they played an important role in Chapters 3, 5, and 6. We
begin this chapter by describing a continuous version of the construction;
next we revisit the measurable version; and then we introduce Hilbert
modules over C*- and von Neumann algebras, which are the quantum
analogs of Hilbert bundles.

DEFINITION 9.1.1 Let X be a compact Hausdor� space. A cov-
ering space of X is a topological space Y together with a continuous
open surjection p : Y ! X . A continuous Hilbert bundle over X is then
a covering space X such that Hx = p�1(x) is equipped with a Hilbert
space structure for each x 2 X , and satisfying the following conditions:

(a) the map y 7! kyk is continuous from X to R;
(b) the map (y; z) 7! y + z is continuous from X �X to X ;
(c) for each a 2 C, the map y 7! ay is continuous from X to X ; and
(d) for any neighborhood O of the origin of Hx in X there exists a
neighborhood O0 of x in X and an � > 0 such that

fy 2 X : p(y) 2 O0 and kyk < �g � O:

A section of X is a function � : X ! X such that �(x) 2 Hx for all
x 2 X . The set of all continuous sections of X is denoted S(X ).

The prototypical examples of continuous Hilbert bundles are geomet-
ric. Let X be a smooth manifold; then at each point x of X we have a
real vector space Tx which consists of all tangent vectors at x. This is
the tangent space at x, and the disjoint union of all of the tangent spaces
is the tangent bundle TX =

S
x Tx. A smooth manifold is Riemannian
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if each tangent space is equipped with an inner product and these vary
in an appropriately smooth manner as x varies. Now each tangent space
is a real Hilbert space, so complexifying TX gives rise to a continuous
Hilbert bundle over X .

Example 9.1.2

Let X be a compact Riemannian manifold and let X = TX + iTX

be the complexi�cation of the tangent bundle of X. Then X is a
continuous Hilbert bundle.

The space of continuous sections of a continuous Hilbert bundle has a
special structure. It is a vector space, as sections can be multiplied by
scalars and added pointwise. But in fact a continuous section � 2 S(X )
can be multiplied pointwise by any continuous function f 2 C(X), and
the product is again a continuous section. Thus S(X ) is a module over
C(X).
S(X ) has even more structure. For any continuous sections � and  

of X , we can take their inner product pointwise, and the result will be
a continuous function on X . That is, we de�ne

h�;  i(x) = h�(x);  (x)i;

then h�;  i 2 C(X) for any �;  2 S(X ). Continuity follows from the
fact that the map (y; z) 7! hy; zi is continuous on X �X , which follows
from property (a) of continuous Hilbert bundles by polarization.
This motivates the following de�nition.

DEFINITION 9.1.3 Let X be a compact Hausdor� space and let
E be a C(X)-module. A C(X)-valued pseudo inner product on E is a
map h�; �i : E � E ! C(X) satisfying

(a) hf�1 + g�2;  i = fh�1;  i+ gh�2;  i;
(b) h�;  i = h ; �i; and
(c) h�; �i � 0

for all f; g 2 C(X) and �1; �2; �;  2 E . We write j�j = h�; �i
1=2

and
de�ne k�k to be the supremum norm of j�j in C(X).
If k�k = 0 implies � = 0 then h�; �i is a C(X)-valued inner product,

and a Hilbert module over C(X) is a C(X)-module equipped with a
C(X)-valued inner product whose corresponding norm k � k is complete.

Observe that if h�; �i is a C(X)-valued pseudo inner product then the
map (�;  ) 7! h�;  i(x) is a pseudo inner product for each x 2 X . It

follows that k�k = sup h�; �i
1=2

(x) is a pseudonorm. Thus k � k really is
a norm if h�; �i is a C(X)-valued inner product.

© 2001 by Chapman & Hall/CRC



193

Example 9.1.4

Let X be a continuous Hilbert bundle over a compact Hausdor� space
X. Then S(X) is a Hilbert module over C(X).

This example has a converse: every Hilbert module is the module of
continuous sections of a continuous Hilbert bundle. The construction
goes as follows. Given a Hilbert module E over C(X) and an element
x 2 X , let Ix = ff 2 C(X) : f(x) = 0g and de�ne Hx = E=IxE . Here
IxE is the closed span of the set of elements f� with f 2 Ix and � 2 E .
The C(X)-valued inner product on E then passes to an ordinary inner
product on Hx, and Hx is the quotient of a Banach space by a closed
subspace, so it is complete. Thus each Hx is a Hilbert space. Also, for
each � 2 E let �x = � + Ix be its projection in Hx. Now we need the
following proposition.

PROPOSITION 9.1.5

Let X be a compact Hausdor� space, let E be a Hilbert module over
C(X), and let X =

S
Hx be the disjoint union of the Hilbert spaces Hx

de�ned above. Then there is a unique topology on X which makes it a
continuous Hilbert bundle over X and such that the map x 7! �x is a
continuous section for all � 2 E .

PROOF The desired topology is characterized by the condition that
�x�� ! �x if and only if x� ! x and j�� � �j(x) ! 0. A basis for this
topology is given by the sets

f�x 2 X : � 2 E ; x 2 O; and k�x �  xk � �g;

where O is an open subset of X ,  2 E , and � > 0. It is routine but
tedious to verify that this is a basis for a topology and that it makes X
into a continuous Hilbert bundle with the stated property.

We write B(E) for the continuous Hilbert bundle provided by Proposi-
tion 9.1.5. The following result shows that there is a perfect correspon-
dence between continuous Hilbert bundles and Hilbert modules. The
proof is rather long and we therefore omit it.

THEOREM 9.1.6

Let X be a compact Hausdor� space.

(a) S(B(E)) is canonically isomorphic to E , for any Hilbert module E
over C(X).
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(b) B(S(X )) is canonically isomorphic to X , for any continuous Hilbert
bundle X over X .

9.2 Hilbert L1-modules

It is typically the case that the natural L1 (or von Neumann algebra)
version of a C(X) (or C*-algebra) construction involves dual spaces and
weak* topologies in place of Banach spaces and norm topologies. In the
case of Hilbert modules, the appropriate requirement is self-duality in
the following sense.

DEFINITION 9.2.1 Let X be a �-�nite measure space and let E
be a Hilbert module over L1(X). Then the dual module E 0 is the set of
bounded L1(X)-linear maps from E into L1(X). The module structure
of E 0 is de�ned by

(f � �)(�) = �f�(�);

for f 2 L1(X), � 2 E 0, and � 2 E.

For any � 2 E , let �̂ 2 E 0 be the map �̂( ) = h ; �i. If every element

of E 0 is of the form �̂ for some � 2 E , then we say that E is self-dual.

It is fairly easy to show that any self-dual Hilbert module over L1(X)
is a dual Banach space. We will prove this in greater generality in
Proposition 9.4.2. Anyway under suitable separability assumptions we
can completely characterize the structure of self-dual Hilbert modules
over L1(X), and duality follows easily from this characterization.
The measurable Hilbert bundles used in earlier chapters give rise to

examples of self-dual Hilbert L1-modules. First we present the con-
struction, and then we prove that it satis�es the condition of self-duality.

DEFINITION 9.2.2 Let X be a �-�nite measure space and let
X =

S
(Xn � Hn) be a (separable) measurable Hilbert bundle over

X , as in De�nition 2.4.8. The Hilbert module of L1 sections of X
is the set L1(X ;X ) of weakly measurable essentially bounded functions
� : X !

S
Hn with the property that �(x) 2 Hn for all x 2 Xn.

Recall that \weakly measurable" means that for each n 2 N and
v 2 Hn the function x 7! h�(x); vi is measurable on Xn.

PROPOSITION 9.2.3

Let X be a �-�nite measure space and let X =
S
(Xn � Hn) be a

measurable Hilbert bundle overX . Then L1(X ;X ) is a self-dual Hilbert
module over L1(X).
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PROOF It is straightforward to check that L1(X ;X ) is a Hilbert
module over L1(X). To verify self-duality, let � 2 L1(X ;X )0. Assume
X = X �H where H is separable and in�nite dimensional; the �nite di-
mensional case is similar, and passing to a disjoint union of such bundles
is easy.
Let (en) be an orthonormal basis of H. De�ne fn = �(1Xen). Then

fn 2 L
1(X), and for any g1; : : : ; gn 2 L

1(X) we have

�

 
nX
i=1

giei

!
=

nX
i=1

gifi =

*
nX
i=1

giei; �n

+

where �n =
Pn

1
�fiei. In particular, we have �(�n) = j�nj

2, so bounded-
ness of � implies that the sequence (�n) is bounded in norm. But j�nj is
increasing, so it follows that j�nj(x) is Cauchy for almost every x 2 X .
Thus � = lim�n exists almost everywhere, is weakly measurable, and

is essentially bounded, and we have �( ) = h ; �i for any  which can
be written as a �nite L1(X)-linear combination of the sections 1Xen.
It is not yet clear that this equality holds for all  2 L1(X ;X ), because
�nite linear combinations of the sections 1Xen are in general not dense.
(For example, they cannot approximate in norm a section which for all
n constantly takes the value en on some positive measure set.) However,
for any  2 L1(X ;X ) and any � > 0 we can �nd a measurable partition
(Xm) of X and a sequence of sections  m which are �nite L1(X)-linear
combinations of the sections 1Xen, such that  m is supported on Xm

and k �
P
 mk � �. Then

�Xm ��
�X

 i

�
= �( m) = h m; �i = �Xm �

DX
 i; �

E
for all m, and hence �(

P
 i) = h

P
 i; �i. It now follows by conti-

nuity that �( ) = h ; �i for all  2 L1(X ;X ), and we conclude that
L1(X ;X ) is self-dual.

Now we want to show that under reasonable separability assumptions
all self-dual Hilbert L1-modules arise in the above fashion from mea-
surable Hilbert bundles. The appropriate condition is that the module
should be separable for the weak topology induced by the inner prod-
uct, that is, the weakest topology on E such that for all  2 E the map
� 7! h�;  i is continuous as a map into L1(X) with the weak* topol-
ogy. Thus, if (��) is a bounded net in E then �� ! � weakly if and
only if h��;  i ! h�;  i weak* in L1(X) for all  2 E . We will show in
Proposition 9.4.2 that on bounded sets this is actually a weak* topology.

THEOREM 9.2.4

LetX be a �-�nite measure space and let E be a self-dual Hilbert module
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over L1(X) which is weakly separable. Then there is a measurable
Hilbert bundle X over X such that E �= L1(X ;X ).

PROOF Any �-�nite measure can be replaced by a probability
measure with which it is mutually absolutely continuous, so without
loss of generality suppose X is a probability measure space and let �
be the measure on X . De�ne an inner product [�; �] on E by setting
[�;  ] =

R
h�;  i d� and let H be the Hilbert space completion of E for

this inner product. If �n ! � weakly then [�n;  ]! [�;  ] for all  2 E ,
which implies that H is weakly separable and hence separable. Let k � k2
denote the norm on H.

For each measurable subset S of X , let E(S) be the closure in H of
�S � E . It is straightforward to verify that E is an H-valued spectral
measure on X .

By Corollary 3.4.3 there is a probability measure �0 on X , a mea-
surable Hilbert bundle X over X , and an isometric isomorphism U :
L2(X ;X ) �= H such that U(L2(S;XjS)) = E(S) for every measurable
set S � X . If S is null with respect to � then E(S) = 0, so �0 is ab-
solutely continuous with respect to �. Possibly letting X be zero on a
positive measure set, we can therefore assume that the two measures are
mutually absolutely continuous. Having done this, it is not hard to see
that by modifying U we can actually take �0 = �.

Next we show that U�1 takes E isometrically into L1(X ;X ). First,
the Cauchy-Schwarz inequality applied pointwise shows that

jh�;  ij(x) � j�j(x)j j(x) � j�j(x)k k

almost everywhere, and hence kh�;  ik2 � k kk�k2 for any �;  2 E .
It follows that for all  2 E the map � 7! h�;  i from H to L2(X) has
norm at most k k. Conversely, for any � > 0 let S be a positive measure
set on which j j � k k � �; then taking � = �S yields

k�k22 =

Z
S

h ;  i � k k2�(S);

while

kh�;  ik22 =

Z
S

jh ;  ij2 � (k k � �)4�(S);

and we conclude that the map � 7! h�;  i from H to L2(X) has norm
exactly k k. The same argument shows that the L1 norm of U�1 
equals the norm of the map U�1� 7! hU�1�; U�1 i. So the fact that
U is isometric for L2 norms implies that U�1 takes E isometrically into
L1(X ;X ).
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It is clear that U�1 : E ! L1(X ;X ) respects L1(X)-module struc-
ture. For any � 2 E let f = h�; �i and g = hU�1�; U�1�i. By L1(X)-
linearity and the fact that U�1 is an isometry for L1 norms, we have
kf jSk1 = kgjSk1 for any S � X . Since f and g are both positive,
this implies f = g almost everywhere; polarization then implies that
h�;  i = hU�1�; U�1 i for all �;  2 E . Thus U�1 is compatible with
the L1(X)-valued inner product.
Finally, to show U�1 maps E onto L1(X ;X ), let  2 L1(X ;X ).

Then the map � 7! hU�1�;  i is a bounded L1(X)-linear map from E
into L1(X), so by self-duality there exists  0 2 E such that h�; U i =
hU�1�;  i = h�;  0i for all � 2 E . Then U � 0 is orthogonal (in H) to
every element of E , and since E is dense in H it follows that U � 0 = 0.
Thus  = U�1 0, and we have shown that U�1 maps E onto L1(X ;X ).

Conversely, every Hilbert module constructed as in De�nition 9.2.2 is
weakly separable. So Theorem 9.2.4 exactly characterizes weakly sepa-
rable self-dual Hilbert L1-modules.

9.3 Hilbert C*-modules

There is a C*-algebraic version of the Hilbert C(X)-modules introduced
in Section 9.1; in fact, due to noncommutativity there are two versions,
left Hilbert modules and right Hilbert modules. There is no essential
di�erence between the two cases, but in various circumstances one or
the other may be more convenient. The basic con
ict lies in the fact
that Hilbert space inner products are antilinear in the second variable,
but if operators act from the left then it is natural to have scalars act
from the right, which accords better with linearity in the second variable.
We use the symbols � and � to denote elements of an abstract C*-

algebra.

DEFINITION 9.3.1 Let A be a C*-algebra and let E be a left A-
module. An A-valued pseudo inner product on E is a map h�; �i : E�E !
A satisfying

(a) h��1 + ��2; �i = �h�1; �i+ �h�2; �i;
(b) h�; �i� = h�; �i; and
(c) h�; �i � 0

for all �; � 2 A and �1; �2; �; � 2 E . We write j�j = h�; �i1=2 and de�ne
k�k to be the norm of j�j in A.
If k�k = 0 implies � = 0 then h�; �i is an A-valued inner product and a

left Hilbert module overA is a left A-module equipped with anA-valued
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inner product whose corresponding norm k � k is complete.
Right Hilbert modules are de�ned similarly, with the axiom

(a') h�; �1�+ �2�i = h�; �1i�+ h�; �2i�

in place of (a).

This de�nition is contingent on our verifying that k � k really is a
pseudonorm, which we will do momentarily.
It is easy to check that if A+ is the unitization of A (as in De�nition

5.3.1) and E is a Hilbert module over A then E is also a Hilbert module
over A+ via the obvious action of A+ on E .
Left modules can be converted into right modules in the following way.

Let E be a left A-module. Then de�ne Eop to be the set E , denoting by
�� the element of Eop corresponding to � 2 E , with addition as de�ned
in E but with module multiplication given by ��� = ���. It is easy to
see that Eop is a right A-module, and an A-valued pseudo inner product
on E is converted to one on Eop by setting h��; ��i = h�; �i�. Similarly,
right modules can be converted into left modules, so there is no essential
di�erence between left and right Hilbert modules. Thus we will feel free
to use whichever version is more convenient at any given moment.
Our immediate burden is to prove that k � k is a pseudonorm on E ;

this amounts to proving the triangle inequality, which is a consequence
of the following version of the Cauchy-Schwarz inequality.

PROPOSITION 9.3.2

Let A be a C*-algebra and let E be a left A-module equipped with an
A-valued pseudo inner product h�; �i. Then

h�; �ih�; �i � j�j2k�k2

for all �; � 2 E .

PROOF Let ! be a state on A. Then the map (�; �) 7! !(h�; �i)
is a pseudo inner product on E and it therefore satis�es the ordinary
Cauchy-Schwarz inequality. Thus, letting � = h�; �i, we have

!(���) = !(h��; �i)
� !(h��; ��i)1=2!(h�; �i)1=2

= !(�j�j2��)1=2!(j�j2)1=2

� k�k!(���)1=2!(j�j2)1=2;

which implies !(���) � k�k2!(j�j2). Since this is true for any state, it
follows that h�; �ih�; �i = ��� � j�j2k�k2.
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In particular, we have kh�; �ik � k�kk�k, and this implies the triangle
inequality for k � k in the usual way. So k�k = kh�; �ik1=2 is indeed a
pseudonorm. It also follows, just as in the scalar case, that factoring
out null vectors converts an A-valued pseudo inner product into an A-
valued inner product, and completing an A-valued inner product yields
a Hilbert module. So there is no obstruction to making a Hilbert module
out of any A-module equipped with an A-valued pseudo inner product.

Example 9.3.3

(a) Let A be a C*-algebra and X a set. De�ne l2(X;A) to be the
set of functions f : X ! A such that

P
x
f(x)f(x)� converges in A.

Then l2(X;A) is a left Hilbert A-module with the obvious left action
of A and the inner product

hf; gi =
X
x2X

f(x)g(x)�:

The proof that this expression is well-de�ned is similar to the scalar
case (Example 2.1.7), as is the proof that l2(X;A) is complete.

(b) Now let X be a �-�nite measure space. The simplest way to de�ne
L2(X;A) is to take a completion of the set of all simple functions from
X to A whose support has �nite measure. This set has an A-valued
pseudo inner product de�ned by linear extension of the equation

h��S ; ��T i = �(S \ T )���;

for �; � 2 A and S and T �nite measure subsets of X.

Next we describe the Hilbert module analog of B(H).

DEFINITION 9.3.4 Let E be a Hilbert module over a C*-algebra
A. A bounded A-linear map A : E ! E is adjointable if there exists a
bounded A-linear map A� : E ! E such that hA�; �i = h�; A��i for all
�; � 2 E . We denote the set of all bounded adjointable A-linear maps
from E to itself by B(E).

Adjointability is not automatic, even in the commutative case. For
example, let E = C[0; 1] � C0(0; 1], where we identify C0(0; 1] with the
continuous functions on C[0; 1] which vanish at 0. The action h(f�g) =
hf � hg and the inner product hf1 � g1; f2 � g2i = f1 �f2 + g1�g2 make
E into a left Hilbert C[0; 1]-module. Now consider the map A : E ! E
de�ned by A(f � g) = g � 0. This is clearly a bounded A-linear map,
but

hA(f � g); 1� 0i = g;
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so that if A were adjointable we would have

hf � g;A�(1� 0)i = g

for all f and g. But there is no possible value of A�(1�0) for which this
can hold.
Adjointability is automatic in the von Neumann algebra setting, how-

ever: see the comment following De�nition 9.4.1.

LEMMA 9.3.5

Let E1 and E2 be left Hilbert modules over a C*-algebra A and let
A : E1 ! E2 be a bounded A-linear map. Then jA�j2 � kAk2j�j2 for all
� 2 E1.

PROOF Fix � > 0 and de�ne f 2 C0(R) by f(t) = 0 for t � �,
f(t) = 1 for t � 2�, and f(t) = (t� �)=� for � � t � 2�. Let � = f(j�j)�.
Then, working momentarily in the unitization of A (which we can do by
the comment following De�nition 9.3.1), we have

j� � �j = (IA � f(j�j))j�j ! 0

as �! 0. It follows that � ! �, and hence A� ! A�, as �! 0, so it will
suÆce to show that jA�j2 � kAk2j�j2. (This is because

jA�j2 = jA� +A(� � �)j2

= jA�j2 + 2RehA�;A(� � �)i+ jA(� � �)j2;

and the last two terms go to zero in norm as � ! �.)
Now �x g 2 C0(R) such that g(0) = 0 and g(t) = 1=t for t � �, and

de�ne � = fg(j�j)�. We have j�j = f(j�j) � IA, so k�k � 1; therefore
kA�k � kAk, which implies

f(j�j)jA�j2f(j�j) = j�jjA�j2j�j � kAkj�j2:

Hence jA�j2 � kAk2j�j2, as desired.

PROPOSITION 9.3.6

Let E be a left Hilbert module over a C*-algebra A. Then B(E) is an
abstract C*-algebra.

PROOF Without loss of generality assume A is unital. For each
state ! on A let H! be the Hilbert space formed from the pseudo inner
product !(h�; �i) on E by factoring out null vectors and completing. Let
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H =
L
H! be the direct sum of all of these Hilbert spaces. Then de�ne

a map � : B(E) ! B(H) by setting �(A)(�!) = (A�)! for A 2 B(E),
where �! is the element of H! corresponding to � 2 E .

Applying an arbitrary state ! to both sides of the inequality jA�j2 �
kAk2j�j2 proven in the lemma, we �nd that � is well-de�ned, �(A) 2
B(H), and k�(A)k � kAk. Conversely, for any � 2 E and � > 0 we can
�nd a state ! on A such that !(jA�j2) � kA�k2 � �; then

k�(A)�!k
2 = k(A�)!k

2 = !(jA�j2) � kA�k2 � �:

But k�!k
2 = !(j�j2) � k�k2, so this shows that k�(A)k � kA�k=k�k. As

this is true for all �, we conclude that � is an isometry.

It is clear that B(E) is complete in norm and � is a �-homomorphism.
So B(E) is �-isomorphic to a C*-subalgebra of B(H).

As a �rst illustration of the way Proposition 9.3.6 can be used, we now
present a version of the GNS construction for completely positive maps
between C*-algebras. Let A and B be C*-algebras and let T : A ! B
be completely positive (De�nition 8.5.7). Regard the algebraic tensor
product A 
 B as a right B-module via the action (� 
 �)
 = � 
 �
.
We de�ne a B-valued pseudo inner product on A
B by setting

h�1 
 �1; �2 
 �2i = ��1T (�
�
1�2)�2:

Complete positivity of T comes into the veri�cation of positivity of the
inner product. Namely, if

Pn
1 �i 
 �i is an arbitrary element of A 
 B

then we have*X
i

�i 
 �i;
X
i

�i 
 �i

+
=
X
i;j

��i T (�
�
i�j)�j

= B�T (n)(A�A)B

where

A = [�1 � � � �n ] and B =

2
64
�1
...
�n

3
75 :

The matrix A�A 2 Mn(A) is positive, so T
(n)(A�A) 2 Mn(B) is also

positive, and hence B�T (n)(A�A)B is positive in B, as desired.

Let ET be the Hilbert B-module formed from A
B by factoring out
null vectors and completing. The following proposition, which general-
izes Theorem 5.6.6 (cf. the comment preceding Theorem 8.5.10), is now
a short calculation.
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PROPOSITION 9.3.7

Let A and B be C*-algebras and let T : A ! B be completely positive.
Then there is a unique �-homomorphism � : A ! B(ET ) such that
�(�)(� 
 
) = �� 
 
 for all �; � 2 A and 
 2 B. If A and B are unital
and T (IA) = IB, then k�IA 
 �IBk = 1 in ET and

T (�) = h�(�)(�IA 
 �IB); �IA 
 �IBi

for all � 2 A.

9.4 Hilbert W*-modules

In the von Neumann algebra setting it is natural to consider self-dual
modules, as we did in Section 9.2. The following is the general de�nition.

DEFINITION 9.4.1 Let E be a left Hilbert module over a C*-
algebra A. Then the dual module E 0 is the set of bounded A-linear
maps from E into A. The module structure of E 0 is de�ned by

(� � �)(�) = �(�)��

for � 2 A, � 2 E 0, and � 2 E .
For any � 2 E , let �̂ 2 E 0 be the map �̂(�) = h�; �i. If every element

of E 0 is of the form �̂ for some � 2 E , then we say that E is self-dual.
For right Hilbert modules, we de�ne (� � �)(�) = ���(x) and �̂(�) =

h�; �i.

Self-duality has many nice consequences. For example, in contrast to
the general case (see the comment following De�nition 9.3.4), here any
bounded module map A : E1 ! E2 has a bounded adjoint A�. This is
easily seen, by essentially the same proof as in the Hilbert space case.
Before giving examples of self-dual Hilbert modules we need to develop

some machinery. First we prove that every self-dual Hilbert module over
a von Neumann algebra is a dual Banach space. In proving this result
we need the fact that weak* continuous linear functionals are abundant
on any von Neumann algebra M. For this it is suÆcient to note that
for any v; w 2 H the map A 7! hAv;wi is weak* continuous on B(H),
and hence on any von Neumann algebraM� B(H).

PROPOSITION 9.4.2

Let E be a self-dual left Hilbert module over a von Neumann algebra
M. Then E can be identi�ed with the dual of a Banach space in such a
way that a bounded net (��) in E converges weak* if and only if the net
h��; �i converges weak* in M for every � 2 E .
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PROOF De�ne a topology on the unit ball of E by saying that
�� ! � if and only if h��; �i ! h�; �i weak* in M for all � 2 E . In other
words, this is the weakest topology which makes the maps � 7! h�; �i
continuous with respect to the weak* topology on M.

Let V � E� be the set of bounded linear functionals whose restriction
to the unit ball of E is continuous for the above topology. It is routine
to verify that V is a closed subspace of E�, so V is a Banach space. Let
T : E ! V� be the natural map, i.e., T�(!) = !(�).

For every � 2 E and every weak* continuous linear functional � on
M, the map � 7! �(h�; �i) belongs to V . For any � 2 E and any � > 0
we can choose � so that k�k = 1 and j�(h�; �i)j � k�k2 � �. This implies
that kT�k � k�k, and as T is clearly nonexpansive we conclude that it
is an isometry.

To show that T is surjective, let ! belong to the unit ball of V�. We
can extend ! to a linear functional ~! on E� with norm at most 1, and
then we can �nd a net (��) in the unit ball of E which converges weak*
to ~! in E��. Passing to a subnet, we may suppose that h�; ��i converges
weak* in M for all � 2 E ; then the map � 7! lim h�; ��i belongs to E

0,
so by self-duality there exists � 2 E such that h�; �i = lim h�; ��i for all
� 2 E . From the original de�nition of V it is clear that !(��) ! !(�)
for all ! 2 V , so therefore T�� ! T� weak* in V�. But T�� ! ! weak*
in V� as well, so we must have ! = T�. Thus T is a surjective isometric
isomorphism from E onto V�.

If �(h��; �i) ! �(h�; �i) for every weak* continuous linear functional
� on M then h��; �i ! h�; �i weak*. This implies that the restriction of
T�1 to the unit ball of V� is continuous for the topology on E described
in the statement of the theorem. But the unit ball of V� is compact
and the unit ball of E is Hausdor�, so T�1 : (V�)1 ! (E)1 must be a
homeomorphism. This shows that the weak* topology on the unit ball
of E is as stated.

As a consequence of the preceding theorem, we get the von Neumann
algebra version of Proposition 9.3.6.

COROLLARY 9.4.3

Let E be a self-dual left Hilbert module over a von Neumann algebra
M. Then B(E) is an abstract von Neumann algebra.

PROOF The proof is similar to the proof of Proposition 9.3.6. For
each weak* continuous state ! on M, form the corresponding Hilbert
space H!; let H be their direct sum; and let � : B(E) ! B(H) be the
natural map. It is clear that � is a �-homomorphism. Existence of suÆ-
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ciently many weak* continuous states to ensure that � is an isomorphism
follows from the observation made just prior to Proposition 9.4.2.
We must show that �(B(E)) is weak* closed in B(H). Thus, let (A�)

be a bounded net in �(B(E)), and suppose A� ! A weak*. We must
show A 2 �(B(E)).
Let B� = ��1(A�); then (B�) is a bounded net in B(E), and by

passing to a subnet we may suppose that B�� converges weak* in E for
every � 2 E . Then B� = limB�� de�nes an operator B 2 B(E) which
satis�es �(B) = A. So �(B(E)) is weak* closed in B(H), and hence
B(E) �= �(B(E)) is a von Neumann algebra.

Every Hilbert module E over a von Neumann algebraM can be com-
pleted to a self-dual module. The simplest way to do this is by embed-
ding E in its dual module E 0, giving E 0 a Hilbert module structure, and
then showing that E 0 is self-dual. The natural embedding is the map
� 7! �̂. We will de�ne an inner product on E 0 by continuous extension
with respect to the following topology. We say that a net (��) in E 0

converges weakly to � if ��(�) ! �(�) weak* in M, for every � 2 E . It
will turn out that E 0 is a dual space (via Proposition 9.4.2), and by the
following lemma this topology therefore agrees with the weak* topology
on bounded sets.
The main step in the construction of an M-valued inner product on

E 0 is showing density of E in E 0. We address this �rst.

LEMMA 9.4.4

Let E be a left Hilbert module over a von Neumann algebra M. Then
the map � 7! �̂ takes the unit ball of E into a weakly dense subset of the
unit ball of E 0.

PROOF Let � 2 E 0 and suppose k�k � 1. Fixing �1; : : : ; �n 2 E , it
will suÆce to �nd a bounded sequence (�k) � E such that �̂k(�i)! �(�i)
weak* in M for 1 � i � n.
Fix k, let � = 1=k, and for � 2 E write j�j� = (h�; �i + �IM)1=2.

Observe that j�j� is invertible and j�j � j�j�1� � IM. Let �01 = j�1j
�1
� �1

and inductively de�ne �0i by an approximate Gramm-Schmidt process,
setting �0i+1 = j�i+1j

�1
� �i+1 where

�i+1 = �i+1 � h�i+1; �
0
1i�

0
1 � � � � � h�i+1; �

0
ii�

0
i:

Finally we de�ne

�k = �(�01)�
0
1 + � � �+�(�0n)�

0
n:

One can prove by induction on i that theM-linear span E of f�01; : : : ; �
0
ng
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is independent of �; that �1; : : : ; �n 2 E; that h�0i; �
0
ji weak* converges

as k ! 1 to a projection in M if i = j and to 0 if i 6= j; and that
h�; �ki ! �(�) weak* in M as k !1, for all � 2 E. Thus (��) has the
desired property.

LEMMA 9.4.5

Let E1 and E2 be left Hilbert modules over a von Neumann algebra M
and let A : E1 ! E2 be a boundedM-linear map. Let (��) be a bounded
net in E1. Then h��; �i ! h�; �i weak* in M for all � 2 E1 implies
hA��; �i ! hA�; �i weak* in M for all � 2 E2.

PROOF We may suppose h��; �i ! 0 weak* in M for every � 2
E1. Fix a weak* continuous state ! on M and let H1 and H2 be the
corresponding Hilbert spaces constructed as in Proposition 9.3.6 for E1
and E2 respectively. Then !(h��; �i) ! 0 for all � 2 E , which implies
that �� ! 0 weakly in H1. Applying ! to the result of Lemma 9.3.5
shows that A is bounded as a map from H1 to H2, and bounded maps
between Hilbert spaces preserve weak continuity, so A�� ! 0 weakly in
H2. Thus !(hA��; �i) ! 0 for all � 2 E2. As this holds for any weak*
continuous state !, we conclude that hA��; �i ! 0 weak* in M for all
� 2 E2.

THEOREM 9.4.6

Let E be a Hilbert module over a von Neumann algebra M. Then the
dual module E 0 carries a natural M-valued inner product which makes
it a self-dual Hilbert module, and E embeds as a weak* dense submodule
of E 0.

PROOF Given �; H 2 E 0, let (��) be a bounded net in E such that

�̂� ! � weakly. Such a sequence exists by Lemma 9.4.4. Then de�ne an
M-valued inner product on E 0 by setting h�; Hi = limH(��). Applying
Lemma 9.4.5 to the map H : E !M shows that this limit exists and is
independent of the choice of (��).

We verify self-duality. Let T : E 0 !M be a bounded module homo-
morphism. Its restriction to E is an element � of E 0; then T = �̂ on
E � E 0, and this implies T = �̂ by Lemmas 9.4.4 and 9.4.5.

The weak* topology on E 0 was characterized in Proposition 9.4.2, and
that result, together with Lemma 9.4.4, implies that E is weak* dense
in E 0.

Lemma 9.4.4 also implies the following converse to Proposition 9.4.2.
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PROPOSITION 9.4.7

Let E be a left Hilbert module over a von Neumann algebraM. Suppose
E can be identi�ed with the dual of a Banach space in such a way that
a bounded net (��) in E converges weak* if and only if the net h��; �i
converges weak* in M for every � 2 E . Then E is self-dual.

PROOF Let � 2 E 0. By Lemma 9.4.4 there exists a bounded net
(��) in E such that �̂� ! � weakly. By passing to a subnet, we may
suppose that �� ! � weak*; then for any � 2 E we have

h�; �i = lim h�; ��i = �(�);

so �̂ = �. Thus E is self-dual.

Now we can describe the basic examples of self-dual Hilbert modules
over von Neumann algebras.

Example 9.4.8

(a) Let M be a von Neumann algebra and let X be a set. De-
�ne l2(X;M) to be the set of functions f : X ! M such thatP

x
f(x)f(x)� is bounded. It is easy to see that boundedness of this

sum implies that it converges weak* in M. Note that this de�nition
is not the same as the one given in Example 9.3.3 (a).

The proof that l2(X;M) is a left Hilbert module runs along famil-
iar lines. Self-duality can be proven as follows. Given any F in the
dual module, let f(x) = F (IM�x)

�; then hg; fi = F (g) for all �nitely
supported g : X ! M, and the fact that F = f̂ then follows from
Lemma 9.4.5.
(b) Now let X be a �-�nite measure space. We de�ne L2(X;M) to be
the dual of the completion of the simple functions with �nite measure
support (cf. Example 9.3.3 (b)). This is self-dual by Theorem 9.4.6.
Again, this de�nition does not agree with Example 9.3.3 (b).

We now know that if E is a Hilbert module over a von Neumann
algebra M then E 0 is a self-dual Hilbert M-module and E embeds in
E 0. Also, B(E) is a C*-algebra and B(E 0) is a von Neumann algebra.
The �nal result we need in this direction says that B(E) embeds in
B(E 0). This is useful because dualization is the usual method employed
to construct self-dual Hilbert modules, and often one is interested in
operators which are initially de�ned only on the original module.

PROPOSITION 9.4.9

Let E be a left Hilbert module over a von Neumann algebra M and let
A 2 B(E). Then there is a unique extension ~A 2 B(E 0) of A. The map
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A 7! ~A is a �-isomorphism of B(E) into B(E 0).

PROOF First, de�ne A# : E ! E 0 by A#�(�) = h�; A�i; then de�ne
~A = A## : E 0 ! E 0 by ~A�(�) = h�; A#�i. It is straightforward to check
that ~A is a left module map and that k ~Ak � kAk. Moreover, ~A extends
A, so that k ~Ak = kAk. Uniqueness follows from Lemmas 9.4.4 and 9.4.5.

This shows that the map A 7! ~A from B(E) into B(E 0) is well-de�ned
and isometric. The fact that it preserves sums, products, and adjoints
follows from uniqueness; for example, ~A ~B is an extension of AB, and
hence must equal (AB)~.

We conclude this section with a description of the structure of self-
dual Hilbert modules over von Neumann algebras. The key tool is the
following lemma, which generalizes Theorem 2.2.5. Here, given E0 � E
we write E?0 for the set of � 2 E such that h�; �i = 0 for all � 2 E0.

LEMMA 9.4.10

Let E be a self-dual left Hilbert module over a von Neumann algebraM
and let E0 be a weak* closed submodule of E . Then E = E0 � E

?
0 .

PROOF Let � 2 E ; we must �nd �1 2 E0 and �2 2 E?0 such that
� = �1 + �2.

By Proposition 9.4.7, E0 is self-dual for the Hilbert module structure
it inherits from E . Thus the identity map A : E0 ! E has an adjoint
A� : E ! E0 by the comment following De�nition 9.4.1. Let P = AA� :
E ! E , and de�ne �1 = P� and �2 = � � P�. It is routine to verify that
�1 2 E0 and �2 2 E

?
0 .

Let M be a von Neumann algebra. For any family (E�) of self-dual
Hilbert modules, write

L1
E� for the set of sequences

L
�� such that

�� 2 E� for all � and
P
j��j

2 is bounded. Equivalently,
L1

E� is the
dual of the norm closure of the algebraic direct sum of the modules E�.
Either way it is a self-dual Hilbert M-module.

Observe also that if I is a weak* closed left ideal ofM then the inner
product h�; �i = ��� and the natural left action ofM make I into a left
Hilbert module over M. Moreover, I is self-dual by Proposition 9.4.7.

The following theorem characterizes the structure of self-dual Hilbert
modules over von Neumann algebras.

THEOREM 9.4.11

Let E be a self-dual left Hilbert module over a von Neumann algebra
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M. Then there is a family (I�) of weak* closed left ideals of M such
that E is isometrically isomorphic to

L1
I�.

PROOF Suppose �rst that E is singly generated in the sense that
there exists � 2 E such that no proper weak* closed submodule of E
contains �. We claim that E is isometrically isomorphic to a weak*
closed left ideal of M. To see this, let �n = (j�j+ 1

nIM)�1� and observe
that k�nk � 1. Thus the sequence (�n) has a weak* cluster point �.
We have j�j� = �, so � also generates E . Also

j�jh�; �i
1=2

= h�; �i
1=2

= j�j;

which implies that j�j is the projection onto the closure of ran(j�j). Let
I = Mj�j. For any �; � 2 I we have h��; ��i = �j�j2�� = ���;
this shows that the map � 7! �� from I into E is a Hilbert module
isomorphism, and since � generates E it is surjective. This proves the
claim.
The remainder of the proof is an easy application of Lemma 9.4.10

and Zorn's lemma.

Incidentally, this proof shows that every weak* closed left ideal of a
von Neumann algebraM is of the form Mp for some projection p 2M
(cf. Proposition 6.5.5).

9.5 Crossed products

We will now use the machinery of Hilbert modules to present an im-
portant general construction of C*- and von Neumann algebras, the
reduced crossed product construction. This can be carried out without
using Hilbert modules, but it then becomes substantially more technical.
We will need two basic facts about topological groups, that is, groups

that are equipped with a topology which is compatible with the product
and inverse operations in the natural way. First, every locally compact
group has a unique (up to a positive scalar multiple) regular Borel mea-
sure h which is �nite on compact sets, strictly positive on nonempty
open sets, and invariant under left translation by any group element.
Thus Z

G

f(xy) dh(y) =

Z
G

f(y) dh(y)

for any f 2 Cc(G) and x 2 G. This is the Haar measure. Second, on
every locally compact group G there is a homomorphism � : G ! R+

into the multiplicative group of positive reals such thatZ
G

f(x�1) dh(x) =

Z
G

f(x)�(x)�1 dh(x)
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for any f 2 Cc(G). This is the modular function.
For the sake of simplicity it is possible to restrict the following dis-

cussion to discrete groups, when Haar measure is just counting measure
and the modular function is constantly 1. Outside the discrete case, the
most important examples are the groups Rn and Tn, for both of which
Haar measure is Lebesgue measure and the modular function is again
constantly 1.

DEFINITION 9.5.1

(a) A C*-dynamical system is a triple (A; G; �) such that A is a C*-
algebra, G is a topological group, and � is a homomorphism from G into
the group of �-automorphisms of A which is continuous for the point-
norm topology, meaning that if x� ! x in G then �(x�)(�) ! �(x)(�)
in norm, for every � 2 A.
(b) A W*-dynamical system is a triple (M; G; �) such that M is a von
Neumann algebra, G is a topological group, and � is a homomorphism
from G into the group of �-automorphisms ofM which is continuous for
the point-weak* topology, meaning that if x� ! x in G then �(x�)(�)!
�(x)(�) weak*, for every � 2M.

We write �x for �(x).

Intuitively, the reduced crossed product of a C*-dynamical system
(A; G; �) is a C*-algebra generated by the elements of A and G in an
appropriately \smoothed out" manner, and similarly for W*-dynamical
systems. An important special case arises when A = C and G acts
trivially; then the crossed product construction produces the reduced
group C*-algebra C�r (G) and von Neumann algebraW �

r (G). The former
is the C*-algebra generated by Cc(G) (the continuous functions on G
with compact support) acting by convolution on L2(G), and the latter
is the weak* closure of the former. General reduced crossed products
are de�ned as follows.

DEFINITION 9.5.2

(a) Let (A; G; �) be a C*-dynamical system and let Cc(G;A) be the set
of all continuous functions from G into A with compact support. This
is a right A-module via pointwise right multiplication of elements of A,
and it has an A-valued inner product de�ned by

hf; gi =

Z
G

f(x)�g(x) dh(x)

(cf. Example 9.3.3). Let E be the Hilbert module obtained by completing
Cc(G;A) for the resulting norm.

© 2001 by Chapman & Hall/CRC



210 Chapter 9: Hilbert Modules

For each � 2 Cc(G;A) de�ne a twisted convolution operator L� on E
by

L�f(x) =

Z
G

�x�1(�(y)) � f(y�1x) dh(y):

The reduced crossed product of A by G, denoted A �� G, is the C*-
subalgebra of B(E) generated by the operators L� for � 2 Cc(G;A).
(b) Now let (M; G; �) be a W*-dynamical system. De�ne E and L� 2

B(E) as above. Let E 0 be the dual module and let ~L� 2 B(E 0) be as
given in Proposition 9.4.9. Then the reduced crossed product of M by
G, denoted M�� G, is the W*-subalgebra of B(E 0) generated by the
operators ~L� for � 2 Cc(G;M).

One can prove using Minkowski's inequality for integrals that for f 2
Cc(G;A) we have kL�fk � akfk where a =

R
k�(x)k dh(x). Thus L�

does extend to a bounded module operator on E .
The term \reduced" is used to distinguish this crossed product, which

is represented on L2(G;A), from the \full" crossed product, which arises
from a universal representation of Cc(G;A). The reduced crossed prod-
uct is generally more important.

In fact, A �� G (M �� G) is really just the norm closure (weak*
closure) of the set of operators L� (~L�). That is because this set is
closed under sums, products, and adjoints. Indeed, simple calculations
show that L� + L = L�+ , L�L = L��� where

(���  )(x) =

Z
G

�(y)�y( (y
�1x)) dh(y);

and L�� = L�� where

��(x) = �x(�(x
�1))��(x)�1:

The quantum plane and tori can be viewed as crossed product alge-
bras.

Example 9.5.3

(a) Let �h > 0 and de�ne an action � of Z on C(T) by letting �n
be translation by n�h. That is, �nf(t) = f(t � n�h). Now de�ne
�;  : Z! C(T) by

� = 1T � �f1g and  = e
it � �f0g:

Then we have

(���  )(n) =
X

�(m)�m( (n�m)) = e
i(t��h) � �f1g(n)
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and

( �� �)(n) =
X

 (m)�m(�(n�m)) = e
it � �f1g(n):

Thus L�L = e�i�hL L�. Similar computations show that L� and
L are unitary. Finally, it is not too hard to show that C(T) �� Z
is generated by L� and L , so if �h is an irrational multiple of � then
Corollary 5.5.9 implies that C(T) �� Z �= C�h(T2). In fact, this is
true for all �h > 0. Likewise, L1(T)�� Z �= L1�h (T2).
(b) Similarly, for �h > 0 we de�ne an action � of R on C0(R) by letting
�t be translation by �ht. For f1; f2 2 C

1
c (R) let � be the function from

R to C0(R) de�ned by �(x)(t) = f1(x)f2(t); then the operators L�
generate C0(R)��R, and there is a �-isomorphism from C0(R)��R
onto C�h

0 (R
2) which takes L� in the sense of De�nition 9.5.2 to Lf1 �f2

in the sense of De�nition 5.4.1. Likewise, L1(R)�� R �= L1�h (R2).

9.6 Hilbert �-bimodules

By Theorems 9.1.6 and 9.2.4, it is reasonable to regard Hilbert C*-
and W*-modules as the quantum analog of continuous and measurable
Hilbert bundles, that is, bundles for which each �ber has a complex
Hilbert space structure. In geometric applications, however, we are of-
ten more interested in real Hilbert bundles (cf. Example 9.1.2). Their
quantum version involves modules with an involution �, which is anal-
ogous to conjugation on the complexi�cation of a real bundle (see Ex-
ample 9.6.4). The self-adjoint part of such a module corresponds to the
continuous sections of a bundle of real Hilbert spaces.
The existence of an involution has a surprising consequence: given a

left module with involution we can use the equation (��)� = ���� to
de�ne a right action, and vice versa. Thus it is natural to work with
bimodules, that is, modules which possess commuting left and right
actions. Interestingly, bimodule structure is also crucial in geometric
applications; see Section 10.3.
The precise de�nition of the relevant class of modules goes as follows.

DEFINITION 9.6.1 Let A be a C*-algebra. A pre-Hilbert �-
bimodule over A is an A-A-bimodule E together with a complex lin-
ear map h�; �i : E � E ! A such that

(a) h��; �i = �h�; �i
(b) h��; �i = h�; ��i
(c) h�; ��i = h�; �i�

and an antilinear involution � : E ! E such that

(d) h�; �i
�
= h��; ��i
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(e) (��)� = ����

(f) h�; ��i � 0

for all � 2 A and �; � 2 E . We de�ne left and right A-valued pseudo
inner products h�; �il = h�; ��i and h�; �ir = h��; �i and left, right,
and middle seminorms k�k2l = kh�; �ilk, k�k

2
r = kh�; �irk, and k�km =

max(k�kl; k�kr).
A Hilbert �-bimodule over A is a pre-Hilbert �-bimodule over A for

which k�km is a complete norm.

We call h�; �i a bilinear form. The left and right pseudo inner products
h�; �il and h�; �ir that it gives rise to satisfy the appropriate versions of
De�nition 9.3.1; thus k � kl and k � kr are indeed both pseudonorms. It is
important to note that these pseudonorms not only typically disagree,
they often are not even comparable (though we always have k�kl = k�kr
if � is self-adjoint). Thus, in general it will not be possible to complete
k � kl or k � kr without destroying the �-bimodule structure: if one factors
out null vectors and completes for k �kl, for example, the result will only
be an ordinary left Hilbert module. One can factor out null vectors and
complete for k � km, though (Proposition 9.6.3).
The following lemma is basic.

LEMMA 9.6.2

Let A be a C*-algebra and E a pre-Hilbert �-bimodule over A. Then for
any � 2 A and � 2 E we have

k��kl; k��kl � k�kk�kl and k��kr; k��kr � k�kk�kr:

PROOF We have

k��k2l = kh��; (��)�ik = k�h�; ��i��k � k�k2k�k2l ;

so k��kl � k�kk�kl. For the second inequality, observe that � � 

implies h��; �il � h�
; �il since

h�(
 � �); �il = h�(
 � �)1=2; �(
 � �)1=2il � 0:

Without loss of generality suppose k�k � 1; then letting � = ��� we
have �2 � � and

0 � h� � ��; � � ��il
= h�; �il � 2h��; �il + h��2; �il
� h�; �il � h��; �il;

so that k��k2l = kh��; �ilk � k�k2l , as desired. Taking adjoints yields
the same inequalities for the seminorm k � kr.
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Using this lemma, we can give a Hilbert �-bimodule version of the
technique of factoring out null vectors and completing.

PROPOSITION 9.6.3

Let E be a pre-Hilbert �-bimodule over a C*-algebra A and de�ne
E0 = f� 2 E : k�km = 0g. Then E0 is a sub-bimodule of E and the
inner product and involution on E descend to E=E0 and extend to the
completion of E=E0. The completion of E=E0 is a Hilbert �-bimodule
over A.

PROOF By Lemma 9.6.2, E0 is a sub-bimodule of E and the left
and right actions of A on E=E0 extend continuously to its completion
for k � km. The inner product descends to E=E0 and then extends to
its completion by the Cauchy-Schwarz inequality for ordinary Hilbert
modules (Proposition 9.3.2), and the corresponding assertions for the
involution are trivial.

Next we present some simple examples of Hilbert �-bimodules. The
�rst generalizes Example 9.1.2, and the second is the �-bimodule version
of Example 9.3.3.

Example 9.6.4

Let X be a compact Hausdor� space and let X be a real continuous
Hilbert bundle over X; this is de�ned as in De�nition 9.1.1, but using
real scalars. If S(X ) is the space of continuous sections of X , then
S(X )� iS(X ), with involution (f + ig)� = f � ig and bilinear form
hf; gi de�ned by pointwise complexi�cation of the inner product on
�bers, is a pre-Hilbert �-bimodule over C(X). It can be completed
to a Hilbert �-bimodule by Proposition 9.6.3.

Example 9.6.5

(a) Let A be a C*-algebra and X a set. Let l2sym(X;A) be the set
of functions f : X ! A such that

P
x
f(x)f(x)� and

P
x
f(x)�f(x)

both converge in A. Then the natural actions and the bilinear form

hf; gi =
X
x2X

f(x)g(x)

make l2sym(X;A) a Hilbert �-bimodule.

(b) Now let X be a �-�nite measure space and de�ne L2
sym(X;A) to

be the completion for k � km of the set of all simple functions from X

to A whose support has �nite measure (cf. Example 9.3.3 (b)). This
is also a Hilbert �-bimodule over A.
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The following is a sort of converse to Example 9.6.4, as well as a
two-sided version of Theorem 9.1.6 (a).

THEOREM 9.6.6

Let X be a compact Hausdor� space and let E be a Hilbert �-bimodule
over C(X). Suppose that any inner product of self-adjoint elements of
E is a real-valued function in C(X). Then there is a real continuous
Hilbert bundle X over X such that E �= S(X ) � iS(X ).

PROOF We want to show that the left and right actions of C(X)
on E coincide. Fix x 2 X . For any f 2 C(X) such that f � 0 and
f(x) = 0, and any � 2 E such that � = ��, set g = f1=2; then

hg�+ �g; g�+ �gi(x) = h�g; g�i(x);

so h�f; �i(x) � 0. But also

hg�+ �g; ig�� i�gi(x) = ih�g; g�i(x);

since both g�+�g and ig��i�g are self-adjoint, so is their inner product,
so this shows that h�f; �i(x) must be purely imaginary. But we already
showed that it is real, so it follows that h�f; �i(x) = 0. By linearity, we
have h�f; �i(x) = 0 for any f 2 C(X) such that f(x) = 0.
Now let f 2 C(X) and � 2 E and suppose f is real and � = ��. Since

the quantity

hf�+ �f; if�� i�fi = ih�f2; �i � if2h�; �i

is real, it follows that Reh�f2; �i = Re f2h�; �i. Therefore

hf�� �f; f�� �fi = Rehf�� �f; f�� �fi
= 2Re(fh�f; �i � f2h�; �i);

and evaluating this expression at x yields 2Re(f(x)h�(f � f(x)); �i(x)),
which is zero by the last paragraph. Since this is true for all x 2 X , we
have f� � �f = 0 as desired. Taking linear combinations, we conclude
that this is true for any f 2 C(X) and � 2 E .
De�ne Esa = f� 2 E : � = ��g, so that E = Esa + iEsa. Then the

real version of Theorem 9.1.6 (a) implies that Esa �= S(X ) for some real
Hilbert bundle X over X . Thus E �= S(X ) + iS(X ).

The left and right actions do not coincide in general in the commu-
tative case; a counterexample is given by taking E to be M2(C) and
A to be the diagonal matrices in M2(C), and for A;B 2 E de�ning
hA;Bi 2 A to be the diagonal part of AB.
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Also, the reality condition on inner products in Theorem 9.6.6 can fail
even if the left and right actions agree. This is shown by taking A = C,
E = C2, and de�ning (a; b)� = (�b; �a) and h(a; b); (c; d)i = bc.
We conclude this section with a discussion of Hilbert �-bimodules

which satisfy a sort of locality condition. This turns out to be the key
property that enables us to prove a version of the structural character-
ization of self-dual Hilbert modules given in Theorem 9.4.11. Although
we formulate only the von Neumann algebra version of the condition,
there is an obvious C* version as well. First we de�ne the von Neumann
algebra version of a Hilbert �-bimodule.

DEFINITION 9.6.7 Let E be a Hilbert �-bimodule over a von Neu-
mann algebraM. We de�ne the �-weak topology on E to be the weakest
topology such that the maps � 7! h�; �i and � 7! h�; �i are continuous
from E into M for all � 2 E , with respect to the weak* topology on M.
We say that E is a dual bimodule if it is a dual Banach space in such

a way that the weak* topology and the �-weak topology agree on the
unit ball. If for any bounded, weak* convergent net �� ! � in M and
any � 2 E we have ��� ! �� �-weakly, then we say that E is normal.
Finally, if E is both normal and dual we call it aW* Hilbert �-bimodule.

In fact, �-weak compactness of the unit ball of E is suÆcient to imply
that E is a dual bimodule. This can be established by the argument
used to prove Proposition 9.4.2.
The desired locality condition is formulated as follows.

DEFINITION 9.6.8 Let E be a W* Hilbert �-bimodule over a von
Neumann algebra M. The center of E is the set

Z(E) = f� 2 E : �� = �� for all � 2Mg:

We say that E is centered ifM�Z(E) is weak* dense in E , and we say that
E is local if it is centered and the inner product of any two self-adjoint
elements of Z(E) is self-adjoint in M.

The main consequence of locality is given in the following lemma,
which is analogous to Lemma 9.4.10. Here we say that two subspaces
E1; E2 � E are orthogonal if h�; �i = h�; �i = 0 for all � 2 E1 and � 2 E2.
We also use the notation Z(M)sa and Z(E)sa for the set of self-adjoint
elements in Z(M) and Z(E).

LEMMA 9.6.9

Let E be a local W* Hilbert �-bimodule over a von Neumann algebraM
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and let E1 be a centered, weak* closed, self-adjoint sub-bimodule of E .
Then there is another centered, weak* closed, self-adjoint sub-bimodule
E2 of E which is orthogonal to E1, such that E = E1 � E2.

PROOF Let V be a sub Z(M)sa-module of Z(E1)sa which is �nitely
generated as a module over Z(M)sa. We claim that we can �nd a
�nite set f�1; : : : ; �ng which spans V over Z(M)sa such that h�i; �ji = 0
whenever i 6= j. To see this let f�1; : : : ; �ng be any �nite set which spans
V and assume inductively that h�i; �ji = 0 for i; j � n� 1, i 6= j. Since

�h�; �i = h��; �i = h��; �i = h�; ��i = h�; ��i = h�; �i�

for any �; � 2 Z(E1) and � 2M, it follows that the inner product of any
two elements of Z(E1) is in Z(M). Thus Z(E1) satis�es the hypothesis of
Theorem 9.6.6 as a Hilbert �-bimodule over Z(M). Using the conclusion
of Theorem 9.6.6 it is easy to verify that

� = �n �

n�1X
i=1

h�n; �ii

h�i; �ii
�i

is well-de�ned and orthogonal to �i (i � n�1) and that f�1; : : : ; �n�1; �g
spans V . This proves the claim.
Now �x � 2 Z(E)sa. For any V � Z(E1)sa as above, let f�1; : : : ; �ng

verify the claim and de�ne

�V =

nX
i=1

h�; �ii

h�i; �ii
�i 2 V :

This expression is sensible and k�Vk � k�k by Theorem 9.6.6. Direct
the subspaces V by inclusion and let P� be a cluster point of the net
(�V); then P� 2 Z(E1)sa and h� � P�; �i = 0 for all � 2 Z(E1)sa, and as
there is at most one element of Z(E1)sa which can have this property P
is a well-de�ned projection from Z(E)sa onto Z(E1)sa.
Let E2 be the weak* closure of the setM�ker(P ). It is clear that E2 is

orthogonal to E1. Also Z(E1)sa �Z(E2)sa = Z(E)sa, so E1�E2 is weak*
dense in E . So for any � 2 E we can �nd a bounded net (�� + �0�) such
that �� 2 E1 and �0� 2 E2 and �� + �0� ! � weak*. By orthogonality,
the nets (��) and (�0�) are also bounded and so they have cluster points
� 2 E1 and �

0 2 E2, and � + �0 = � by continuity. So E = E1 � E2.

Let (I�) be a family of W*-ideals of a von Neumann algebra M.
We denote by

L1 I� the set of sequences
L
�� (�� 2 I�) with the

property that both of the sums
P
���

�
� and

P
����� converge weak*

(or equivalently, that both sums are bounded). This is a W* Hilbert
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�-bimodule, and its center is
L1

Z(I�), so it is centered and local. The
following result shows that this construction is general.

THEOREM 9.6.10

Let E be a local W* Hilbert �-bimodule over a von Neumann algebraM.
Then there is a family (I�) of W*-ideals of M such that E �=

L1
I�.

PROOF As in the proof of the lemma, regard Z(E) as a local W*
Hilbert �-bimodule over Z(M). Observe that for any � 2 Z(E)sa the
sequence

(h�; �i
1=2

+ n�1IM)�1�

is bounded, and if � is a weak* cluster point of this sequence then h�; �i is
a projection in Z(M). Now let f��g be a maximal family of orthogonal
elements of Z(E)sa with the property that h��; ��i is a projection in
Z(M). It follows from the lemma and the preceding observation that
M � spanf��g is weak* dense in E . Also the sub-bimodules M�� are
pairwise orthogonal. So it suÆces to show that eachM�� is isomorphic
to I� = p�M where p� = h��; ��i. But the kernel of the map � 7! ���
is a weak* closed ideal of M, and hence is of the form q�M for some
projection q� 2 Z(M), and clearly q� = IM�p�. Also, for any �; � 2 I�
we have �� = h���; ���i and (���)

� = ����. So indeed M�� �= I� as
Hilbert �-bimodules.

9.7 Notes

For more on Hilbert modules over C*-algebras see [43].
The correspondence between continuous Hilbert bundles and Hilbert

modules is given a very thorough treatment in [26].
Hilbert bundles over C*-algebras were originally considered in [56] and

[59], and these papers are still a good source on the topic. The material
in Section 9.4 is all from [56].
The approach to crossed products presented in Section 9.5 is taken

from [41].
For more on Hilbert �-bimodules see [74].
There is also a quantum analog of Banach bundles, viz., operator

modules; see [57].
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Chapter 10

Lipschitz Algebras

10.1 The algebras Lip0(X)
The quantum version of a metric space is analogous to the quantum ver-
sions of topological and measure spaces. In each case there is a Hilbert
space generalization of the algebra of scalar-valued maps on such an ob-
ject which preserve the relevant structure. The topological and measure
theoretic categories involve the algebras C(X) and L1(X); in the metric
case the appropriate algebra is Lip0(X).

DEFINITION 10.1.1

(a) Let X and Y be metric spaces. A map f : X ! Y is Lipschitz if its
Lipschitz number

L(f) = sup

�
�(f(x); f(y))

�(x; y)
: x; y 2 X; x 6= y

�

is �nite. (We use the generic notation �(�; �) for distance in any metric
space.)
(b) Let X be a complete metric space with �nite diameter (that is,
�(X) = supf�(x; y) : x; y 2 Xg is �nite) and let e 2 X be a dis-
tinguished element. Then Lip0(X) is the set of Lipschitz functions
f : X ! C which satisfy f(e) = 0.

We call a metric space with a distinguished element pointed. In part
(b) there is no loss of generality in requiring that X be complete, as
scalar-valued Lipschitz functions always extend to the completion of a
space without increasing their Lipschitz number.
It is straightforward to verify that Lip0(X) is a Banach space for the

norm L(�) and is closed under products. (The latter uses the fact that
the diameter of X is �nite; speci�cally, we have the bound L(fg) �
2�(X)L(f)L(g).) After this the most important fact about Lip0(X) is
that it is a dual space.

219
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220 Chapter 10: Lipschitz Algebras

PROPOSITION 10.1.2

Let X be a complete pointed metric space with �nite diameter. Then
Lip0(X) is a dual Banach space in such a way that on bounded sets its
weak* topology agrees with the topology of pointwise convergence.

PROOF The argument is similar to the proof of Proposition 9.4.2.
For every x 2 X the map x̂ : f 7! f(x) satis�es

jx̂(f)j = jf(x)� f(e)j � L(f) � �(x; e)

and hence belongs to Lip0(X)�. Let V � Lip0(X)� be the closed span
of the set fx̂ : x 2 Xg and let T : Lip0(X) ! V� be the natural map,
i.e., Tf(!) = !(f).
For distinct x; y 2 X we have kx̂ � ŷk � �(x; y). Since Tf(x̂ � ŷ) =

f(x) � f(y), it follows that kTfk � jf(x) � f(y)j=�(x; y). Taking the
supremum over x; y 2 X , we deduce that kTfk � L(f), and the reverse
inequality is easy. So T is an isometry.
To show that T is surjective, let ! belong to the unit ball of V�. De�ne

a function f : X ! C by setting f(x) = !(x̂); then it is straightforward
to verify that f 2 Lip0(X) (with L(f) = k!k) and Tf = !. Thus
Lip0(X) �= V�.
By evaluating on x̂, it is clear that f� ! f weak* implies f�(x) !

f(x). Conversely, since the unit ball of Lip0(X) is weak* compact and
the topology of pointwise convergence is Hausdor�, the two topologies
must agree on the unit ball.

We now want to prove results analogous to those given in Sections 5.1,
6.1, and 6.2, and establish correspondences between metric properties
of X and algebraic properties of Lip0(X). As in Chapter 6, use of the
weak* topology will be key. The main tool is the following version of
the Stone-Weierstrass theorem.

LEMMA 10.1.3

Let X be a complete pointed metric space with �nite diameter and let
M be a W*-subalgebra of Lip0(X). Then for any set of real-valued
functions (f�) �M+ =M+C � 1X which is bounded in both Lipschitz
and supremum norm, we have sup f�; inf f� 2 M+.

PROOF Let f 2 M+ be real-valued. Then f(e) 2 R, so f � f(e) 2
M is also real-valued. Let a = kfk1. For any function g 2 C1[�a; a],
we have gÆf 2 Lip0(X)+C�1X since L(gÆf) � L(f)L(g) = L(f)kg0k1;
we claim that gÆf 2 M+. To see this, �nd a sequence of polynomials hn
such that khn� g0k1 ! 0. Let gn be the inde�nite integral of hn which
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satis�es gn(0) = g(0), and let fn = gn Æ f . Then fn is a polynomial in
f , so fn 2M+, and

L(fn � g Æ f) � L(f)L(gn � g) = L(f)kg0n � g0k1 ! 0:

Thus (fn� fn(e)) is a bounded sequence in M and converges to g Æ f �
g Æ f(e), so we conclude that the latter function also belongs to M, and
hence g Æ f 2M+.
Now let (gn) be a sequence of C

1 functions which converges pointwise
to the absolute value function t 7! jtj on [�a; a] and is uniformly bounded
in Lipschitz norm. By the claim, gn Æf 2M+ for all n, and gn Æf ! jf j
pointwise, so jf j 2 M+ by weak* closure of M. It follows that for any
real-valued f1; f2 2M+ the functions max(f1; f2) =

1
2 (f1+f2+jf1�f2j)

and min(f1; f2) =
1
2 (f1+f2�jf1�f2j) both belong toM+. Finally, for

any Lipschitz and sup norm bounded set of real-valued functions inM+

we can take a pointwise limit of the max (respectively, min) of every
�nite subset to get the sup (respectively, inf) of the set, and this shows
that ReM+ is closed under suprema and in�ma of bounded sets.

We say that a subspace E � Lip0(X) separates points uniformly if
there exists C � 1 such that for any x; y 2 X there exists f 2 E with
L(f) � C and jf(x) � f(y)j = �(x; y).

THEOREM 10.1.4

Let X be a complete pointed metric space with �nite diameter and let
M be a W*-subalgebra of Lip0(X) which separates points uniformly.
Then M = Lip0(X).

PROOF Let f 2 Lip0(X) be real-valued and suppose L(f) � 1. It
will suÆce to show that f 2M+ =M+C � 1X .
Fix C � 1 as in the de�nition of uniform separation of points. For

each x; y 2 X �nd g 2 M such that L(g) � C and jg(x) � g(y)j =
�(x; y). Multiplying g by the constant (f(x) � f(y))=(g(x) � g(y)), we
may assume that g(x) � g(y) = f(x) � f(y). Then adding the real
constant f(x) � g(x) = f(y) � g(y) to g, we get a function hxy 2 M+

such that hxy(x) = f(x), hxy(y) = f(y), L(hxy) � C, and

khxyk1 � kgk1 + jf(x)j+ jg(x)j � (2C + 1)�(X):

Finally, we can replace hxy with its real part without a�ecting the pre-
vious facts, and the lemma then implies that

f = inf
x2X

sup
y2X

hxy 2 M
+;
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as desired.

Now we can establish the expected relationships between subalgebras
of Lip0(X) and quotients ofX and between ideals of Lip0(X) and subsets
of X . As usual, given � : X ! Y we let C� : Lip0(Y )! Lip0(X) be the
composition map C�f = f Æ �.

Example 10.1.5

Let X and Y be complete pointed metric spaces with �nite diameter
and let � : X ! Y be a contraction such that �(eX) = eY . Assume
that C� : Lip0(Y )! Lip0(X) is an isometry. Then C�(Lip0(Y )) is a
W*-subalgebra of Lip0(X).

PROPOSITION 10.1.6

Let X be a complete pointed metric space with �nite diameter and let
M be a W*-subalgebra of Lip0(X). Then there is a complete pointed
metric space Y with �nite diameter and a contraction � : X ! Y such
that �(eX ) = eY , C� : Lip0(Y ) ! Lip0(X) is isometric, and M =
C�(Lip0(Y )).

PROOF Set x � y if f(x) = f(y) for all f 2 M, and let Y be the
completion of X= � for the metric

�M([x]; [y]) = supfjf(x)� f(y)j : f 2M; L(f) � 1g:

Let eY = [eX ] and let � : X ! Y be the quotient map.
It is clear that C� takes Lip0(Y ) nonexpansively into Lip0(X). Con-

versely, it is easy to see that any f 2 M descends to a function ~f on
Y with L( ~f) � L(f). Thus, the map f 7! ~f is an isometry from M
into Lip0(Y ). Since M is weak* closed in Lip0(X), it is closed under
pointwise convergence of bounded nets, and this remains true of its im-
age in Lip0(Y ), so C

�1
� (M) is a W*-subalgebra of Lip0(Y ). But by the

de�nition of the metric on Y , C�1� (M) separates points uniformly. Thus

C�1� (M) = Lip0(Y ), which is enough.

Example 10.1.7

Let X be a complete pointed metric space with �nite diameter and
let K be a closed subset of X which contains e. Then ff 2 Lip0(X) :
f jK = 0g is a W*-ideal of Lip0(X).

The converse of this example requires two lemmas. We use the follow-
ing notation: X is a complete pointed metric space with �nite diameter,
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I is a W*-ideal of Lip0(X), and K = fx 2 X : f(x) = 0 for all f 2 Ig.
We also de�ne a pseudometric

�I(x; y) = supfjf(x)� f(y)j : f 2 I; L(f) � 1g

as in the proof of Proposition 10.1.6.

LEMMA 10.1.8

Let x 2 X . If �I(x;K) < a then for any � > 0 there exists y 2 X such
that �(x; y) < a and �I(y;K) < �.

PROOF If �(x;K) < a then the conclusion is trivial, so assume
�(x;K) � a. Let � > 0 and de�ne

f(y) = min(1; �I(y;K)=�)

and

g(y) = max(0; a� �(x; y)):

Since e 2 K and �(x;K) � a, we have f(e) = g(e) = 0, so f; g 2
Lip0(X). From the construction of X= � in the proof of Proposition
10.1.6 withM = I, it is seen that the function f descends to a Lipschitz
function on the quotient X= �, so that result implies f 2 I. Thus
fg 2 I. Now if the lemma fails then f must take the value 1 everywhere
g is nonzero, which implies g = fg 2 I; but this implies gjK = 0 and

�I(x; y) � jg(x)� g(y)j = a

for all y 2 K, a contradiction. Thus the lemma holds.

LEMMA 10.1.9

We have �(x;K) = �I(x;K) for all x 2 X .

PROOF Suppose �I(x;K) < �(x;K) for some x 2 X . Let Æ =
1
2 (�(x;K)��I(x;K)). Take a = �(x;K)�Æ = �I(x;K)+Æ and � = Æ=3
in Lemma 10.1.8; we get an element y1 2 X such that �(x; y1) < a
(and hence �(y1;K) > Æ) and �I(y1;K) < Æ=3. Inductively, we can
construct a sequence (yn) such that �(yn; yn+1) < Æ=3n, �(yn;K) �
(1 + 31�n)Æ=2, and �I(yn;K) < Æ=3n. Thus yn ! y for some y which
satis�es �(y;K) � Æ=2 but �I(y;K) = 0, which is impossible. This
contradiction establishes the lemma.
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PROPOSITION 10.1.10

Let X be a complete pointed metric space with �nite diameter and let I
be a W*-ideal of Lip0(X). Then there is a closed subset K of X which
contains e such that I = ff 2 Lip0(X) : f jK = 0g.

PROOF Let K = fx 2 X : f jK = 0 for all f 2 Ig. It is clear
that f 2 I implies f jK = 0. Conversely, let f 2 Lip0(X) and suppose
f jK = 0; we must show that f 2 I.
We have jf(x)� f(y)j � L(f)�(x; y) and

jf(x)� f(y)j � jf(x)j+ jf(y)j � L(f)(�(x;K) + �(y;K))

for all x; y 2 X . We claim that

�I(x; y) � min(�(x; y);
1

2
(�(x;K) + �(y;K)));

this will imply that jf(x) � f(y)j � 2L(f)�I(x; y), and we may then
conclude that f 2 I by Proposition 10.1.6.
To prove the claim, �x x; y 2 X . Without loss of generality suppose

�(x;K) � �(y;K), and �x 0 < � < �(y;K). De�ne

g(z) = max(0; �(x;K)� �(x; z)� �):

This function vanishes in the �-neighborhood of K, so by Lemma 10.1.9
we have gh = g where

h(z) = min(1; �I(z;K)=�) = min(1; �(z;K)=�):

But h 2 I by Proposition 10.1.6, so we therefore have g 2 I.
If �(x; y) � �(x;K) then g(x) = �(x;K)� � and g(y) = 0, so

jg(x)� g(y)j = �(x;K)� � �
1

2
(�(x;K) + �(y;K))� �:

Otherwise �(x; y) < �(x;K) and we have

jg(x)� g(y)j � �(x; y)� �:

In either case, since g 2 I and L(g) � 1, we conclude

�I(x; y) � min(�(x; y);
1

2
(�(x;K) + �(y;K)))� �:

Taking �! 0 completes the proof.

We can use the preceding result to characterize quotients of Lip0(X).
This also requires a version of the Tietze extension theorem, which we
present �rst.
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LEMMA 10.1.11

Let X be a complete metric space, let K � X , and let f : K ! R be
a Lipschitz function. Then there is an extension ~f : X ! R such that
L( ~f) = L(f).

PROOF De�ne

~f(x) = inf
y2K

(f(y) + L(f)�(x; y)):

A short computation veri�es that ~f jK = f and L( ~f) = L(f).

PROPOSITION 10.1.12

Let X be a complete pointed metric space with �nite diameter and let
I be a W*-ideal of Lip0(X). Then Lip0(X)=I is isomorphic to Lip0(K)
where K = fx 2 X : f(x) = 0 for all f 2 Ig, and the isomorphism is
isometric on real-valued functions.

PROOF Let � : Lip0(X) ! Lip0(K) be the restriction map. It is
clear that � is nonexpansive, and ker(�) = I by Proposition 10.1.10.
For any real-valued f 2 Lip0(K), the lemma implies that there exists
~f 2 Lip0(X) such that L( ~f) = L(f) and � ~f = f , so � must be surjective
and isometric on real-valued functions. This is enough.

Next we turn to the spectrum, and show that the metric space X
can be recovered from the algebra Lip0(X). Let x̂ 2 Lip0(X)� be the
evaluation map at the point x.
Since 1X 62 Lip0(X), the weak* spectrum de�ned in De�nition 6.1.1 is

not appropriate here. Instead, we let sp�0(Lip0(X)) be the set of all weak*
continuous �-homomorphisms, including the zero map, from Lip0(X) to
C. We give sp�0(Lip0(X)) the metric it inherits from Lip0(X)�.

PROPOSITION 10.1.13

Every complete pointed metric space X with �nite diameter is isometric
to sp�0(Lip0(X)) via the correspondence x$ x̂.

PROOF Let X be a complete pointed metric space with �nite di-
ameter. The map x 7! x̂ is clearly nonexpansive, and applying x̂ � ŷ
to the function f(z) = �(x; z) � �(x; e) shows that kx̂ � ŷk = �(x; y).
To prove surjectivity, let ! : Lip0(X) ! C be a weak* continuous �-
homomorphism. If ! = 0 = ê we are done. Otherwise its kernel is
a codimension one W*-ideal, so Proposition 10.1.12 implies that there
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exists x 2 X , x 6= e, such that ker(!) = ff 2 Lip0(X) : f(x) = 0g. It
follows that ! = ax̂ for some nonzero a 2 C; choosing f 2 Lip0(X) such
that f(x) = 1, we then have

a = !(f) = !(f2) = !(f)2 = a2;

so that a = 1. Thus ! = x̂.

The desired correspondence between Lipschitz functions and weak*
continuous �-homomorphisms follows easily.

Example 10.1.14

Let X and Y be complete pointed metric spaces with �nite diameters.
Let � : Y ! X be Lipschitz and suppose �(eY ) = eX . Then the map
C� : f 7! f Æ� is a weak* continuous �-homomorphism from Lip0(X)
into Lip0(Y ). The norm of C� is L(�).

PROPOSITION 10.1.15

Let X and Y be complete pointed metric spaces with �nite diameters
and let � : Lip0(X)! Lip0(Y ) be a weak* continuous �-homomorphism.
Then there is a Lipschitz map � : Y ! X such that �(eY ) = eX and
� = C�.

PROOF For any y 2 Y the map ŷ Æ � belongs to sp�0(Lip0(X)), so
there is a unique x 2 X such that ŷ Æ � = x̂. De�ne �(y) = x. For any
f 2 Lip0(X) and any y 2 Y we then have

f(�(y)) = �(y)^(f) = ŷ(�f) = �f(y);

so f Æ � = �f . It is clear that �(eY ) = eX . To see that � is Lipschitz,
let x; y 2 Y and de�ne f 2 Lip0(X) by

f(z) = �(�(x); z) � �(�(x); eX ):

Then

j�f(x) � �f(y)j = jf(�(x)) � f(�(y))j = �(�(x); �(y)):

Since L(�f) � k�kL(f) = k�k, this implies �(�(x); �(y)) � k�k�(x; y).
So � is Lipschitz.

10.2 Measurable metrics

There is a measurable version of the notion of a metric and a corre-
sponding version of the space of Lipschitz functions. In the special case
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of counting measure such \measurable metrics" reduce to ordinary met-
rics. However, we need to examine general measurable metrics before
passing to the Hilbert space setting, because they, not pointwise metrics,
represent the general commutative case.
Measurable metrics are de�ned as follows.

DEFINITION 10.2.1 Let X be a �-�nite measure space and let

+ be the family of positive measure subsets of X modulo null sets. A
measurable pseudometric is a map � : 
2

+ ! [0;1] which satis�es

(a) �(S; S) = 0
(b) �(S; T ) = �(T; S)
(c) �(

S
Si; T ) = inf �(Si; T )

(d) �(R; T ) � supf�(R;S0) + �(S0; T ) : S0 � Sg

for all R;S; T; Si 2 
+.
A measurable metric is a measurable pseudometric with the property

that the measurable �-algebra is generated up to null sets by the sets
S 2 
+ with the property that, for every T 2 
+, S \ T = ; implies
�(S; T 0) > 0 for some T 0 � T .

Intuitively, the quantity �(S; T ) is supposed to represent the minimum
distance between the sets S and T , modulo null sets. Indeed, if we are
given a genuine pointwise metric on a �-�nite measure space X , a care-
ful interpretation of the preceding sentence does produce a measurable
metric (or at least a pseudometric). The converse is true in a sense:
given any measurable metric on a �-�nite measure space, we can replace
the original space with a measurably equivalent space such that the cor-
responding measurable metric on the new space arises from a pointwise
metric in the manner suggested above. We will not prove this result
here.
In�nite distances are permitted in measurable metric spaces. This

is done to accomodate general constructions such as the one in Theo-
rem 10.3.6 which sometimes produce such a result. We will also �nd
it more convenient to work with measurable pseudometrics rather than
measurable metrics.
The following is a fundamental lemma that we will need later.

LEMMA 10.2.2

Let X be a �-�nite measure space, let � be a measurable pseudometric
on X , and let S and T be positive measure subsets of X . Let � > 0.
Then there exist positive measure sets S0 � S and T0 � T such that

�(S; T ) � �(S0; T 0) < �(S; T ) + �
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for all S0 � S0 and T 0 � T0.

PROOF For any S0 � S and T 0 � T we have �(S; T ) � �(S0; T 0)
by axiom (c) of De�nition 10.2.1 applied successively to S = S [ S0 and
T = T [ T 0. To prove the remainder, we will �nd S0 � S such that
S0 � S0 implies �(S

0; T ) � �(S; T ) + �; applying the same argument to
T then produces the desired pair S0; T0.
Without loss of generality assume the measure � on X is �nite, and

let
a = supf�(R) : R � S and �(R; T ) � �(S; T ) + �g:

Then �nd a sequence (Ri) such that �(Ri; T ) � �(S; T )+� and �(Ri)!
a. Let R =

S
Ri; then we have �(R; T ) � �(S; T ) + �, and evidently R

contains, up to a null set, every positive measure subset of S with this
property. Thus S0 = S � R is a positive measure set (since �(S; T ) 6=
�(R; T )) and we have �(S0; T ) < �(S; T ) + � for any S0 � S0, as desired.

Next we de�ne Lipschitz spaces for measurable pseudometrics. Recall
the de�nition of the essential range of a map from Example 3.2.2 (b).

DEFINITION 10.2.3 Let X be a �-�nite measure space, let � be a
measurable pseudometric on X , and let f : X ! C be measurable. For
positive measure sets S; T � X we write �f (S; T ) for the distance in C
between the essential ranges of f jS and f jT . The Lipschitz number of f
is then

L(f) = sup
�f (S; T )

�(S; T )
;

taking the supremum over all positive measure S; T � X such that
�(S; T ) > 0; we say f is Lipschitz if L(f) <1.
Lip(X;�) is the subspace of L1(X;�) consisting of those functions f

with the property that L(f) <1. We de�ne the Lipschitz norm on this
space to be kfkL = max(kfk1; L(f)).

In the atomic case, where � is counting measure, Lip(X;�) is a vari-
ation of the space Lip0(X) discussed in the last section. Our �rst
nonatomic example is the following.

Example 10.2.4

Let X be a �-�nite measure space. De�ne a measurable metric � on
X by setting

�(S; T ) =

�
0 if �(S \ T ) > 0
2 if �(S \ T ) = 0.
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One can check that L(f) � kfk1 for any f 2 L1(X), so we therefore
have Lip(X;�) = L1(X), both as sets and as Banach spaces.

Just as for Lip0 spaces, every Lip(X;�) is a dual Banach space.

LEMMA 10.2.5

Let X be a �-�nite measure space and let � be a measurable pseudo-
metric on X . Then the unit ball of Lip(X;�) is compact for the weak*
topology inherited from L1(X).

PROOF Let (f�) be a net in Lip(X;�) which converges weak* to a
function f in L1(X), and suppose kf�kL � 1 for all �. We must show
that kfkL � 1; it is enough to check that L(f) � 1.
Let S; T � X be positive measure sets and �x � > 0. Find S0 and

T0 as in Lemma 10.2.2. By passing to subsets of S0 and T0, we may
assume that jf(x1)�f(x2)j � � and jf(y1)�f(y2)j � � for almost every
x1; x2 2 S0 and y1; y2 2 T0. Then����

Z
S0�T0

(f(x)� f(y))

���� � (�f (S0; T0)� 2�)�(S0)�(T0)

� (�f (S; T )� 2�)�(S0)�(T0):

There also exists � such that j
R
S0
(f��f)j � ���(S0) and j

R
T0
(f��f)j �

� � �(T0); thus����
Z
S0�T0

(f(x)� f(y))

���� �
����
Z
(f(x)� f�(x))

���� +
����
Z
(f�(x) � f�(y))

����
+

����
Z
(f�(y)� f(y))

����
� (3�+ �(S; T ))�(S0)�(T0):

Combining the two inequalities yields �f (S; T ) � �(S; T ) + 5�, which is
enough.

PROPOSITION 10.2.6

Let X be a �-�nite measure space and let � be a measurable pseudo-
metric on X . Then Lip(X;�) is a dual Banach space in such a way that
on bounded sets its weak* topology agrees with the weak* topology
inherited from L1(X).

The proof of this result proceeds along familiar lines. We refer the
reader to the proof of Proposition 9.4.2.
We also have a Stone-Weierstrass theorem for Lip(X;�). This involves

a measurable version of uniform separation of points.
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THEOREM 10.2.7

Let X be a �-�nite measure space, let � be a measurable pseudometric
on X , and let M be a unital W*-subalgebra of Lip(X;�). Suppose
there exists C � 1 such that for all positive measure sets S; T � X
there exists f 2 M such that L(f) � C and �f (S; T ) = �(S; T ). Then
M = Lip(X;�).

PROOF Let f 2 Lip(X;�) be positive and satisfy L(f) � 1. It
will suÆce to show that f 2 M. To do this, �x a positive measure set
S � X . For every positive measure set T � X , we can �nd g 2 M such
that L(g) � C and �g(S; T ) = �(S; T ). Since the essential ranges of gjS
and gjT are compact, we can �nd representative elements a and b such
that ja� bj = �(S; T ). Subtracting a from g, we may assume a = 0, and
multiplying g by jbj=b and taking the real part, we may assume g is real
valued. Then gjS � 0 and gjT � �(S; T ).
Next, by exactly the same argument as in Lemma 10.1.3, but here

with the simpli�cation that we can take a = 0, we can show that the
real part of M is closed under suprema and in�ma of bounded sets.
Thus, replacing g successively with max(g; 0) and min(g; �(S; T )) we
can assume that gjS = 0 and gjT = �(S; T ) constantly.
De�ne gT = min(g; kfk1) and

hS = supfgT : �(T ) > 0g:

Then hS jS = 0 and hS jT � min(�(S; T ); kfk1) for all T � X . Also,
hS 2 M and L(hS) � 1. Now for each positive measure set S � X , let
aS = kf jSk1. We claim that

f = inffhS + aS : �(S) > 0g;

this will imply that f 2M, as desired.
First, suppose f � hS + aS + � on some positive measure set T , for

some S � X . Then

f jT � hS jT + aS + � � �(S; T ) + aS + �

while f jS � aS by the de�nition of aS , so we deduce that �f (S; T ) �
�(S; T ) + �, contradicting the assumption that L(f) � 1. Thus f �
hS + aS almost everywhere, for all S.
Conversely, on any positive measure set S we have

f jS 6� hS jS + aS � � = aS � �

for any � > 0. This shows that for any � > 0 we cannot have f �
inffhS + aS : �(S) > 0g � � on any positive measure set. We conclude
that f = inffhS + aS : �(S) > 0g 2 M as claimed.
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As an immediate corollary we deduce that unital W*-subalgebras of
Lip(X;�) are themselves of the form Lip(Y; �).

COROLLARY 10.2.8

Let X be a �-�nite measure space, let � be a measurable pseudomet-
ric on X , and let M be a unital W*-subalgebra of Lip(X;�). Then
M�= Lip(Y; �) for some measurable pseudometric on the measure space
(Y; �) = (X;�).

PROOF De�ne a measurable pseudometric on (Y; �) = (X;�) by
setting �(S; T ) = supf�f (S; T ) : f 2 M; L(f) � 1g. It is clear thatM�
Lip(Y; �) isometrically, and the theorem then implies M = Lip(Y; �).

The structure of W*-ideals is less transparent; we do not have a simple
analog of Propositions 5.1.5, 6.1.7, and 6.2.6. For example, give [0; 1]
Lebesgue measure and let I = ff 2 Lip[0; 1] : f(0) = 0g. This is a
proper W*-ideal but it does not vanish on any positive measure set.

10.3 The derivation theorem

Generally speaking, a derivation is a linear map d which satis�es the
Leibniz identity d(��) = �d(�) + d(�)�. There is a remarkable connec-
tion between the algebras Lip(X;�) and derivations which states that
the Lip(X;�) are precisely those spaces which arise as the domains of
a certain type of derivation. This characterization of commutative Lip-
schitz algebras has an immediate noncommutative (Hilbert space) gen-
eralization.

In order for the derivation condition to make sense, we must be able
to multiply elements of the range of the derivation on either side by
elements of its domain; thus, the range must be a bimodule over the
domain. Our examples in this section will involve L1 spaces, and in
order to make a space L1(Y ) a bimodule over L1(X), we will require
a pair of weak* continuous �-homomorphisms from the latter into the
former.

Here, for the �rst time, it really is convenient for us to use spaces which
are not �-�nite. The next best condition is thatX be locally �nite, which
means that it can be written as a disjoint unionX =

S
X� such that each

X� is a �nite measure space, a subset of X is measurable if and only if
its intersection with each X� is measurable, and �(S) =

P
�(S\X�) for

all measurable subsets S � X . This class of measure spaces contains all
discrete spaces and all �-�nite spaces, and much of what one can prove
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for �-�nite spaces actually holds for locally �nite spaces with only minor
modi�cations in the proofs. For instance, we have L1(X) �= L1(X)� for
any locally �nite X . (Indeed, the spaces L1(X) for X locally �nite are
precisely, up to �-isomorphism, the abelian von Neumann algebras.)

DEFINITION 10.3.1 Let X be a �-�nite measure space. An L1-
bimodule overL1(X) is a weak* closed self-adjoint subspace E of L1(Y )
for some locally �nite measure space Y , together with a pair of weak*
continuous unital �-homomorphisms �l; �r : L

1(X)! L1(Y ) such that
�l(f)g; �r(f)g 2 E whenever f 2 L1(X) and g 2 E . We write fl = �l(f)
and fr = �r(f).
An (unbounded) L1-derivation from L1(X) into an L1-bimodule E

is a linear map d : L ! E such that

(a) L is a weak* dense, unital �-subalgebra of L1(X);
(b) d satis�es d( �f) = d(f) and d(fg) = fld(g) + d(f)gr for all f; g 2 L;
and
(c) the graph of d, �d = ff � df : f 2 Lg, is a weak* closed subspace of
L1(X)� E .

We give L = dom(d) the graph norm

kfkD = max(kfk1; kdfk1):

When constructing L1-derivations it is always possible to take E =
L1(Y ). However, the greater generality given in the de�nition will be
convenient.
The basic example of an L1-derivation to keep in mind is di�eren-

tiation on the unit interval (or on the unit circle). Here d is the map
d(f) = f 0. There are several natural domains for this map: it can be
de�ned on C1[0; 1] or on C1[0; 1], for example. However, with these
domains its graph is not weak* closed. In order to have a weak* closed
graph, its domain must be expanded to Lip[0; 1]. Thus, the derivative
map d : L1[0; 1] ! L1[0; 1] with domain L = Lip[0; 1] is an L1-
derivation. In higher dimensions, the range of the analogous map will
no longer equal the domain, but will still be an L1-bimodule over it
(see Example 10.4.1).
Next we show that every Lip(X;�) is the domain of an L1-derivation.

This is where we need to use non �-�nite sets Y .

Example 10.3.2

Let X be a �-�nite measure space and let � be a measurable pseu-
dometric on X. For S; T � X positive measure sets de�ne

�
+(S; T ) = supf�(S0; T 0) : S0 � S; T

0 � Tg:
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Then for each f 2 Lip(X;�) and each pair of positive measure subsets
S; T � X such that �+(S; T ) > 0, de�ne df 2 L1(S � T ) by

df(x; y) =
f(x)� f(y)

�+(S; T )
:

(Note: this is not a pseudometric.) Also de�ne �lf(x; y) = f(x)
and �rf(x; y) = f(y). Letting Y be the disjoint union of the spaces
S � T , the maps �l; �r : L1(X) ! L1(Y ) make L1(Y ) an L1-
bimodule over L1(X), and the map d : L1(X) ! L1(Y ) with
domain Lip(X;�) is an L1-derivation. Moreover, kdfk1 = L(f) for
all f 2 Lip(X;�).

Now we proceed to prove the converse of this example, namely, that
the domain of any L1-derivation is of the form Lip(X;�). Fix the
following notation. X is a �-�nite measure space, L1(Y ) is an L1-
bimodule over L1(X) (recall that we can assume E = L1(Y )), d :
L1(X)! L1(Y ) is an L1-derivation, and L = dom(d). Observe that
since L is isometric to the weak* closed subspace �d of the dual space
L1(X)� L1(Y ), it is itself a dual space, with weak* topology de�ned
by the condition that f� ! f weak* in L if and only if both f� ! f
weak* in L1(X) and df� ! df weak* in L1(Y ).

LEMMA 10.3.3

Let f 2 L be real-valued and let g 2 Lip[�a; a] where a = kfk1. Then
g Æ f 2 L and kd(g Æ f)k1 � L(g) � kdfk1.

PROOF If g is a polynomial then it is clear that g Æ f 2 L. The
derivation identity then yields

d(fn) = (fn�1l + fn�2l fr + � � �+ fn�1r )df:

Say g(t) =
P

ant
n and de�ne h 2 Lip([�a; a]2) by

h(s; t) =
X

an(s
n�1 + sn�2t+ � � �+ tn�1):

We have h(s; t) = (g(s) � g(t))=(s � t) for s 6= t, so khk1 = L(g), but
also d(g Æ f) = h(fl; fr) � df , so kd(g Æ f)k1 � L(g) � kdfk1 as desired.
Next suppose g 2 C1[�a; a] and let gn be a sequence of polynomials

such that g0n ! g0 uniformly on [�a; a] and gn(0) = g(0) for all n. Then
gn ! g uniformly on [�a; a], so gn Æ f ! g Æ f uniformly in L1(X), and
the sequence (d(gn Æ f)) is Cauchy in L1(Y ) because

kd(gm Æ f)� d(gn Æ f)k1 � L(gm � gn) � kdfk1

= kg0m � g0nk1 � kdfk1:
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Thus, norm closure of �d implies that g Æf 2 L and d(gn Æf)! d(g Æf).
Since L(gn) = kg0nk1 ! kg0k1 = L(g), the desired bound on kd(gÆf)k1
follows.
Finally, for any g 2 Lip[�a; a] we have g0 2 L1[�a; a], so we can �nd

a sequence gn 2 C1[�a; a] such that gn(0) = g(0), kg0n ! g0k1 ! 0,
and kg0nk1 ! kg0k1. This implies that gn ! g uniformly, and we have
kd(gn Æ f)k1 � sup kg0nk1 � kdfk1, so we can �nd a subnet of (gn Æ f)
which converges weak* in L. Since gn Æf ! g Æf uniformly, we conclude
that g Æ f 2 L and kd(g Æ f)k1 � L(g) � kdfk1.

LEMMA 10.3.4

Let f 2 L be real-valued, let S be a positive measure subset of X , and
suppose f � �S = 0. Then (�S)ldf(�S)r = 0.

PROOF Let fn = 1 � e�nf
2

. Then fn 2 L by Lemma 10.3.3, and
a short computation shows that L(f � fn) � 2. Thus kd(f � fn)k1 �
2kdfk1. But f � fn ! f uniformly, and hence weak* in L, and so
d(f � fn)! d(f) weak* in L1(Y ) by weak* closure of �d. Thus

0 = (�S)l[fld(fn) + d(f)(fn)r](�S)r

= (�S)ld(f � fn)(�S)r

! (�S)ldf(�S)r:

So (�S)ldf(�S)r = 0.

LEMMA 10.3.5

Let f; g 2 L be real-valued. Then max(f; g);min(f; g) 2 L and

kd(max(f; g))k1; kd(min(f; g))k1 � max(kdfk1; kdgk1):

PROOF The function t 7! jtj is Lipschitz on R, so max(f; g) =
(f + g + jf � gj)=2 and min(f; g) = (f + g � jf � gj)=2 belong to L by
Lemma 10.3.3. We claim that jd(max(f; g))j � max(jdf j; jdgj) almost
everywhere on Y ; this implies the desired inequality for d(max(f; g)),
and the inequality for d(min(f; g)) can be proven similarly.
Let S = fx 2 X : f(x) � g(x)g and T = fx 2 X : g(x) � f(x)g,

and for � > 0 let S� = fx 2 X : f(x) � g(x) + �g and T� = fx 2
X : g(x) � f(x) + �g. Then de�ne sets YS ; YT ; Y�; Y

0
� � Y by the

equations �YS = (�S)l(�S)r, �YT = (�T )l(�T )r , �Y� = (�S�)l(�T�)r,
and �Y 0

�
= (�T�)l(�S�)r. We have

Y = YS [ YT [
[
�

Y� [
[
�

Y 0� ;
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so it will suÆce to prove the desired inequality separately on each of
these sets.
First, observe that

(�S)ld(max(f; g))(�S)r = (�S)ldf(�S)r

by Lemma 10.3.4. This proves that jd(max(f; g))j � max(jdf j; jdgj) on
YS , and the same is true in YT by similar reasoning. We will conclude
the proof by verifying this on Y�; the argument for Y

0
� is the same.

De�ne

hS = min

�
max

�
f � g

�
; 0

�
; 1

�

and

hT = min

�
max

�
g � f

�
; 0

�
; 1

�
:

Then hS ; hT 2 L and hS + hT is identically 1 on S� [ T�. Thus, using
Lemma 10.3.4, we have

dk � �Y� = [d(k(hS + hT ))] � �Y�
= [kl(dh

S) + (dk)hSr + (hT )l(dk) + (dhT )kr ] � �Y�
= [kl(dh

S) + kr(dh
T )] � �Y�

= h(kl � kr)

for any k 2 L, where h = (dhS) � �Y� .
Examination of cases shows that jfl � grj � max(jfl � frj; jgl � grj)

on Y�, and hence, with a double application of the result of the last
paragraph, we get

jd(max(f; g))j = jhj � j(max(f; g))l � (max(f; g))rj

= jhj � jfl � grj

� jhj �max(jfl � frj; jgl � grj)

� max(jdf j; jdgj)

on Y�. This completes the proof.

THEOREM 10.3.6

Let (X;�) be a �-�nite measure space, let E be an L1-bimodule over
L1(X), let d : L1(X) ! E be an L1-derivation, and let L = dom(d).
Then there exists a measurable pseudometric on X such that L =
Lip(X;�) isometrically and L(f) = kdfk1 for all f 2 L.

PROOF De�ne

�(S; T ) = supf�f (S; T ) : f 2 L; kdfk1 � 1g:
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It follows from Lemma 10.3.5 and the fact that L is a dual space that
suprema and in�ma of k � kD-bounded sets of real-valued functions in L
also belong to L. Using this fact, it is straightforward to verify that � is
a measurable pseudometric, that L � Lip(X), and that L(f) = kdfk1
for all f 2 L. The desired conclusion follows from Theorem 10.2.7.

On the basis of the preceding result, we make the following de�nition.

DEFINITION 10.3.7 Let M be a von Neumann algebra. A W*-
bimodule over M is a weak* closed self-adjoint subspace E of a von
Neumann algebra N together with a pair of weak* continuous unital �-
homomorphisms �l; �r :M!N such that �l(�)�; ��r(�) 2 E whenever
� 2 M and � 2 E . We write �l = �l(�) and �r = �r(�).
An (unbounded) W*-derivation from M into a W*-bimodule E is a

linear map d : L ! E such that

(a) L is a weak* dense, unital �-subalgebra of M;
(b) d satis�es d(��) = d(�)� and d(��) = �ld(�) + d(�)�r for all �; � 2
L; and
(c) the graph of d, �d = f� � d� : � 2 Lg, is a weak* closed subspace
of M�E .

We give L = dom(d) the graph norm

kfkD = max(k�k; kd�k):

A (noncommutative) Lipschitz algebra is the domain of some W*-
derivation.

10.4 Examples

In this section we describe various classes of examples of W*-derivations
and their associated Lipschitz algebras. We begin with the most impor-
tant class of commutative examples.

Example 10.4.1

Let X be a compact, connected Riemannian manifold. Thus X is
a smooth manifold, and the tangent space at each point is equipped
with an inner product. Let X be the complexi�ed tangent bundle over
X as in Example 9.1.2 and regard X as a measurable Hilbert bundle.
This can be done by writing X minus a null set as a disjoint union of
�nitely many open sets Xi (1 � i � k) each of which is di�eomorphic
to an open subset of Rn. Then X �= (X1 �C

n) [ � � � [ (Xk �C
n).

Let L1(X;X ) be the Hilbert module of L1 sections of X as in
De�nition 9.2.2; this space can be identi�ed with the complexi�cation
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of the space of bounded measurable vector �elds on X. Thus we may
de�ne d : Lip(X) ! L1(X;X ) by d(f) = rf , the gradient vector
�eld of f .

We regard L1(X;X ) as a W* Hilbert �-bimodule. It can be re-
alized as an L1-bimodule as follows. Let Y be the set of all pairs
(x; v) such that x 2 X and v is a complex tangent vector at x of norm
1. That is, Y = (X1 � S2n�1) [ � � � [ (Xk � S2n�1) where S2n�1 is
the unit sphere of Cn. Then L1(Y ) is an L1-bimodule over L1(X)
via the actions flg(x; v) = gfr(x; v) = f(x)g(x; v). Finally, de�ne
T : L1(X;X )! L1(Y ) by T�(x; v) = h�(x); vi; this is an isometric
embedding of L1(X;X ) in L1(Y ) which respects the �-bimodule
structure.

The fact that �l = �r is an important feature of the preceding ex-
ample; one says that L1(X ;X ) is a monomodule over L1(X). This is
related to the di�erentiable character of the metric space X . The same
relationship persists in the noncommutative case.
Monomodule derivations can also be constructed by di�erentiating

one-parameter unitary groups, as in the next example.

Example 10.4.2

(a) Recall the von Neumann algebra L1�h (R2) of the quantum plane
from De�nition 6.6.1 and the automorphism �s;t of L

1

�h (R2). De�ne
unbounded maps di : L

1

�h (R2)! L1�h (R2) (i = 1; 2) by

d1(A) = lim
s!0

1

s
(�s;0(A)�A)

and

d2(A) = lim
t!0

1

t
(�0;t(A)�A);

with domains the set of A 2 L1�h (R2) for which the limits exist in the
weak* sense. If f 2 S(R2) we have d1(Lf ) = L@f=@x and d2(Lf ) =
L@f=@y; this follows from Proposition 5.4.5. Informally, we can write
d1(A) = � i

�h
[P; A] and d2(A) =

i
�h
[Q; A] (see Section 4.4).

Now de�ne d : L1�h (R2) ! L1�h (R2)� L1�h (R2) by setting d(A) =
d1(A) � d2(A), with domain Lip�h(R

2) = dom(d1) \ dom(d2) and
range L1�h (R2)�L1�h (R2), regarded as a W* Hilbert �-bimodule over
L1�h (R2) as in Example 9.6.5. Then Lip�h(R

2) is a Lipschitz algebra.
(b) The same construction applies to the quantum tori von Neumann
algebras L1�h (T2), using the automorphism �̂s;t in place of �s;t. We
de�ne Lip�h(T

2) to be the domain of the corresponding derivation.

In the preceding example, setting �h = 0 reduces to the map df =
(@f=@x; @f=@y), i.e., to Example 10.4.1.
Putting this example into the format of De�nition 10.3.7 requires

that we be able to realize W* Hilbert �-bimodules as W*-bimodules.
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Here this can be done in a non-isometric fashion by treating L1�h (R2)�
L1�h (R2) as a von Neumann algebra and letting �l = �r be the map
A 7! (A;A). A completely general, isometric result will be given in
Corollary 10.5.2.
We can relate the Lipschitz algebras Lip�h(T

2) to the harmonic analy-
sis of quantum tori as developed in Theorem 5.5.7 and Proposition 6.6.4,
for example. The relevant notation was given in De�nition 5.5.4.
Let Lip�ĥ(T

2) be the corresponding Lipschitz algebra inside L̂1�h (T2).
We start with a straightforward result whose veri�cation we omit. (Its
�rst assertion follows from Proposition 6.6.5, as continuity of the map
(s; t) 7! �̂s;t(A) is necessary for d1(A) and d2(A) to be de�ned.)

PROPOSITION 10.4.3

We have Lip�ĥ(T
2) � Ĉ�h(T2). For all s; t 2 R the map �̂s;t restricts to a

�-isomorphism from Lip�ĥ(T
2) onto itself. This de�nes an action of R2

by automorphisms of Lip�ĥ(T
2).

THEOREM 10.4.4

Let A 2 Lip�ĥ(T
2). Then sN (A)! A in norm.

PROOF Let DN be the Dirichlet kernel,

DN (t) =

NX
n=�N

eint =
sin(n+ 1=2)t

sin(t=2)
;

and let VN be the de la Val�ee Poussin kernel,

VN = 2K2N+1 �KN ;

where KN is the Fej�er kernel de�ned in the proof of Theorem 5.5.7. Let
GN (s; t) = DN (s)DN (t) and WN (s; t) = VN (s)VN (t) and de�ne

s0N(A) =
1

(2�)2

Z Z
�̂s;t(A)WN (s; t) dsdt:

Also, observe that

sN (A) =
1

(2�)2

Z Z
�̂s;t(A)GN (s; t) dsdt:

We have kA � s0N (A)k ! 0 by the argument in the proof of Theorem
5.5.7 which showed kA � �N (A)k ! 0, so it will suÆce to show that
ksN(A)� s0N (A)k ! 0.
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Let BN = sN (A) � s0N (A) and let ak;l = ak;l(A) and bk;l = bk;l(BN )
be the Fourier coeÆcients of A and BN , respectively. The bk;l have the
following properties:

(a) jbk;lj � jak;lj for all k; l;
(b) bk;l = 0 if jkj; jlj � N ; and
(c) bk;l = 0 if max(jkj; jlj) > 2N + 1.

Therefore X
k;l

jbk;lj �
X

(k;l)2XN

jak;lj

where XN = f(k; l) : N < max(jkj; jlj) � 2N + 1g. For (k; l) 2 XN we
have k2 + l2 > N2, so

X
(k;l)2XN

(k2 + l2)�1 � C

for some universal constant C, and thus

kBNk �
X

jbk;lj �
X

(k;l)2XN

jak;lj

�

0
@C �

X
(k;l)2XN

(k2 + l2)jak;lj
2

1
A
1=2

:

(The last line follows from the Cauchy-Schwarz inequality.)
Finally, the Fourier coeÆcients of d1(A) are kak;l, so

X
k2jak;lj

2 = �(d1(A)
�d1(A)) <1

where � is the state de�ned in Proposition 6.6.7, and the same holds forP
l2jak;lj2. Thus X

(k;l)2XN

(k2 + l2)2jak;lj
2 ! 0

as N !1, so kBNk ! 0, as desired.

Our last example is a Lipschitz version of the matrix-valued function
spaces l1mat(K) and Cmat(K) discussed in Section 8.4. It may be viewed
as a quantum analog of the space Lip(K) where K is the unit ball of a
dual Banach space. This example is not di�erential geometric in nature,
and correspondingly the bimodule involved is not a monomodule.
Let V be an operator space and let K be the corresponding dual

matrix unit ball. For any f 2 l1mat(K), each fn : Kn ! Mn is a
map between metric spaces (the �rst is the unit ball of a Banach space,
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while the second is a Banach space) and hence has a Lipschitz number,
possibly in�nite. De�ne the Lipschitz number of f 2 l1mat(K) to be
L(f) = supL(fn).
Observe that L(f) is �nite for f 2 Vmat(K), since if X;Y 2 Kn then,

choosing v 2 V such that f [xij ] = [xij(v)], we have

kfn(X)� fn(Y )k

kX � Y k
=
k(X � Y )(v)k

kX � Y k
=
kv̂(n)(X � Y )k

kX � Y k
� kvk

by the comment following De�nition 8.3.1. Also observe that the adjoint,
sum, and product of Lipschitz functions is again Lipschitz.

Example 10.4.5

Let K be a dual matrix unit ball and de�neMK to be the l1 direct
sum

MK =
M

(m;X;Y )2�

Mm

where � = f(m;X; Y ) : m 2 N; X; Y 2 Km; X 6= Y g. This is
a von Neumann algebra and a W*-bimodule over l1mat(K) relative
to the embeddings f 7! fl and f 7! fr of l1mat(K) in MK de�ned
by fl(X;Y ) = f(X) and fr(X;Y ) = f(Y ). De�ne an unbounded
derivation d : l1mat(K)!MK by

df(X;Y ) =
fn(X)� fn(Y )

kX � Y k
;

with domain the set of f 2 l1mat(K) with �nite Lipschitz number.
The graph of d is a weak* closed subspace of l1mat(K)�MK , so it

is a dual operator space. The domain of d is a Lipschitz algebra and
it has a weak* topology which is transferred from the graph of d via
the bijection f $ f � df . We now de�ne Lipmat(K) to be the unital
W*-subalgebra of dom(d) generated by Vmat(K). Thus Lipmat(K)
inherits its algebraic structure from dom(d), but it inherits a dual
operator space structure from the graph of d.

Let hom�(Lipmat(K);Mn) be the space of weak* continuous unital
�-homomorphisms from Lipmat(K) into Mn, with completely bounded
norm.

THEOREM 10.4.6

Let V be an operator space and let K be the corresponding dual matrix
unit ball. Then

(a) Lipmat(K) is a Lipschitz algebra;
(b) Lipmat(K) completely isometrically contains V ; and
(c) hom�(Lipmat(K);Mn) is canonically isometric to Kn.
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PROOF

(a) Let d0 be the restriction of d to Lipmat(K). Then d0 is also an
unbounded derivation, and its graph is a weak* closed subspace of the
graph of d and hence a weak* closed subspace of l1mat(K)�MK . Thus
Lipmat(K) is indeed the domain of a W*-derivation.
(b) Note that this is not implied by the fact that V is completely iso-

metrically contained in l1mat(K) (Theorem 8.4.4 (b)) since the operator
space structure of Lipmat(K) is not inherited from l1mat(K), but rather
from the graph of d.
Let � = [�ij ] 2 Mn(V) and let T : V ! Vmat(K) be the natu-

ral map. Then the Lipschitz norm of T (n)� in Mn(Lipmat(K)) equals
max(kT (n)�k; kd(n)(T (n)�)k) where

d(n)(T (n)�) = [d(T�ij)] 2Mn(MK):

We already know from Theorem 8.4.4 (b) that kT (n)�k = k�k, so we
must show that kd(n)(T (n)�)k � k�k. To see this let m 2 N and
X;Y 2 Km, X 6= Y , and observe that

d(n)(T (n)�)(X;Y ) = [d(T�ij)(X;Y )] =
[(T�ij)(X � Y )]

kX � Y k
:

But [(T�ij)(X � Y )] = (X � Y )(n)(�) has norm at most kX � Y kk�k,
by the de�nition of the norm in Mm(V�). Thus kd(n)(T (n)�)k � k�k,
as desired.
(c) For X 2 Kn let X̂ : Lipmat(K) ! Mn be evaluation at X , and

de�ne � : Kn ! hom�(Lipmat(K);Mn) by �(X) = X̂. This map is
nonexpansive since for X;Y 2 Kn and F 2Mm(Lipmat(K)),

k(�(X)� �(Y ))(m)(F )k = kFn(X)� Fn(Y )k � kd(m)FkkX � Y k:

Conversely, for any X;Y 2 Kn and � > 0 there exists m 2 N and
� 2 Mm(V) such that k�k = 1 and k(X � Y )(m)(�)k � kX � Y k � �.
Then T (m)� 2Mm(Lipmat(K)) and we have

k(�(X)� �(Y ))(m)(T (m)�)k = k(X � Y )(m)(�)k � kX � Y k � �;

which shows that k�(X)� �(Y )k = kX � Y k, i.e., � is an isometry.
Surjectivity of � follows as in Theorem 8.4.6 (b) from the fact that

Vmat(K) generates Lipmat(K).

COROLLARY 10.4.7

Let V and W be operator spaces and let K and L be the corresponding
dual matrix unit balls. Then any completely contractive linear map from
V to W extends uniquely to a completely contractive weak* continuous
unital �-homomorphism from Lipmat(K) to Lipmat(L).
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PROOF Let T : V ! W be a completely contractive linear map
and form ~T : Lipmat(K) ! Lipmat(L) in the same way as in Corollary
8.4.7. The main point is to estimate the completely bounded norm of
this map. Thus let F 2 Mn(Lipmat(K)). Then for any m 2 N and
X;Y 2 Lm we have kX � Y k � kT#X � T#Y k, and hence

k ~T (n)F (X)� ~T (n)F (Y )k

kX � Y k
�
kF (T#X)� F (T#Y )k

kT#X � T#Y k
:

This shows that L( ~T (n)F ) � kd(n)Fk. Also k ~T (n)Fk � kFk from the
fact that ~T extends to a �-homomorphism from l1mat(K) to l1mat(L) as
in Corollary 8.4.7. Thus k ~T (n)FkD � kFkD, and we conclude that ~T is
a complete contraction.

10.5 Quantum Markov semigroups

In this section we will present a very general construction that produces
W*-derivations of von Neumann algebras into W* Hilbert �-bimodules.
By analogy with Example 10.4.1 such structures can be thought of as
quantum Riemannian manifolds (or perhaps quantum sub-Riemannian
manifolds, but we will not elaborate on this). They are the basis of
\noncommutative (quantum) geometry."

We �rst address the Hilbert �-bimodule aspect of the construction.
Although in the von Neumann algebra setting the appropriate topologi-
cal conditions on Hilbert �-bimodules are that they be normal and dual
(i.e., W* Hilbert �-bimodules), in practice one often �rst constructs a
Hilbert �-bimodule without these conditions and then attempts to com-
plete it. Doing this requires that the uncompleted bimodule satisfy a
certain topological condition, but assuming this is the case one can prove
that a completion of the desired type does exist (Theorem 10.5.4). We
will establish this fact by using a \linking algebra" construction. This
technique also shows, incidentally, that W* Hilbert �-bimodules can be
embedded in von Neumann algebras in a manner that is compatible with
their �-bimodule structure. Thus, they can be viewed as W*-bimodules
in the sense of De�nition 10.3.7.

Let A be a C*-algebra and E a Hilbert �-bimodule over A. To produce
a right Hilbert module, let E0 = f� 2 E : k�kr = 0g and de�ne Er to be
the completion of E=E0 for k � kr. Then h�; �ir extends to an A-valued
inner product on Er, and we use the same notation for the extension.

Let E+ = A � Er be the direct sum of right Hilbert A-modules and
let B(E+) be the space of bounded adjointable right A-linear maps from
E+ to itself, as in De�nition 9.3.4; this is a C*-algebra by Proposition
9.3.6. It is called the linking algebra of the Hilbert module Er.
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PROPOSITION 10.5.1

Let A be a C*-algebra and let E be a Hilbert �-bimodule over A. Then

�(�)(� � �) = �� � ��

de�nes a �-isomorphism � : A ! B(E+) and

	(�)(� � �) = h��; �ir � ��

de�nes an isometric linear embedding 	 : E ! B(E+). For every � 2 A
and �; � 2 E we have �(�)	(�) = 	(��), 	(�)�(�) = 	(��), and
	(�)� = 	(��).

PROOF For any � 2 A the map �(�) is bounded by Lemma
9.6.2, and a short computation shows that �(�)� = �(��), so � is a
�-homomorphism from A into B(E+). It is clearly injective. For any
� 2 E the map 	(�) is clearly A-linear, and it is bounded because

h	(�)(� � �);	(�)(� � �)ir = h�; ��irh�
�; �ir + h��; ��ir

� k��k2rh�; �ir + k�k2r�
��

� k�k2m(h�; �ir + ���):

This actually shows that k	(�)k � k�km, and the converse inequality
follows from the computations

h	(�)(h�; �ir � 0);	(�)(h�; �ir � 0)ir = h�; �i3r

(hence k	(�)k � k�kr) and

h	(�)(0� ��);	(�)(0� ��)ir = h��; ��i2r

(hence k	(�)k � k��kr = k�kl). Also, 	(�) is adjointable and in fact
	(�)� = 	(��) by the computations

h	(�)(� � �); (
 � �)ir = hh��; �ir � ��; 
 � �ir
= h�; ��ir
 + h��; �ir

and

h(� � �);	(��)(
 � �)ir = h� � �; h�; �ir � ��
ir
= ��h�; �ir + h�; ��
ir:

Finally, it is trivial to check that �(�)	(�) = 	(��) and 	(�)�(�) =
	(��).

Given a W* Hilbert �-bimodule E over a von Neumann algebra, the
linking algebra construction can be modi�ed by using the dual module
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E 0r introduced in Section 9.4 in place of Er; this has the consequence
that B(E+) is then a von Neumann algebra (Corollary 9.4.3), so that
the construction of Proposition 10.5.1 makes E a W*-bimodule overM
in the sense of De�nition 10.3.7. We record this fact:

COROLLARY 10.5.2

LetM be a von Neumann algebra and let E be a W* Hilbert �-bimodule
over M. Then E is a W*-bimodule over M.

Now if E is any Hilbert �-bimodule overM, we can replace it with the
weak* closure of 	(E) in B(E+). In this way we can turn an ordinary
Hilbert �-bimodule into a W* Hilbert �-bimodule, provided the original
bimodule satis�es a version of normality. We formulate this result next.

LEMMA 10.5.3

Let M and N be von Neumann algebras and let A be a weak* dense
�-subalgebra of M. Suppose � : A ! N is a �-homomorphism and
suppose �� ! 0 boundedly and weak* in A � M implies �(��) ! 0
weak* in N . Then � extends to a weak* continuous �-homomorphism
from M to N .

PROOF Let M0 be the weak* closure of A0 = f�� �(�) : � 2 Ag
in M�N . Then the natural projection �1 : M0 !M has zero kernel
and hence is a �-isomorphism, the map �2 Æ �

�1
1 : M ! N is weak*

continuous, and the restriction of this map to A agrees with �.

THEOREM 10.5.4

LetM be a von Neumann algebra, let A be a weak* dense �-subalgebra
of M, and let E be a pre-Hilbert �-bimodule over A. Suppose that for
any bounded net (��) in A and any �; � 2 E , �� ! 0 weak* implies
h���; �i ! 0 weak*. Then E densely embeds in a unique W* Hilbert
�-bimodule over M.

In particular, if E is a normal Hilbert �-bimodule over M then it
densely embeds in a unique W* Hilbert �-bimodule overM.

PROOF Here we use the concept of a pre-Hilbert �-bimodule over
an uncompleted C*-algebra; this causes no diÆculties. Let E+ =M�E 0r
be constructed as in Proposition 10.5.1, but using the dual module E 0r
in place of Er, and let �0 : M ! B(E+) and 	0 : E ! B(E+) be
the corresponding maps. For a bounded net (A�) in B(E+), weak*
convergence is equivalent to weak* convergence of hA��; �ir in M for
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all �; � 2 E+. Thus the lemma implies that there is a weak* continuous
extension of �0jA to M, and the continuity hypothesis implies that this
extension must be �0. So �0 is weak* continuous.
De�ne E1 to be the weak* closure of 	0(E) in B(E+). This is a bimod-

ule over M �= �0(M) via operator multiplication, and normality and
duality are trivial. It is also straightforward to check that the bimodule
structure of E1 extends that of 	0(E) �= E . The bilinear form and ad-
joint can either be extended from E by continuity or de�ned directly by
h�; �i � 0 = 	0�(	0�(IM � 0)) and operator adjoints.
For uniqueness, let E2 be any other bimodule with the same properties

and de�ne a map T : E1 ! E2 by T (limE1 ��) = limE2 �� for any bounded
weakly convergent net (��) in E . This map is well-de�ned and compatible
with inner products since

h lim
E2

��; �i = lim
M
h��; �i = h lim

E1

��; �i

for any � 2 E . It follows that E1 is unique up to isometric isomorphism.

We now present a general method for constructing W*-derivations. It
involves Markov semigroups, which we de�ne next.
In this de�nition we use the following terms. LetM be a von Neumann

algebra and let � be a linear map from a �-subalgebra ofM into C. We
say that � is a trace if �(��) = �(��) for all �; �, and � � 0 implies
�(�) � 0; it is faithful if � > 0 implies �(�) > 0; it is normal if �(��)! 0
whenever (��) is a decreasing net that weak* converges to 0; and it is
semi�nite if for every � � 0 in M there exists � 2 dom(�) such that
0 � � � �. A faithful, normal, semi�nite trace is called an fns trace.

DEFINITION 10.5.5 Let M be a von Neumann algebra. A C�0-
semigroup of operators on M is a family of linear maps �t : M!M
(t � 0) such that �s�t = �s+t for all s; t � 0 and the maps t 7! �t(�)
and � 7! �t(�) are weak* continuous (from R intoM and fromM into
M, respectively). The generator of a C�0 -semgroup (�t) is the map

�(a) = lim
t!0

�t(�) � �

t
;

with domain the set of � 2 M for which the limit exists in the weak*
topology.
A quantum Markov semigroup is a C�0 -semigroup for which each �t

is completely positive and which satis�es

(a) �0 = idM,
(b) �t(IM) = IM for all t, and
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(c) the set A1 = f� 2M : � 2 D(�n) for all ng is a �-algebra.

It is symmetric if there is an fns trace � on M such that dom(�) = A1
and �(��t(�)) = �(�t(�)�) for all �; � 2 A1.

The construction of the associated W*-derivation goes as follows. Let
(�t) be a symmetric quantum Markov semigroup of operators on a von
Neumann algebraM. For �; �; 
; Æ 2 A1 de�ne

(�
 �)� = �� 
 ��

and
h�
 �; 
 
 Æi = ��(�
)Æ;

and extend both linearly to A1 
A1. We do not have h�; ��i � 0 on
A1 
A1, but this does hold on the sub-A1-A1-bimodule

E0 = spanf�
 �
 � �� 
 
 : �; �; 
 2 A1g:

To see this, let � 2 E0 and write � =
Pn

1 �i 
 �i
i � �i�i 
 
i. Let

B =

2
66666664

�1
1
...

�n
n

1
...

n

3
77777775

and C = [�1 � � � �n ��1�1 � � � ��n�n ] :

Then C�t(BB
�)C� � 0 for all t � 0 since �t is completely pos-

itive, with equality when t = 0; di�erentiating at t = 0 therefore
yields C�(BB�)C� � 0, which, written out, is the desired inequality
h�; ��i � 0.
Next we apply Theorem 10.5.4. To verify its hypothesis, let � :M!

B(H� ) be the GNS representation deduced from � . The condition that
� be fns implies that � is a weak* continuous �-isomorphism. Thus if
(��) is a bounded net in A1 and �� ! 0 weak*, then

�(
����) = h�� ��; �
i� ! 0

for any �; 
 2 A1. Now let � = � 
 �
 � �� 
 
 and � = �0 
 �0
0 �
�0�0 
 
0 and let Æ; Æ0 2 A1. We have

h�(h���; �i)�Æ
0; �Æi� = �(Æ�h���; �iÆ

0);

writing this out, we get

�(Æ�h(�
 �
 � �� 
 
)��; (�
0 
 �0
0 � �0�0 
 
0)iÆ0)
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= �(Æ���(�
���
0)�0
0Æ0 � Æ���(�
���

0�0)
0Æ0

�Æ����(
���
0)�0
0Æ0 + Æ����(
���

0�0)
0Æ0)
= �(�
���

0�(�0
0Æ0Æ��)� �
���
0�0�(
0Æ0Æ��)

�
���
0�(�0
0Æ0Æ���) + 
���

0�0�(
0Æ0Æ���));

and the latter converges to 0 by the previous observation. Since this is
true for all Æ; Æ0 2 A1 and � is one-to-one, we conclude that h���; �i ! 0
weak*. Taking linear combinations, we �nd that this holds for all �; � 2
E0, so the hypothesis of Theorem 10.5.4 is veri�ed and we get that E0
densely embeds in a unique W* Hilbert �-bimodule E over M. E plays
the role of the module of bounded measurable 1-forms, and we have an
exterior derivative d0 : A1 ! E de�ned by

d0(�) = i(1
 �� �
 1):

It is easy to check that d0 is a derivation and d0(�
�) = d0(�)

�. Moreover,
it is weak* to weak* closable because if (��) and (d0(��)) are bounded
and �� ! 0 weak* then

�(Æ�hi(1
 �� � �� 
 1); (�
 �
 � �� 
 
)iÆ0)
= i�(����(�
Æ

0Æ�)� �����(
Æ
0Æ�)

����(�)�
Æ
0Æ� + ���(��)
Æ

0Æ�)

converges to zero for any �; �; 
; Æ; Æ0 2 A1, and similarly for the inner
product in reverse order, which implies that i(1 
 �� � �� 
 1) ! 0
weak* in E by the same reasoning as in the last paragraph. Thus the
closure d of d0 is a W*-derivation and its domain is a noncommutative
Lipschitz algebra.
We summarize this result in the following theorem.

THEOREM 10.5.6

LetM be a von Neumann algebra and let (�t) be a symmetric quantum
Markov semigroup of operators on M. Then the map d : M ! E
constructed above is a W*-derivation into a W* Hilbert �-bimodule.

Example 10.5.7

Let X be a compact, connected Riemannian manifold. Then there is
a Laplace operator on X which can be written at each point as

�f(x) = �
@f

@v1
(x)� � � � �

@f

@vn
(x)

where v1; : : : ; vn is an orthonormal basis of the tangent space at x. A
symmetric Markov semigroup �t = et� can be obtained by exponen-
tiating the Laplacian; this is known as the di�usion semigroup on X.
Then A1 = C1(X), and carrying out the above construction yields
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248 Chapter 10: Lipschitz Algebras

hdf; dgi = rf � rg for any f; g 2 C1(X). Thus we recover the usual
�rst-order exterior derivative on X described in Example 10.4.1.

Example 10.5.8

Let � be the weight (actually an fns trace) de�ned in Example 5.6.7
(b) on the noncommutative plane algebra L1�h (R2). A quantum
Markov semigroup (�t) can be de�ned by exponentiating the Laplace
operator � = �d21 � d22, where d1 and d2 are as de�ned in Example
10.4.2 (a). Then the above construction recovers the derivation given
in Example 10.4.2. The noncommutative tori work similarly; here we
take � to be the trace de�ned in Proposition 6.6.7.

10.6 Notes

A thorough treatment of Lipschitz algebras is given in [73]. Noncom-
mutative geometry is discussed in [12]; for the relation between that
approach and ours see Section V of [71]. Examples 10.4.1 and 10.4.2
are also treated in greater detail in [71]. The operator space example
discussed in Section 10.4 is from [70].
The material of Section 10.5 follows [74]. Our construction of a non-

commutative Lipschitz algebra from a symmetric quantum Markov semi-
group is based on [64]. See [66] for the general theory of fns traces.
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Chapter 11

Quantum Groups

11.1 Finite dimensional C*-algebras

Quantum groups are the Hilbert space analog of topological groups, and
thus their description naturally involves C*-algebras. (There is a von
Neumann algebra version of the theory as well; it is more or less equiva-
lent to the C*-algebra version, just as in the classical case where there is
an equivalence between topological and measurable groups.) As we are
going to discuss quantum groups �rst in the �nite dimensional setting,
we will begin by giving an explicit description of all �nite dimensional
C*-algebras. Here there is some room for variety, as the following ex-
ample shows.

Example 11.1.1

Let n1; : : : ; nm be natural numbers and let Mn be the matrix algebra
of linear operators on Cn. Then

Lm

i=1
Mni is a �nite dimensional

C*-algebra which acts on
Lm

i=1
C
ni in an obvious way. Thus

L
Mn1

is naturally realized as a block diagonal C*-subalgebra of Mn where
n = n1 + � � �+ nm.

The converse of this example is also true: every �nite dimensional
C*-algebra has the above form.

THEOREM 11.1.2

Every �nite dimensional C*-algebra is a direct sum of matrix algebras.

PROOF Let A be a �nite dimensional C*-algebra; then it is also
a von Neumann algebra. By Proposition 6.5.5, if A has a proper C*-
ideal I then it decomposes as A = PA� (IA � P )A. We may therefore
inductively reduce to the case that A is simple, i.e., has no proper C*-
ideals.

249
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250 Chapter 11: Quantum Groups

Say A � B(H). Let v be a nonzero vector in H; then K = Av =
fAv : A 2 Ag is a �nite dimensional subspace of H and A(K) � K, so
the restriction map takes A �-homomorphically into B(K). Since A is
simple, this map is a �-isomorphism.
In fact, we may assume that the representation A ! B(K) is irre-

ducible, i.e., Aw = K for all nonzero w 2 K. If not, let w be a coun-
terexample and replace K with Aw � K. Since K is �nite dimensional,
this process must eventually terminate with a Hilbert space K that has
no such vectors w.
We may suppose A � B(K). Let B lie in its commutant Ac and

suppose B is self-adjoint. Let v be an eigenvector for B, say Bv = �v,
and for any w 2 K �nd A 2 A so that Av = w. Then

Bw = BAv = ABv = �Av = �w

so that w is also an eigenvector of B, with the same eigenvalue. This
shows that B = �I , and we conclude that Ac = C � I . Then A = Acc =
B(K) by Theorem 6.5.7.

We can also explicitly describe all *-homomorphisms between �nite
dimensional C*-algebras.

Example 11.1.3

Let A =
Lp

i=1
Mmi

and B =
Lq

j=1
Mnj be two �nite dimensional

C*-algebras. For each j let ij
1
; : : : ; ijk (here k depends on j) be a family

of possibly repeating indices such that nj = m
i
j

1

+ � � � +m
i
j

k

. Then

Mm
i
j

1

� � � � �Mm
i
j

k

naturally embeds in Mnj � B, and composing

with the natural map from A into Mm
i
j

1

� � � � �Mm
i
j

k

gives rise to a

unital �-homomorphism from A into Mnj . Taking the direct sum of
these maps produces a unital �-homomorphism from A into B.

PROPOSITION 11.1.4

Let A and B be �nite dimensional C*-algebras and let � : A ! B be
a unital �-homomorphism. Then there are realizations of A and B as
direct sums of matrix algebras such that � is expressed as a map of the
form given in Example 11.1.3.

PROOF It suÆces to consider the case B =Mn. Say A =
Lp

1Mmi

and for each i let Pi be the identity matrix in Mmi
. Then the Pi are

commuting projections and P1 + � � � + Pp = IA. Since � is a unital
�-homomorphism, similar relations hold for Qi = �(Pi).
Thus, the Qi are projections onto a spanning set of orthogonal sub-

spaces of Cn. Let Hi be the range of Qi and consider the map �i from
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Mmi
into B(Hi) given by composing � with the restriction to Hi. This

map is also a unital �-homomorphism.

Let fv1; : : : ; vrg be a maximal set of nonzero vectors in Hi such that
K1; : : : ;Kr are orthogonal, where Kj = �i(Mmi

)vj . As in Theorem
11.1.2 we may assume that Mmi

is irreducibly represented on each Kj ,
and hence that �i takes Mmi

�-isomorphically onto each B(Kj). Thus
Hi = K1 � � � � � Kr realizes Hi in such a way that �i takes the form
A 7! A�� � ��A (r summands) onMmi

. Doing this for each i, we obtain
a realization of B such that � is in the desired form.

Finally, we de�ne tensor products of �nite dimensional C*-algebras.

DEFINITION 11.1.5 Let A � Mm and B � Mn be �nite di-
mensional C*-algebras. For any operators A 2 A and B 2 B, de�ne
A 
 B 2 Mmn by (A 
 B)(v 
 w) = Av 
 Bw. Let A 
 B be the C*-
algebra generated by all of the operators A
 B for A 2 A and B 2 B.

It is easy to see that according to this de�nition Mm 
Mn
�= Mmn,

and more generally

 
pM

i=1

Mmi

!



0
@ qM

j=1

Mnj

1
A �=

0
@M

i;j

Mminj

1
A :

11.2 Finite quantum groups

In this section we introduce quantum groups in the �nite dimensional
setting. One might think that in this setting topology will be irrelevant,
but this is not the case because of the variety of possible C*-algebras of
a given �nite dimension. Of course, there is (up to �-isomorphism) only
one n-dimensional abelian C*-algebra, namely Cn, re
ecting the fact
that there is only one Hausdor� topology on an n-element set. But as we
saw in the last section, there are many more, though not unmanageably
many more, �nite dimensional nonabelian C*-algebras.

Now topology passes from the classical to the quantum setting by
letting a nonabelian C*-algebra play the role of a \quantum C(X)." So
in order to incorporate group structure into the picture, we must �nd
a way of expressing the group axioms in terms of functions on a group
rather than directly in terms of its elements. The natural way to do this
is to consider the composition of continuous functions with the group
operations. For the inverse operation �1 : G! G this yields a map from
C(G) to C(G). Likewise, the group product � : G2 ! G gives rise to
a map from C(G) to C(G � G) �= C(G) 
 C(G). Finally, the identity
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252 Chapter 11: Quantum Groups

element may be regarded as an operation with no arguments, i.e., a map
e : G0 ! G where G0 = f;g. Composition with this map yields a linear
functional on C(G).

We now describe the quantum analog of the preceding. A linear map
T : A ! B between C*-algebras is an antihomomorphism if T (��) =
T (�)T (�) for all �; � 2 A. Also, let � : A ! A be the identity map
and (assuming A is �nite dimensional) let m : A 
 A ! A be the
multiplication map m(�
 �) = ��.

DEFINITION 11.2.1 Let A be a �nite dimensional C*-algebra. A
coproduct on A is a unital �-homomorphism � : A ! A 
 A which
satis�es the coassociativity axiom

(�
 �) Æ� = (�
�) Æ�

as maps from A into (A
A)
A �= A
 (A
A); A counit is a unital
�-homomorphism " : A ! C such that

("
 �) Æ� = � = (�
 ") Æ�;

and an antipode is a unital antihomomorphism � : A ! A such that

m Æ (�
 �) Æ� = " � IA = m Æ (�
 �) Æ�:

A �nite quantum group is a �nite dimensional C*-algebra equipped
with a coproduct, a counit, and an antipode.

Why is the antipode, which plays the role of a coinverse, assumed to be
an antihomomorphism? Because if we took it to be a �-homomorphism,
the only examples would be commutative! In fact, if we assume only
that � is a linear map, it follows from the remaining axioms that �
must be an antihomomorphism, and it is also automatically surjective.
Thus, requiring � to also be a homomorphism forces A to be abelian.
When we pass to the in�nite dimensional setting in Section 11.3, we will
adopt an approach that may be more satisfying; there � is left out of
the axiomatization altogether, and its existence and antihomomorphic
nature is deduced only later. However, in the �nite dimensional setting
it is easier to simply assert the existence of �.

The antipode interacts with adjoints by the equation �(�(�)�)� = �.
This can be proven from the above axioms (and it incidentally shows
that � must be surjective).

Our �rst examples of quantum groups arise from ordinary groups.
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Example 11.2.2

Let G be a �nite group with identity element e. Then A = C(G) is
a �nite quantum group, with � : C(G)! C(G
G), " : C(G)! C,
and � : C(G)! C(G) de�ned by

�f(x; y) = f(x � y) "(f) = f(e) �f(x) = f(x�1):

And these are the only commutative �nite quantum groups.

THEOREM 11.2.3

Let (A;�; "; �) be a �nite quantum group and suppose the C*-algebra A
is abelian. Then (A;�; "; �) is isomorphic to the quantum group C(G)
for some �nite group G.

PROOF Say A = C(G) where G is a �nite set and identify A 
 A
with C(G �G). The coproduct is then a unital �-homomorphism from
C(G) into C(G �G), and hence it is given by composition with a map
� : G � G ! G by Proposition 5.1.9. The coassociativity axiom then
yields

� Æ (�� idG) = � Æ (idG � �)

as maps from G � G � G to G; that is, �(�(x; y); z) = �(x; �(y; z)) for
all x; y; z 2 G. Thus � is an associative binary operation which makes
G into a semigroup.
Likewise, since " is a �-homomorphism it is given by evaluation at an

element e of G, and a short computation shows that the counit axiom
implies ex = xe = x for all x 2 G. So e is an identity element of G.
Finally, although � is only assumed to be an antihomomorphism (and

hence a homomorphism in the present case), the computation

�(�S) = �(�2S) = �(�S)
2

shows that it takes characteristic functions to characteristic functions,
and thus by linearity it is actually a �-homomorphism. Since we do not
assume � is onto, this means that there is a subset S of G (namely,
�S = �(1G)) and a map  : S ! G such that �(f)jS = f Æ  on S and
�(f) is zero o� of S, for all f 2 C(G). Applying the antipode axiom to
�e then yields

P
�(�x)�y = 1G; where the sum is taken over all pairs

x; y 2 G such that x�y = e; this implies that for each y 2 G there exists
x 2 G such that x�y = e and  (y) = x. From this it follows that S = G

and  is an inverse operation on G.

Next, we consider the group algebra construction. If the underlying
group is nonabelian, this will involve a nonabelian C*-algebra and hence
no longer be a quantum group of the preceding type.
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Example 11.2.4

Let G be a �nite group and for x 2 G de�ne a unitary translation
operator Tx on l2(G) by Txf(y) = f(x�1y). Then

TxTyf(z) = Tyf(x
�1z) = f(y�1x�1z)

= f((xy)�1z) = Txyf(z);

so TxTy = Txy.
Let C�(G) be the C*-algebra generated by the operators Tx for all

x 2 G. De�ne �, ", and � by �(�x) = �x 
 �x, "(�x) = h�x; �ei,
and �(�x) = �x�1 . This makes C�(G) into a �nite quantum group.

The quantum groups of Example 11.2.4 are dual to the quantum
groups of Example 11.2.2 in the following sense.

DEFINITION 11.2.5 Let (A;�; �; ") be a �nite quantum group.
De�ne Â to be the dual vector space A� with algebra and coalgebra
structure given by

!�(�) = (! 
 �)(�(�))
!�(�) = !(�(�))

IÂ = "A

and

�!(�
 �) = !(��)
�!(�) = !(��)
"(!) = !(IA)

for !; � 2 Â and �; � 2 A.

More or less straightforward computations show that this de�nes a �-
algebra structure on A and that �, �, and " satisfy the quantum group
axioms. However, it is not obvious that Â is a C*-algebra. This can be
proven using the Haar state h on A, which we will construct in Section
11.4. Letting Hh be the associated GNS Hilbert space, one can show
that the representation �(!)(��) = (�
 !)(��) takes Â �-isomorphically
into B(Hh). This exhibits Â as a C*-algebra.
In any case, by Proposition 3.2.4 the norm of a self-adjoint element

of a C*-algebra can be computed algebraically, and the equality k�k2 =
k���k then determines the norm of an arbitrary element of the C*-
algebra. In this way we can determine the norm on the dual quantum
group Â without actually carrying out the above construction. But the
fact that this does produce a C*-algebra (in particular, that the norm
is not really a seminorm) still depends on that argument.
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Modulo the fact that Â is a C*-algebra, the veri�cation of the following
result is straightforward but tedious, so we omit it.

THEOREM 11.2.6

If A is a �nite quantum group then so is Â. There is a natural isomor-

phism of A with Â̂ .

We also record the fact, mentioned above, that Examples 11.2.2 and
11.2.4 are dual to each other.

PROPOSITION 11.2.7

Let G be a �nite group. Then C�(G) is naturally isomorphic to C(G)^.

The proof of this result is straightforward; the desired isomorphism
� : C�(G)! C(G)^ is given by �(Tx)(f) = f(x).
Notice that if G is abelian then C�(G) �= C(G)^ is also abelian, and

therefore is isomorphic to C(Ĝ) for some �nite group Ĝ by Theorem
11.2.3. In fact, this group Ĝ is the dual group, the set of all homomor-
phisms � : G ! T, with pointwise product (i.e., � (x) = �(x) (x)).
One can easily verify that if G is a �nite abelian group then there is
a natural isomorphism between C�(G) and C(Ĝ) that relates Tx with
evaluation at x.
Thus, when G is abelian we have C(G)^ �= C(Ĝ). But when G is

nonabelian the dual of C(G) is no longer of the form given in Example
11.2.4. So the quantum group setting allows us to generalize the notion
of duality in a way that includes nonabelian groups.
There are even more �nite quantum groups besides those discussed

above. We include one example, omitting the tedious veri�cation that
it actually is a quantum group.

Example 11.2.8

Let A = C � C � C � C �M2 and write a typical element of A
as (�e; �a; �b; �c; A). Also let �e = (1; 0; 0; 0; 0), �a = (0; 1; 0; 0; 0),
�b = (0; 0; 1; 0; 0), �c = (0; 0; 0; 1; 0), Ue = I2 (the 2 � 2 identity
matrix), and

Ua =

�
0 i
1 0

�
; Ub =

�
0 1
i 0

�
; Uc =

�
�1 0
0 1

�
:

Give G = fe; a; b; cg �= Z=2� Z=2 a group structure by setting a2 =
b2 = c2 = e and ab = c.
A is a C*-algebra, and we make it into a quantum group by de�ning

the counit by
"(�e; �a; �b; �c; A) = �e;
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the coinverse by

�(�e; �a; �b; �c; A) = (�e; �a; �b; �c; A
T );

and the coproduct by

�(�y) =
X
x2G

�x 
 �x�1y +
1

2

�
(uy)im(�uy)jn

�
ijmn

and

�(A) =
X
x2G

�x�1 
 UxAU
�

x +
1

2

X
x2G

�UxAU
T
x 
 �x:

Here T denotes transpose, Uy = [(uy)ij ], and �Uy = [(�uy)ij ].

11.3 Compact quantum groups

General quantum groups present several technical diÆculties that do not
arise in the �nite dimensional case. For instance, the multiplication map
m : A
A ! A which appears in the antipode axiom is unbounded if A
is in�nite dimensional, and in some important examples the counit and
antipode are also unbounded.
Consequently, there is room for argument as to what is the best gen-

eral de�nition of quantum groups; more restrictive conditions will ex-
clude some examples, but will presumably give rise to a more satisfying
theory. In the compact case, however, there is a de�nition which both
encompases all of the most important examples and supports a rich and
satisfying theory.
This approach to compact quantum groups takes the coproduct � as

fundamental. Classically, this corresponds to starting with a semigroup.
We then identify a classical condition which forces a semigroup to be
a group, and we use the quantum version of this condition to complete
the de�nition of compact quantum groups.
Recall that an abelian C*-algebra is the algebra of continuous func-

tions on a compact space if and only if it has a unit. Thus, the de�ni-
tion of compact quantum groups will involve unital C*-algebras. Also,
we will need to use tensor products of C*-algebras. As in De�nition
11.1.5, if A � B(H) and B � B(K) are C*-algebras then we de�ne
A 
 B � B(H 
 K) to be the closure of the span of the elementary
tensors A 
 B for A 2 A and B 2 B. This is called the spatial tensor
product C*-algebra and is actually independent of the representations of
A and B, although we will not need this fact. It follows from the Stone-
Weierstrass theorem that C(X) 
 C(Y ) �= C(X � Y ) for any compact
Hausdor� spaces X and Y .
The following is the relevant classical condition which guarantees that

a semigroup (i.e., a set equipped with an associative binary operation)
will be a group.
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PROPOSITION 11.3.1

Let G be a compact semigroup and let A = C(G). Let � : A ! A
A
be composition with the semigroup operation. Then G is a group if and
only if the sets �(A) � (1G 
A) and �(A) � (A 
 1G) are both dense in
A
A.

PROOF Suppose G is a group. Then �(A) � (1G 
 A) is spanned
by all continuous functions of the form (x; y) 7! f(xy)g(y). It follows
that this set is a �-subalgebra of C(G � G). To see that it separates
points, let (x1; y1); (x2; y2) 2 G � G. If y1 6= y2 then take f = 1G and
choose g so that g(y1) 6= g(y2). If y1 = y2 and x1 6= x2 then we must
have x1y1 6= x2y2 (this is where we use the fact that G is a group), so
let g = 1G and choose f so that f(x1y1) 6= f(x2y2). This shows that
�(A) � (1G 
 A) separates points, so it is dense in A 
 A �= C(G � G)
by the Stone-Weierstrass theorem. Density of �(A) � (A
 1G) is proven
similarly.

Conversely, suppose the conclusion holds and let x1; x2; y 2 G. Sup-
pose x1y = x2y; then the points (x1; y) and (x2; y) are not separated by
�(A) � (1G 
 A). Since the latter is dense in C(G � G), we must have
x1 = x2. Similarly, from density of �(A) � (A 
 1G) we can prove that
xy1 = xy2 implies y1 = y2.
Now �x x 2 G and let H be the closed semigroup generated by x.

Note that H is abelian. Let K be the intersection of all closed nonempty
semigroups J � H such thatHJ; JH � J . If J and J 0 are two such semi-
groups then JJ 0 � J \ J 0, so compactness implies that K is nonempty.
Let y 2 K; then yK � K, and minimality of K implies that yK = K

(using the fact that H is abelian to verify that yK is a semigroup and
H(yK); (yK)H � yK). Thus ye = y for some e 2 K. For any z 2 G,
we then have yez = yz, and therefore ez = z by the last paragraph.
Similarly ze = z for all z 2 G. So G has a unit. Also, xe = x implies
that x 2 K since HK � K. So xK = K, and therefore xz = e for some
z 2 K. As x was arbitrary, we conclude that G has inverses. So G is a
group.

This motivates the following de�nition of compact quantum groups.

DEFINITION 11.3.2 A compact quantum group is a unital C*-
algebra A together with a unital �-homomorphism � : A ! A
A such
that

(�
 �) Æ� = (�
�) Æ�

(i.e., � is coassociative) and the sets �(A) � (IA
A) and �(A) � (A
IA)
are dense in A
A.
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Thus neither a counit nor an antipode comes into the de�nition of
compact quantum groups. However, it is possible to deduce the existence
of such operations.

Just as in the �nite dimensional case (Example 11.2.2), classical com-
pact groups give rise to quantum compact groups for which the under-
lying C*-algebra is abelian.

Example 11.3.3

Let G be a compact group and let A = C(G). De�ne � : A ! A
A
by �f(x; y) = f(x � y). Then (A;�) is a compact quantum group.
It satis�es coassociativity because � is associative, and it satis�es the
density conditions by Proposition 11.3.1.

The converse also follows easily from Proposition 11.3.1:

THEOREM 11.3.4

Let (A;�) be a compact quantum group and suppose A is abelian. Then
(A;�) is isomorphic to C(G) for some compact group G.

PROOF Say A = C(G) where G is a compact Hausdor� space. Then
� is a unital �-homomorphism from C(G) to C(G 
 G), and therefore
� = C� for some continuous map � : G �G ! G by Proposition 5.1.9.
As in the proof of Theorem 11.2.3 the coassociativity axiom implies
that � is associative, so it makes G a semigroup. It then follows from
Proposition 11.3.1 that G is a group.

We will now describe an interesting example of a compact quantum
group, the quantum SU(2). It depends on a parameter q 2 (0; 1) and is
denoted SUq(2). (Actually, one can also de�ne it for other values of q.)

The idea is this. The classical SU(2) group consists of those 2�2 com-
plex unitary matrices with unit determinant. By the Stone-Weierstrass
theorem, the algebra of continuous functions on SU(2) is generated by
the \coordinate" functions which evaluate at the four matrix entries.
These four functions satisfy a small number of identities arising from
the fact that the matrices lie in SU(2), and it is possible to show that
the algebra C(SU(2)) is the universal abelian C*-algebra generated by
four functions satisfying these identities. In fact, since two of the entries
of any matrix in SU(2) are the complex conjugates of the other two
entries, C(SU(2)) is generated by only two functions.

To de�ne the quantum version of SU(2), we modify these identities in
the following way. Let �ij be operators for i; j = 1; 2. These correspond
to the functions which evaluate at the four entries of matrices in SU(2).
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In line with the condition that matrices in SU(2) are unitary, we require

��1i�1j + ��2i�2j = �i1�
�
j1 + �i2�

�
j2 = ÆijI ;

the unit determinant condition, however, is \twisted" to sayX
�

(�q)j�j��(1)�(1)��(2)�(2) = (�q)j� jI

where � is either permutation of f1; 2g and the sum is taken over both
permutations � of f1; 2g. Here j�j is the parity of �. If q = 1 this
formally reduces to the condition that det[�ij ] = 1.
We have written these conditions in a way that suggests their general-

ization to n dimensions. In the case n = 2 they can be simpli�ed. Write
� = �11, � = �12, 
 = �21, and Æ = �22. Then it is possible to deduce
that � = �q
� and Æ = ��, and the preceding relations become

���+ 
�
 = I ��� + q2

� = I

�
 = q
� �
� = q
�� 

� = 
�
:

The C*-algebra SUq(2) is then the universal C*-algebra generated by
two elements � and 
 satisfying the above relations.
Concretely, SUq(2) can be described in the following way. Let H =

l2(N� Z) and de�ne operators A and C on H by

Avnk =
p
1� q2nvn�1;k Cvnk = qnvn;k+1:

Then SUq(2) is the C*-algebra generated by A and C.
The quantum group structure of SUq(2) is given by setting

�(�) = �
 �� q
� 
 
 �(
) = 
 
 �+ �� 
 
;

which specializes the general prescription �(�ij) =
P

k �ik 
 �kj . It is
straightforward to verify that the operators �(�) and �(
) satisfy the
same relations as � and 
; thus, the universal property of SUq(2) implies
that there is a unital �-homomorphism � : SUq(2) ! SUq(2) 
 SUq(2)
taking the prescribed values on � and 
. (This can also be checked
directly in the l2(N � Z) model.) It is straightforward to check that �
is coassociative.
The universal property of SUq(2) guarantees the existence of a �-

homomorphism " : SUq(2) ! C taking � to 1 and 
 to 0. This is the
counit. The antipode � satis�es

�(�) = �� �(��) = �

�(
) = �q
 �(
�) = �q�1
�

and it is de�ned only on the �-algebra generated by � and 
, not on the
whole C*-algebra SUq(2).
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To verify the density condition that is required of quantum groups,
observe that

�(�) � (I 
 ��) + q2�(
�) � (I 
 
) = �
 I

and
�(
) � (I 
 ��)� q�(��) � (I 
 
) = 
 
 I:

Thus � and 
 both belong to �(SUq(2)) � (I 
SUq(2)). Taking adjoints
in the preceding computations shows that �� and 
� belong to this set
as well. Moreover, for any ~�; ~� 2 SUq(2) such that

~�
 I =
X
i

�(~�i)(I 
 ~�0i) and ~� 
 I =
X
j

�(~�j)(I 
 ~�0j)

belong to �(SUq(2)) � (SUq(2)
 I), we have

~�~� 
 I = (~�
 I)( ~� 
 I)

=
X
i

�(~�i)(I 
 ~�0i)(
~� 
 I)

=
X
i

�(~�i)( ~� 
 I)(I 
 ~�0i)

=
X
i;j

�(~�i)�(~�j)(I 
 ~�0j)(I 
 ~�0i)

=
X
i;j

�(~�i ~�j)(I 
 ~�0j ~�
0
i);

so that ~�~� 
 I 2 �(SUq(2)) � (I 
 SUq(2)) as well. It follows that
SUq(2)
 I is contained in the closure of �(SUq(2)) � (I 
 SUq(2)), and
thus the latter is dense in SUq(2) 
 SUq(2). This veri�es one of the
density conditions; the other is similar. We have shown the following.

THEOREM 11.3.5

SUq(2) is a compact quantum group.

11.4 Haar measure

We already mentioned Haar measure in Section 9.5. On a compact group
it can always be normalized to be a probability measure. Thus integra-
tion against Haar measure can be described as a left invariant state
on C(G). This description still makes sense in the setting of quantum
groups, where we call it a \Haar state." In this section we will prove
that every compact quantum group has a unique Haar state.
The correct notion of invariance is given in the following de�nition.

We include the de�nition of right invariance because we will prove that,
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as in the classical case, the Haar state on a compact quantum group is
also right invariant.

DEFINITION 11.4.1 Let (A;�) be a compact quantum group and
let ! 2 A�. We say ! is left invariant if (�
 !) Æ�(�) = !(�)IA for all
� 2 A, and it is right invariant if (!
 �) Æ�(�) = !(�)IA for all � 2 A.
A Haar state is a left invariant state.

To motivate this de�nition, consider the classical case where A =
C(G). Here left invariance of a measure � is equivalent to the condition
that Z

G

f(xy) d�(y) =

Z
G

f(y) d�(y)

for all f 2 C(G) and x 2 G. Now �f(x; y) = f(xy), so this condition
can be rewritten asZ

G

�f(x; y) d�(y) =

Z
G

f(y) d�(y):

Instead of regarding this as a separate condition for each x, we can regard
both sides as functions of x. Then letting ! be integration against �,
the right side becomes !(f) � 1G and the left side becomes (�
 !)(�f).

We proceed to prove the existence and uniqueness of a Haar state.
Let (A;�) be a compact quantum group and de�ne a product on the
dual space A� by setting

!�(�) = (! 
 �)(�(�)):

LEMMA 11.4.2

Let ! 2 A� be a state. Then there is a state h such that h! = !h = h.

PROOF De�ne

!n =
1

n
(! + !2 + � � �+ !n)

and let h be a weak* cluster point of the sequence (!n). Then each !n
is a state, so h is a state, and

k!n! � !nk = k!!n � !nk �
2

n

implies h! = !h = h.
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LEMMA 11.4.3

Let !; h 2 A� be states satisfying !h = h. If � 2 A� and 0 � � � !

then �h = �(IA)h.

PROOF Let � 2 A and set �0 = (�
 h)(�(�)). Then

(�
 !)(�(�0)) = (�
 !h)(�(�)) = (�
 h)(�(�)) = �0;

which by a short computation implies

(h
 !)((�(�0)� �0 
 I)�(�(�0)� �0 
 I)) = 0:

Now h
! is a state on A
A, so the Cauchy-Schwarz inequality in the
associated GNS Hilbert space implies that

(h
 !)((� 
 
) � (�(�0)� �0 
 I)) = 0

for all �; 
 2 A. Replacing �0 with (�
 h)(�(�)) yields

(h
 ! 
 h)((� 
 
 
 I) � (�
 �)�(�)) = !(
)(h
 h)((� 
 I) � �(�)):

But

(� 
 
 
 I) � (�
 �)(�(�)) = (� 
 
 
 I) � (�
�)(�(�))
= (I 
 
 
 I) � (�
�)((� 
 I) ��(�))

by coassociativity. By the density condition which de�nes compact quan-
tum groups, we can replace (� 
 I) � �(�) with I 
 Æ for an arbitrary
Æ 2 A in the previous two results to get

(! 
 h)((
 
 I) � �(Æ)) = !(
)h(Æ):

Passing to the GNS representation � associated to ! and letting Æ0 =
(�
 h)�(Æ), the preceding becomes

h�(Æ0)�I; �(
)� �Ii = h(Æ)h�I; �(
)� �Ii;

so we must have �(Æ0)�I = h(Æ)�I . Since 0 � � � ! the map �(�)�I 7! �(�)
is bounded, so there exists v 2 H! such that �(�) = h�(�)�I ; vi for all
� 2 A. In particular,

�h(Æ) = �(Æ0) = h�(Æ0)�I; vi = h(Æ)h�I; vi = �(I)h(Æ);

and we conclude that �h = �(I)h.

THEOREM 11.4.4

Let (A;�) be a compact quantum group. Then there is a unique Haar
state h on A. Moreover, it is right invariant.
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PROOF For any ! 2 A�, ! � 0, let S! be the set of states h on A
such that !h = !(IA)h. This set is nonempty for any such ! by Lemma
11.4.2. It is straightforward to check that S! is weak* compact, and
Lemma 11.4.3 implies that S! � S� if � � !. This implies that the
intersection of �nitely many S!i (1 � i � n) contains S!1+���+!n , and
hence is always nonempty. Thus there exists a state h which belongs to
every S!. So

(! 
 h)(�(�)) = !(IA)h(�)

for all � 2 A and all ! 2 A�, and this implies that (� 
 h) Æ� = h � IA.
So h is left invariant.
A similar argument shows that there exists a right invariant state h0

such that h0! = !(IA)h
0 for all ! 2 A�. But then h0h = h(IA)h

0 = h0

and (by the same property for h) h0h = h0(IA)h = h, so h0 = h. This
shows that h is right invariant and also shows that h is unique.

The Haar state on SUq(2) can be expressed in terms of its represen-
tation on H = l2(N� Z) given in Section 11.3. We have

h( ~A) = (1� q2)

1X

n=0

q2nh ~Avn0; vn0i

for all ~A 2 SUq(2).

11.5 Notes

The material of Section 11.1 can be found in most standard references
on C*-algebras. Section 11.2 is based on [39].
Our treatment of compact quantum groups in Sections 11.3 and 11.4

closely follows [46]. The quantum group SUq(2) was introduced in [78]
and most of its properties were established there. The fact that the
representation given on l2(N � Z) is faithful (i.e., that the operators
� and 
 de�ned there are universal) follows from an analysis of the
irreducible representations of SUq(2); see [67]. The formula for the Haar
state on SUq(2) is proven in [79].
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